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Admissible maps, intersection
results, coincidence theorems

MIRCEA BALAJ

Abstract. We obtain generalizations of the Fan’s matching theorem for an open (or
closed) covering related to an admissible map. Each of these is restated as a KKM
theorem. Finally, applications concerning coincidence theorems and section results are
given.
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1. Introduction

The KKM principle provides the foundations for many of the modern essential
results in diverse areas of mathematical sciences (see [23]). In 1987, the “open”
version of the KKM principle was presented by Kim [14] and Shih and Tan [27],
and later Lassonde [16] showed that the classical (closed) and open versions of
the KKM principle can be derived from each other. Each of the two versions
of the KKM principle may be restated in its contraposition form and in terms
of the complements of the covering members obtaining in this manner the two
versions, open and closed, of Fan’s matching theorem (see [10] and [16]). In this
paper, using a fixed point theorem due to Gorniewicz [12] we obtain a matching
theorem involving an admissible map (in the sense of Gorniewicz). Further on we
establish new KKM theorems related to an admissible map, mutually equivalent
with another matching theorems. In the last section we give two versions of a
coincidence theorem and some applications. Our results include, as particular
cases, a large number of known theorems, specified in the paper.

2. Preliminaries

A convezx space X ([15]) is a nonempty convex set X in a vector space with
any topology that induces the Euclidean topology on the convex hulls of its finite
subsets. In fact, we may regard that X has the relative finite topology.

A subset A of a topological space Y is said to be compactly open (respectively
closed) in Y if for every compact set K C Y the set AN K is open (respectively
closed) in K.
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A nonempty topological space is acyclic if all its reduced Cech homology groups
over rationals vanish. In particular, any contractible space is acyclic, and thus
any convex or star-shaped set is acyclic.

A map F : X — Y is a function from a set X into the power set 2¥ of Y, that
is, a function with the values Fz C Y for € X and the fibers F~ly = {z € X :
yeFzlforyeY. If AC X, let F(A) = J{Fz:z € A}

For topological spaces X and Y, amap F : X — Y is upper semicontinuous
(u.s.c.) if: (i) Fz is compact for each € X and (ii) for each open set U C Y
the set {x € X : Fx C U} is open in X. Note that the image of a compact set
under an upper semicontinuous map is compact. A map F': X — Y is said to be
compact if the range F(X) is contained in a compact subset of the topological
space Y.

Let X and Y be two Hausdorff topological spaces. A function p: X — Y is
said to be a Vietoris function provided the following conditions are satisfied:

(i) for any compact K C Y, the counter image p~!(K) is also compact;
(ii) for each y € Y the set p~1(y) is acyclic.

A map F : X — Y is called admissible (in the sense of Gorniewicz, see [11]
and [12]) if there exists a diagram X <~ Z —% Y such that:

(i) Z is a Hausdorff topological space and p, ¢ are continous functions;

(ii) p is a Vietoris function;

(iit) ¢(p~!(x)) C Fx for each z € X.

Observe that an acyclic map (i.e. an upper semicontinous map with acyclic
values) or, in particular, a continous function is an admissible map. It is worth
noticing that if F : X — Y and T : Y — Z are two admissible maps, then the
composition T o F is an admissible map (see [12, Theorem 2.7]).

Throughout this paper the topological spaces will be supposed Hausdorff. For
a set D, let (D) denote the set of all nonempty finite subsets of D.

3. Matching theorems and KKM theorems

The following lemma is an immediate consequence of Corollary 3.7 in [12].

Lemma 1. Let X be a compact convex set in a Euclidian space and F : X — X
be an admissible map. Then there exits a point xg € X such that xg € Fxg.

The following result generalizes Theorem 1 in [18] which in turn extends the
open version of Fan’s matching theorem ([10]).

Theorem 2. Let D be a nonempty subset of a convex space, Y a topological
space and G : D — Y a map such that:

(i) for each x € D, Gx is compactly open in Y;
(ii) G(D) =Y.
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Then for each admissible compact map F : coD — Y there exists A € (D) such
that F(co A) N({Gzx : z € A} # 0.

PROOF: Since F' is a compact map, we may and shall assume that Y is a compact
space, and for each x € D, Gz is an open subset of Y. Consequently there is a
finite subset D1 = {x1,22,...,2n} of D such that Y = (J;_; Gz;. Let {oy}7
be a continuous partition of unity subordinated to this covering of Y. Define a
continuous function g : Y — co Dj by

gy) =a1(y) - z1 4+ +an(y) - zn, yev.

