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Sequentially compact sets
in a class of generalized Orlicz spaces

JiNncAl WANG

Abstract. In this paper, we will characterize sequentially compact sets in a class of
generalized Orlicz spaces.

Keywords: generalized Orlicz space LM 71), sequentially compact set, Ag-condition

Classification: 46B20, 46E30

§1. Introduction and basic results

Definition 1.1. M : R — R is called an Orlicz function if it has the following
properties:

(1) M is even, continuous, convex on (0,00) and M(0) = 0,
(2) M(u)> 0 for all u #0,

M (u)

(3) limy o 28 = 0 and lim,,_ 4o 22

u

= +4-00.

Definition 1.2. A function ¢ : [0,00) — [0,00) is called a @-function, if ¢
satisfies

(i) ¢(0) =0,¢(u) > 0,u > 0;
(ii) ¢(u) is increasing, continuous;

(iil) limg—oco ¢(z) = 0.

A p-function ¢(u) is said to satisfy the Ag-condition for small u (for all u > 0
or for large u), in symbol ¢ € A3(0) (¢ € Ag or ¢ € Ag(00)), if there exists
ugp > 0 and ¢ > 0 such that ¢(2u) < cp(u) for 0 < u < ug (for all w > 0 or
for uw > wug). The generalized Orlicz class, generalized Orlicz space and subspace,
respectively, generated by a o-function ¢ are defined as follows:
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LY@) = {(t) : z(t) is measurable on a Lebesgue measurable set G and

po(w) = [ () <o}

LY(@) = {(t) : 2(t) is measurable on a Lebesgue measurable set G and
ps(Ar) < oo for some A > 0},

EY (@) = {(t) : 2(t) is measurable on a Lebesgue measurable set G and
pg(Az) < oo for all A > 0}.

Now we denote by M~ the inverse function to an Orlicz function M on
[0,00). It is obvious that M ™! is a ¢-function and it is a concave function.
Since M~1(2u) < 2M ~Y(u) for all u > 0, we have M~ € As. Tt follows that
LM™(G) = LM7(G) = EM 7' (G) (see [1]). So we only study one of them. The
theory of generalized Orlicz spaces can be found in [2]. For convenience, we give
the following definition.

Definition 1.3. Let M ! be the inverse function to an Orlicz function M on
[0,00), let (2,%, 1) be a measure space. We define a class of generalized Orlicz
spaces as follows:

(1) M (Q,2,u) = {z(t) : (t) is p measurable and ppr-1(z) < oo}

Let X be a vector space over K. || - || : X — R is called an F-norm if
(i) for every z € X, ||z|| > 0, and ||z|| = 0 < = =0,
(i) | - ol = [l
Git) |z + gl < 2l + Iyl
(iv) |lznl] = 0 = |lazy|| — 0 for @ € K and oy, — 0 = ||anz| — 0 for
zeX.

As in a generalized Orlicz space, we can define the normal F-norm in LM s
follows:

(2) ll] ar—1 :inf{c>0:pM71 (%) Sc}.

But we can define a more simple F-norm in L™ " as in Theorem 1.1 below. The

new F-norm is equivalent to the normal F-norm (2). Using the new simple F-norm,
. . M-1 . . .

we can investigate L which we can call a generalized Orlicz space generated

by the Orlicz function M. These generalized Orlicz spaces include LP (0 < p < 1).
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Theorem 1.1. [lz[(pr-1) = ppr-1(2), = € LM s an F-norm in LM, and

LMY — (M7 [ (ar-1)) is a linear complete space with F-norm || - || (pr-1)-

So it is a Fréchet space.

PROOF: By the basic properties of an Orlicz function M (see [1]), we have

3) M (u+ol) < M7 (Jul + [o]) < M7 (Jul) + M~ H(Jo)),

(4) M7 Nul) < AM (), A= 1,

(5) MY \ul) < M7 Y(Ju)), 0<x<1.