Since g o F' is an admissible map, by Lemma 1, it has a fixed point. Hence there
exist g € coD; and yg € Y such that g = ¢(yo) and yg € Fxg. Denote by
I={ie{1,2,...,n} : a;j(yg) > 0}. Clearly I # (). If i € I, then yq is in the
support of a; and therefore in Gx;. Thus yg € ({Gx; : ¢ € I}. On the other side
zo = g(yo) € co{x; : i € I'}, whence yg € Fzg C F(co{x;:i € 1}).

Taking A = {z;:i € I} we get yg € F(coA)N({Gz: x € A}. O

Theorem 2 can be restated in its contraposition form and in terms of the
complement Sx of Gr in Y as follows.

Theorem 3. Let D be a nonempty subset of a convex space, Y a topological
space and S : D — Y a map with compactly closed values. If there exists an
admissible compact map F : coD — Y such that

(1) F(coA) C S(A) for each A€ (D),

then {Sz:x € D} # 0.

PRrROOF: Suppose that (\{Sz : € D} = 0. Then Y = G(D), where G(z) =
Y\ Sz, for each z € D. By Theorem 2 there exists A € (D) such that

F(coA)N ﬂ{Gw cx € A} £ 0, that is, F(coA) ¢ S(A).

This contradicts (1). O

The above KKM theorem includes earlier results of Lassonde [15], Chang [5],
Sehgal, Singh and Whitfield [25], Shioji [29]. The compactness condition imposed
to the map F' can be relaxed as in the next theorem. The relaxing method used
is not new. Its origin goes back to Lassonde [15] and it appeared in many papers
(see for instance [6], [10], [18], [22]).

Theorem 4. Let D be a nonempty subset of a convex space, Y a topological
space, S: D —Y amapand F : coD — Y an admissible u.s.c. map such that

(i) for each x € D, Sx is compactly closed in Y';
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(ii) for each A € (D), F(co A) C S(4);
(iii) there exists a nonempty compact subset K of Y such that either
(a) N{Sz:x € Ag} C K for some Ay € (D); or
(b) for each A € (D) there exists a compact convex subset L4 of coD

containing A such that
FLy)N(W{Sz:2€ LyNnD} CK.

Then F(coD)N K N({Sxz:z € D} # 0.

PROOF: Suppose the conclusion does not hold and put Gx = Y\ Sz, € D. Since

F(coD)N K is compact and Gz is compactly open for each z € X, there exists
A1 € (D) such that

(2) F(coD)NK C G(Ay).
We examine successively the two cases looking every time for obtaining a contra-

diction.

Case (a). In this case

3) F(coD) \K C Y\K C G(A4y),

hence, by (2) and (3) F'(coD) C G(A), where A = AgUA;. Since co A is compact
and F' is upper semicontinuous, F'(co A) is a compact set and F(co A) C G(A).
By Theorem 2 there exists a nonempty set B C A such that

F(coB)N ﬂ{GZE :x € B} #0, that is, F(coB) ¢ S(B).

This contradicts (ii).

Case (b). By hypothesis there exists a compact convex set L such that A; C
L CcoD and

(4) F(L)N({Sz:2 € LND} C K.
We claim that F(L) C G(L N D). Taking into account (2) we have
F(L)NK C F(coD)NK C G(A1) C G(LN D).

Taking into account (4) we have F(L)\K C G(L N D). Hence, we have F(L)
G(LN D). Since F(L) is compact, there exists B € (L N D) such that F(co B)
F(L) C G(B). For the remainder of the proof we can just follow that of Case (a).

(]

C
C

Theorem 4 is a slight generalization of Theorem 3 in [21] which in turn gener-
alizes earlier results of Fan [9], [10], Lassonde [15], Chang [5], Park [20].

Theorem 4 can be also stated in its contraposition form and in terms of the
complement G(x) of S(x) obtaining in this way a generalization of Theorem 2,
namely:
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Theorem 5. Let D be a nonempty subset of a convex space, Y a topological
space, G : D — Y amap and F : coD — Y an admissible u.s.c. map. Suppose
that
(i) for each x € D, Gx is compactly open in Y’;
(ii) there exists a nonempty compact subset K of Y such that
F(coD)N K C G(D); and
(iii) either
(a) Y\K C G(Ayp) for some Ay € (D); or
(b) for each A € (D), there exists a compact convex subset L 4 of co D
containing A such that F(L4)\K C G(L4 N D).

Then there exists an A € (D) such that F(co A)N({Gz:x € A} # 0.