These estimates imply that LMY s a linear space and |- I(ar-1y is an F-norm.
(]

Some properties of the generalized space LM ™) have been established in (3]
by M.M. Rao and Z.D. Ren. In this paper, we will discuss the criteria for a set
to be sequentially compact in LM,

The three criteria for a set to be sequentially compact in LP[a,b] (1 < p < o)
were introduced by F. Riesz [4], Kolomogorov [5] and Krasnoselskii [6], respec-
tively. The three criteria were generalized to E™[a,b], a closed subset of Orlicz
space LM [a, b], by Takahashi [7], Gribanov [8] and Krasnoselskii [6], respectively.
In 1951, Tsuji [9] generalized the F. Riesz criterion to the space LP (0 < p < 1).

Now we generalize the F. Riesz criterion and Krasnoselskii criterion for sequen-
tial compactness to the generalized Orlicz space generated by the Orlicz function

LM (@).

§2. The Riesz criterion for sequential compactness in LM

A set A C L(Mil)[a, b] is said to be sequentially compact if, for any
{an(t)}22, C A, there exists a subsequence {xy, (t)}72; and zo(t) € L(Mil)[a, b]
such that lim; . [lzn; — 2ol[(a7-1) = 0.

Lemma 2.1. Let M(u) = 0\u| p(t) dt be an Orlicz function. Then fory > x > 0,

y— 1) — M~ Yz y-r
© gy =M M S )
PRrROOF: Let 0 < t1 < tg. Since

to
Mita) = M) = [ (o)

t1

and p(t1) < p(t) < p(t2) (b1 <t < t2), we have

p(t1)(t2 —t1) < M(t2) — M(t1) < p(t2)(t2 — t1)
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or equivalently,

1 1
—— (M (tg) — M(t1)) <tg —t1 < ——(M(tg) — M(t1)).
(M) (1) (M) = (1)
Since M (t) is strictly increasing, M (0) = 0 and M(oc0) = oo, we can set z =
M(t1),y = M(t2). Thus we get (6). O

Lemma 2.2. Let M(u) = Aulp(t) dt be an Orlicz function and let M € Ag,
then

(i) for nonnegative real numbers x # y,

By max{p(M " (z)), p(M " (y))

(1) MYy —af) < YA () — ()]

pIM = (ly — x|)]
where
B — sup PO
) By = ar ey
(if) Leta>1and 0 <y < x < ay, then
9) pIM ™ (@)] < aByp[M ' (y)].

PROOF: (i). Since M € Ag, we have By, < co (see [1]). So, by (8), for nonnega-
tive real numbers x # y, we have

M~ (Jy — z)p[M " (ly — =])]

< By
ly — =

or equivalently
1 _ —
ly =l = z—{M Yy = 2Dp[M = (ly — /)]
M

By Lemma 2.1, we get

-1 _ —1 T 1 -
M) =MD = e ey sy Y
)

_ M7y —applM " (|y — =)
~ By max{p(M~1(jz])), p(M ()}’

ie.,

g < Bagmax{p(—()). p( 1 (u])
M=y —al) < Py — 2))

> 1,y > 0, by (8), we have

- - ay 5 Yy
p[M~Hay)] < BMMT(%) < GBMW

So p[M ~(x)] < p[M~(ay)] < aBpp[M (). 0

Y003y - ML),
(ii) Since w

< aByp[M~(y)].
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For the proof of the main theorem, we need the following result.
Lemma 2.3 (Riesz). F' C LP[a,b] (1 < p < o0) is a sequentially compact set if
and only if

(1) F is bounded: 3¢ > 0, such that sup,cp ||z(t)|lp < ¢ < oo;
(2) F is equicontinuous: Ye > 0, 36 > 0, such that for |h| < 4,

sup [|z(t + h) — z(t)||p < e.
zeF

The main result in this section is

Theorem 1.1. Let M € Ay be an Orlicz function. Then a set F' C L(Mil)[a, b]
is sequentially compact if and only if