PROOF: Suppose, on contrary, that for each A € (D), F(coA)N({Gz:z € A}= 0.
Consider the map S : D — Y, defined by Sz = Y\Gz. It can be easily verified

that all the conditions of Theorem 4 are satisfied. Therefore F'(co D)NKN{Sz :
x € D} # (). But this contradicts (ii). O

The following lemma is necessary in order to obtain an open-valued version
of Theorem 3. Its proof uses the machinery developed by Shih in the proof of
Theorem 1 in [26] and Park and Kim in the proof of Theorem 5 in [24].

Lemma 6. Let D be a nonempty finite subset of a convex space, Y a compact
space, G : D — Y an open-valued map and F : coD — Y an admissible u.s.c.
map such that

F(coA) C G(A) for each nonempty set A C D.

Then there is a closed-valued map S : D — Y such that Sx C Gx for all x € D
and F(co A) C S(A) for each nonempty A C D.

PrOOF: For any y € G(D), let Hy = (\{Gz : « € D}. Then Hy is an open
set containing y. As Y is regular, there exists an open set Uy in Y such that
ye Uy CcUy C Hy.
Now for any A € (D) we have
F(coA) C G(A) | {Uy 1y € G(A)}.
Since F'(co A) is compact, there exists By € (G(A)) such that

F(coA) C U{Uy 1y € Ba}.
Let B=J{Ba: A€ (D)}. Define S: D —Y by
S:v:U{U_y:yeBﬂGx}, z € D.
Then Sz is closed in Y for each x € D and Sz C Gz, since U_y C Hy C Gz
if y € Ga. For each A € (D) and any z € F(coA), we have z € Uy for some

y € By C G(A)N B; that is y € Gz N B for some x € A. Hence F(co A) C S(A).
0
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Theorem 7. Let D be a nonempty subset of a convex space, Y a topological
space and G : D — Y be a map with compactly open values. If there exists an
admissible u.s.c. map F : coD — 'Y such that F(co A) C G(A) for each A € (D),
then {Gx : « € D} has the finite intersection property.

PROOF: Let D € (D). Since F' is an upper semicontinuous map, Y7 = F(co D7)
is a compact set. By Lemma 6 there exists a closed-valued map S : D1 — Y3
such that Sz C Gz NY; for all € Dy and F(co A) C S(A) for each A € (Dy).
According to Theorem 3 we have (\{GxNY1:x € D1} D(\{Sxz:xz € D1} #0.
(]

The origin of Theorem 7 is due to Kim [14, Theorem 1]. Our theorem includes
earlier results of Lassonde [16] and Park [19], [22].

In turn Theorem 7 can be easily reformulated obtaining the following matching
theorem which is a closed-valued version of Theorem 2.

Theorem 8. Let D be a nonempty finite subset of a convex space, Y a topological
space and S : D — Y a map such that:

(i) for each x € D, Sz is compactly closed in Y;

(i) S(D) =Y.
Then for each admissible u.s.c. map F : coD — Y there exists A € (D) such that
F(coA)N(N{Sz:z € A} #0.

4. Coincidence theorems and applications
As an application of Theorem 5 we give the following coincidence theorem.

Theorem 9. Let D be a nonempty subset of a convex space, Y a topological
space, G : D — Y, T :coD — Y maps and F : coD — Y an admissible u.s.c.
map. Suppose that the conditions (i)—(iii) in Theorem 5 are satisfied and moreover
assume that:

(iv) for each y € F(co D), co(G™ly) c T 1y.
Then there exists xg € co D such that F(xg) NT(zg) # 0.

PROOF: By Theorem 5 there exist A € (D) and
yo € F(co A) N[ Gz :x € A}.

Therefore yg € F(xq) for some zg € co A.
On the other hand, from yo € ({Gz : © € A}, taking into account (iv) we get
zg € coA C co(Glyg) € T~ Lyy. Consequently yg € F(zg) N T (xg). O

Theorem 9 extends results of Tarafdar [31], [32], Ben-El-Mechaiekh and others
[3], Park [18] on fixed points and coincidences for multivalued maps, these re-
sults being themselves generalizations of the well known Fan-Browder fixed point
theorem [4], [7].
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Similarly, using as argument Theorem 8 instead of Theorem 5 we can readily
prove the following theorem:

Theorem 10. Let D be a nonempty finite subset of a convex space, Y a topolog-
ical space, S: D — Y, T:coD — Y maps and F : coD — Y an admissible u.s.c.
map. Suppose that conditions (i), (ii) in Theorem 8 are satisfied and moreover
assume that:

(iit) for each y € F(co D), co(S™1y) c T~ 1y.
Then there exists xg € co D such that F(zg) NT(xq) # 0.