(1) F is bounded: 3¢ > 0, such that
b
(10) Sup/ Mz (t)]) dt < c.
z€EF Ja
(2) F is equicontinuous: Ve >0, 36 > 0 such that for |h| <0,

b
(11) sup / M~Y(|z(t + h) — z(t)]) dt < e.
T€F Ja

PRrROOF: Sufficiency. If z(t) € L(Mil)[a,b], then M~1(|z(t)|) € L'[a,b]. Now
we consider the function family F/ = {M~1(|z(t)|) : z(t) € F} C L'a,b). By
condition (1), we know F’ is bounded in L'[a,b], i.e, ||[M = (|z(t)])|1 < c for all
M~Y(|z(t)]) € F'. For every Orlicz function M (u) and z(t) € LM a,b], by
basic properties of Orlicz functions (see [1]), we have

M (et +R)) = M (|2 (@))] < M7 (et + h) = 2(0)]).

So by (2), Ve >0, 3 > 0, such that for |h| < J, we have

sup / MYt + b)) — ML) dt < <.
M-1(z())eF JG

By Lemma 2.3 we know that F’ C L'[a,b] is sequentially compact in L![a,b].
So for any {x,}72; C F there exists a subsequence (denoted without risk of

confusion still by {z,}°° ) and z¢ € L'[a,d], such that {M ~1(|zn[)}32, Il x0-
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Since M € Ay, V0 < £ < 6¢ (where ¢ is introduced in condition (1)), 3K, > 0,
such that for u > 0, we have M ( ) < KM (u), or equivalently,

(12) M—l( )< oM Lw), v>o.

Choose ¢’ < ¢, such that Ve’ < KLE, Ve'u([a,b]) < § and E?\z[\/? < 5. Thus for
any n € N, by (12) we get

MY (Ve |zn(t)]) dt < M1 <|xn(t)|) gt
(13) [a.8] [a,b] K.

£ -1 £ _
= 6¢ Jia,p) M= (|zn(t)]) dt < 6c €

S ™

Since {M ~1(|zn )}, Iy xg € L'a,b], for ¢ > 0, there exists N () > 0 such
that for any n,m > N(e), we have

(14) /[ ’ M (|an (D)) = M (zm(8)])] dE < €.

So for any n,m > N(g), we set

G1 = {t € [avb] : M_1(|xn(t) - xm(t)D < \/;},
Go = {t € [a,b] : MY (|@y (1) — 2m(t)]) > Ve and len @] + |2m ()]

|20 () = 2m ()]

<L

Gs = {t € [0.0): M7 lan 1) - ()] > VE o LnlOLE om (L]

|20 (t) — 2m (1)]
1
> 5}

Obviously, G1, Ga, G3 are pairwise disjoint, and [a,b] = G1 U Gy U G3. Thus

oy M @) = am@l)d /G 1 /G 2 /G U (6) — (0] .

M|z (t) —zm(t)[]dt < [ Ve dt < Vep((a,b]) <

e
Gl Gl 3
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For Go,
1
20 (t) — 2m ()] < on ()] + [2m ()] < —=|on(t) — zm ()]
Vel
By Lemma 2.2 and (14), we get

MYz (t) — zm (t)]] dt
G2

</ By max{p(M " (|lzn()]). p(M~am ()]}
/e® p(M‘l(Iwn()—wm(t)l))

AM T (Jan (0)]) = M7 (|em(t

)
Byp[M~ (Ixn( )+ |Zm()])] v
/02 pIM = (|zn(t) — 2m(t)])] M (|2 (0)]) = M (lam ()] dt

/G Bar——Bar| M~ (jan (t)]) — M~ (1))

)l dt

IN

1/E_:/
-2
BM ,7—2 7 g
S ﬁ 3 —BMVE <§

For G3, |xn(t) — xm(t)| < Ve (|2n(t)] + |2m(t)]) and we get by (13)

M~ (|an(t) — wm(t)]) dt

Gs

= /. MTHVE (| (0] + lom (¢)])] dt

= [ M WV en@)dt+ | MV om(t))dt < = + = = 2.
G3 Gs 6 6 3

So for € > 0, there exists N(¢) > 0 such that for n,m > N(¢), we have

3 3 3
M7 Y|z (t) —zm@))]dt < = + = + = =
LA ) — el < S+ 5+ 5 =

ie., {xp}>2 is a Cauchy sequence in LM [a,b]. Since LM [a, b] is complete,
there exists yo € LM~ [, b], such that lim, o f[a b] M|z (t) —yo(t)|] dt = 0.

Necessity. Denote G = [a, b]. We assume that F' is a sequentially compact set
and condition (1) does not hold. Then there exists {xy(t)}>2; C F', such that

/ MY (Jen (D)) dt >,
G
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and there exists a subsequence of {x,,(t)}7° (we still denote it by {z,,(¢)}7°) which
converges to zq(t) € L(Mil)(G) in ||+ [(pz-1). Thus for g9 = 1, there exists N > 0
such that, for n > N,

/GM_lﬂxn(t) —wo()) dt < 1.
On the other hand, by M ~Y(|zo|) > M~ Y(|zn|) — M~ (Jzp — x¢|), we have
/ M~Y(jzo(t) dt>/ M~ (|zn(®) dt—/ M () — 2o (0)]) dt
>n—1—>00 (n— )

so zg ¢ L(Mfl)(G). This is impossible. The proof of the necessity of (1) is
complete.

Since the family of continuous function C(G) is dense in L(Mil)(G), and a
continuous function is uniformly continuous in a bounded closed set G, for any
x(t) € F and any € > 0, there exists z.(t) € C(G) such that

/ MY a(t) — we(t) dt < £,
Ie. 3

and there exists d(¢) > 0 such that

(€)
/ M aelt + 1) — ze()] dt < < for |h] < 6(c).
. 3
Thus for |h| < §(e),
/ M~ Y|z(t + h) — z(t)|] dt
G

1 -1
S/GM [|x(t—|—h)—:1?c(t+h)|]dt—|—/GM [lze(t + h) — ze(t)]] dt

£ 3 3
MY |ze(t) —2z@))dt < = + = + = =
+ [ A o) et ae < S+ 5+ 5 =

The necessity of (2) is proved. O

Corollary 2.1. For LP[a,b] (0 < p < 1) with F-norm |z|, = f |z (t)|P dt,
A C LP[a,b] is sequentially compact if and only if

(i) J¢ < oo, such that sup,ec 4 ||z][p < ¢

(ii) Ye > 0, 36 > 0, such that for |h| < 4,

sup [|z(t + h) — z(t)||p < e.
€A
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Theorem 2.2. Let M be an Orlicz function such that M € As. Then F C
L(Mil)(—oo, +00) is sequentially compact if and only if
(i) there exists ¢ > 0 such that sup,cp [To0 M~ (|a(t)|) dt < c,
(il) Impy o0 f|t\>N M~Y(Ja(t)]) dt = 0 uniformly for 2(t) € F,
(iii) for any € > 0 there exists § > 0 such that for |h| < 0,

sup / Mt + h) — a()]) dt < <.
x€F J(—00,+00)

PROOF: Sufficiency. For [—1,1], by (i), (ili) and Theorem 2.1, we know that
the set {f[_1 1 : f € F'} is sequentially compact. So there exists a convergent

subsequence {xn@)}zozl C Fin L(Mfl)[—l, 1].
k
For [—2,2], by (i) and (iii), the set {xn(1)|[_272}}z‘;1 is sequentially compact.
k
So there exists a convergent subsequence {z )}32; C {z )}z, C F in
k k