Using his infinite version of the KKM theorem, Fan proved in [7] a section
lemma leading to a proof of Tychonofl’s fixed point theorem. Using Theorems 9
and 10 we obtain two section theorems including results previously given by Taka-
hashi [30], Ha [13], Shioji [26], Lin [17], Balaj [2].

Theorem 11. Let D be a nonempty subset of a convex space, Y a topological
space, F' : coD — Y an admissible u.s.c. map, ! CcoD xY, ' C D xY sets.
Suppose that:
(i) T
(ii) for each z € coD, {z} x Fx C §;
(iii) for eachx € D, {y € Y : (x,y) € I'} is compactly closed in Y;
(iv) for eachy € F(coD), {z € coD : (x,y) ¢ Q} is convex;
(v) there exists a nonempty compact subset K of Y such that either
(a) for eachy € Y\K, Ag x {y} ¢ T, for some Agy € (D); or
(b) for each A € (D), there exists a compact convex subset L of coD
containing A such that for eachy € F(Ly)\K, (L4ND) x{y} ¢ T.

Then there exists yg € F(coD) N K such that D x {yp} C T.
PRrROOF: Consider the maps G: D — Y and T': coD — Y given by

Gr={yeY:(z,y) ¢ T} forze D, and
Tr={yeY:(z,y) ¢ Q} for x € coD.

Suppose that the conclusion is false. Then F(coD)N K C G(D). By (iii),
for each x € D, Gz is compactly open. The conditions (va), (vb) are clearly
equivalent with the conditions (iiia), respectively (iiib) in Theorem 5. By (iv),
for each y € F(co D), T~y is convex, and taking into account (i) we infer that
co(G7ly) c T 1y.

Therefore all hypothesis of Theorem 9 are satisfied, hence T" and F' have a
coincidence point xg € coD. For y € T(zg) N F(xg), we have (xg,y) ¢ Q. But
this contradicts (ii). O

In similar manner, from Theorem 10 we can obtain
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Theorem 12. Let D be a finite nonempty subset of a convex space, Y a topolog-
ical space, F' : coD — Y an admissible u.s.c. map, ) CcoD xY,I' C D XY sets.
Suppose that conditions (i), (ii), (iv) in Theorem 11 hold and moreover assume
that

(iii") for eachz € D, {y € Y : (x,y) € T'} is compactly open in Y.
Then there exists yg € Y such that D x {yp} C T.

As direct consequences of Theorems 11 and 12 we have the next dual corollaries.
The first one generalizes earlier results of Fan [8], Allen [1], Lin [17], Shih and
Tan [28].

Corollary 13. Let D be a nonempty subset of a convex space, Y a topological
space, F' : coD — Y an admissible u.s.c. map. If f :coDxY — R, g: DxY — R
are two real-valued functions satisfying:

(i) for each (z,y) € D XY, g(x,y) <0 implies f(z,y) < 0;
(ii) for each x € coD and any y € Fz, f(z,y) <0;
(iii) for each x € D, the function y — g(z,y) is lower semicontinuous on each
compact subset of Y';
(iv) for eachy € F(coD), {x € coD : f(z,y) > 0} is convex;
(v) there exists a nonempty subset K of Y such that either
(a) there exists an Ay € (D) such that for each y € Y\K, g(z,y) > 0
for some x € Ag; or
(b) for each A € (D), there exists a compact convex subset L of coD
containing A such that, for eachy € F(LA)\K, g(x,y) > 0 for some
zelLsnD.

Then there is yg € F(co D) N K such that g(z,y0) < 0 for all z € D.

PrOOF: Put Q@ = {(z,y) €coD xY : f(z,y) <0}, T ={(z,y) € DX Y : g(z,y)
< 0} and apply Theorem 11. O

Corollary 14. Let D be a nonempty finite subset of a convex space, Y a topo-
logical space, F' : coD — Y an admissible u.s.c. map. If f :coD xY — R,
g: D xY — R are two real-valued functions satisfying:

(i) for each (z,y) € D XY, g(z,y) < 0 implies f(x,y) < 0;

(ii) for each z € coD and any y € Fz, f(z,y) <0;

(iii) for each x € D, the function y — g(x,y) is upper semicontinuous on each

compact subset of Y;
(iv) for eachy € F(coD), {x € coD : f(z,y) > 0} is convex.

Then there is yg € Y such that g(x,yg) < 0 for all z € D.
Acknowledgment. The author wishes to express his sincere thanks to the ref-
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