LM [—2 9.
Going on in this way, we get

. 1
l1: xngl) , xngl), . ,;vnl(:) ,+++ convergence in LM )[—1, 1],
. —1
lo: xngz) , xnéz), e ’In;(f) ,+++ convergence in LM )[—2, 2],
—1
Im : :Cngm) , :Cn;m) e ,xn](vm), -+-  convergence in LM )[—m, m],

satisfying {1 Dloa D - Dl D -+

Choosing diagonal elements T (1), T (2,0, k), We get a Cauchy sequence
1 2 k

in L(Mil)(—oo, +00). In fact, by (ii), for £ > 0, there exists an N € N such that

|t>N " 4

For [-N, N], {x]gk)}ZiN converges in L(Mfl)[—N, N] (assume it converges to
x9 € L(J‘/Fl)[—N7 N]). Thus for € > 0, there exists a Ky € N such that for
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k,l > Ko, we have

[ M w0 - o @)
[—N,N] !

< o M7 0 )= 0]+ o0 0 )
< [ M@ =@l [ M o0 o )
<y
—4 4 2

So for € > 0 and for all k,l > K, we have

+00

M o ()~ 0 (O] dt
g/’ Mz, (0) ~ 2,0 1) ﬁ+/ -z o)) d

[~ N,N] m tI>N " K
_§+/ fw<uk<mﬁ+/ Ml o (0 dt

[t| >N "k [t|>N

e, e, € _

STyt

This means that {xn(k) }72, is a Cauchy sequence in L(]Vrl)(—oo7 +00) and, since
k

L(Mil)(—oo, +00) is complete, we know the sufficiency is true.

Necessity. 'The proof of (i) is similar to that of Theorem 2.1(1), now we prove
(ii) and (iii). If (ii) does not hold, then there exists an €9 > 0 such that for any
ng > 0 there is z,, € F' with

[ M e 0 de > o
[t]>n
Choose n1 = 1. Then 1 € F such that
M~ (|21 (1)) dt > eo.
[t|>1

Noting that
/ M (Jz (8)]) dt < oo,
(—00,+00)

Jno > 0 such that

MY (Jar (1)) dt < 22
It|>nz 2
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For ng, there exists xg € F such that flt\>n2 M~Y(|zo(t)]) dt > g9. Thus Inz >0
such that

/‘ M (Jea(t)) dt < 2.
It|>n3 2

Following these steps, we get {21,292, - ,2,---} C F and

/ M (| (8)]) dt > <o,
[t|>n

[ aohd < 2.
[tI>np11 2

So for any ki, ks (we assume k1 > kg without loss of generality),

+00
M_1[|xk1 (t) — Lky (t)” dt

— 00

“+oo
/ My (0)) = M (g, (1)) dt

—00

v

Y

[ I i ) = M 0] de
[t]>np,

> [ M e [ M (e @) de
[t|>n, [t|>nk,

€0 _ €0
> €q 5~ 9

e, |og, — Tyll(ar-1) > F, so {2z} C F has no convergent sequence in
LM 71)(—00, +00), This contradicts the sequential compactness of F.
(iii) Ve > 0, by (ii), 3N € N, such that
—1 9
M= (Jz@)]) dt < =
tI>N 4

for every z(t) € F. So for all z(t) € F and |h| < 1, we have

/ M et + 1) — o(t)] dt
[t|>N+1

IN

/ MYt + B)| + 2(8)]] dt
[t|>N+1

g =171,
S/|t>zv+1M [t + Rl dt+/|t>N+1M [l(t)]] dt

<€ E_E
4 4 92
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For f|t\<N+1 M~Y|z(t+h) — x(t)|] dt, by Theorem 2.1, we know that there exists
01 > 0 such that for |h| < 47,

sup / MYt + h) — ()] dt < <.
zeF Jt|<N+1 2

Choose § = min{1,d1}; then for all z € F' and |h| < 4,

/ Mt + h) — 2(t)]) dt
[t]<oo

= / M7 Yz(t 4 h) — x(t)]] dt+/ M7 Y|x(t + h) — z(t)|] dt
[t|<N+1 [t|>N+1
< £48_
22~ ©
ie., sup,cp f(_oq_i_oo) M= z(t+h) — x(t)] dt < e. O

A natural consequence is given by:
Corollary 2.2 (Tsuji [9]). For LP(—o0,400) (0 < p < 1) with F-norm ||z, =
ff |x(t)[P dt, A C LP(—o00,400) is sequentially compact if and only if
(i) J¢ < oo, such that sup,e 4 [T [x(t)|P dt < c,

(i) Bmy—oo[supgea [y l2(@)IF dt] =0,
(iii) Ve > 0, 36 > 0 such that for |h| < 4,

+oo
sup / |z(t +h) —x()|P dt < e.
r€AJ—o0

83. Krasnoselskii criterion for sequential compactness in LM

Definition 3.1. S C L(Mil)(G) is said to be sequentially compact in measure,
if for any {fn}52; C S there exists a sequence {fn,}52; and fo € L(Mil)(G)
such that fn,(z) —= fo(x).

Definition 3.2. S C L(Mil)(G) is said to be equi-absolutely continuous in F-
norm, if Ve > 0, 36 > 0, such that for e C G and pu(e) < 4,

sup |1 - xell 1) < <.
fes
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Theorem 3.1. Let M be an Orlicz function and let u(G) < oco. Then S C
L(Mil)(G) is sequentially compact iff

(i) S is sequentially compact in measure;

(ii) S has an equi-absolutely continuous F-norm.

PROOF: Sufficiency.  For any {fn}52; C S, by (i) we know there exists a
subsequence, we still denote it by {f,}52;, and fo € L(Mil)(G), such that
fn = fo. Next we prove that the subsequence {fn}52 is a Cauchy sequence.

By (ii), Ve > 0,34 > 0, for u(e) <4,

> ™

sSup ”ane”(M*l) <
n>1

Choose ¢’ < ¢, such that M~1(e")u(G) < §. Denote Gpm = {z € G : |fn(z) —

fm(x)| > €'Y By fo =% fo, we know limy, m—oo f1(Gnm) = 0. So for § > 0,
dng € N, for all n,m > ng, u(Gn,m) < 6. Therefore

1 — Fnll a1y
_ / MY fu(t) — fin()]) dt

G
- /G MY (o = ) (DX () + (= Fe) (DX, (D))
< / M7Y((fn = fn)(OXGp (D) di+

G

+ /G MY = o) Oxen (8)]) dt
= W= Faxannlorn [ M = fa)OD
< SHMIEWE) < S+S ==

By the completeness of LM ™)(G), we know {fn}>2, converges in LM (@),

Necessity.  (1). Let S C L(Mil)(G) be a sequentially compact set. For
any {fn}o2; C S there exists a subsequence, we still denote it by {f,}2> ;, and
fo e L(Mfl)(G) such that || fn — fol(a-1) — 0 (n — o0), ie., Ia MY fn(t) —
fo)]) dt — 0(n — o). So fn — fo.

(ii). Let S be a sequentially compact set. Then S is a complete bounded set.
So, for any € > 0 there exists a finite §-net of S {g1,g2,---,gn} such that S C

N1 B9, §), where B(g;, §) = {f € LM (@) : ||f = gill(ar-1y < 5} Clearly,

131
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£ > 0, there is § > 0 such that for p(e) < § we have [, M~1(|g;(t)])dt < §,

i =1,2,---,N. For any f € S there exists g;, such that f € B(g;,,5). For
e C G, u(e) < 6§, we have

I xellory = [ M ro) a
= [A s = o@D e+ [ a4 gig o)) o

e
=E&.

<<+

N ™
N ™

Thus for e C G with p(e) < & we have supscg ||f - Xel (as-1) <e. O

Corollary 3.1. For LP[a,b] (0 < p < 1) with F-norm |z|, = f;|x(t)|pdt,
A C LP[a,b] is sequentially compact if and only if

(i) A is sequentially compact in measure,

(ii) A is equi-absolutely continuous in || - ||p.
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