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Decay of solutions of some degenerate
hyperbolic equations of Kirchhoff type

BARBARA SZOMOLAY

Abstract. In this paper we study the asymptotic behavior of solutions to the damped,
nonlinear vibration equation with self-interaction

i = i+ m(|Vul]®) Au — dlul*u + £,

which is known as degenerate if m(-) > 0, and non-degenerate if m(-) > mgo > 0. We
would like to point out that, to the author’s knowledge, exponential decay for this type
of equations has been studied just for the special cases of . Our aim is to extend the
validity of previous results in [5] to @ > 0 both to the degenerate and non-degenerate
cases of m. We extend our results to equations with AZ.

Keywords: asymptotic behavior of solutions, hyperbolic PDE of degenerate type
Classification: 35B40, 35180

1. Introduction

This article presents a study of the asymptotic behavior of solutions to the
initial value problem

i+ v — m(||Vul|®)Au + 6|u|% = f(z,t) for z€Q, t>0,
(1.1) u(z,0) = g(x), u(zr,0)=h(z) for ze€q,
u(z,t) =0 for 2z€09Q, t>0,

where Q is a bounded domain in R™, with smooth boundary 9; v > 0, § > 0,
a > 0 are given constants, m is a non-negative and continuous function on [0, 0o).
This equation appears in mathematical physics as a specific type of the damped
Kirchhoff-Carrier equation, when modeling planar vibrations. For constant m
and a = 0 we have the so-called telegraph equation; in which for arbitrary small
tension and resistance (y ~ 0, § ~ 0) we obtain the well-known wave equation
ugt = a2Awu. In what follows we take § = 1 without loss of generality.
Asymptotic behavior of solutions to equations without the self-restoring term
|u|*u have been studied by many authors (see [5] and the references therein).
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Of these, most striking are perhaps the results of J.G. Dix, who studied exponen-
tial decay of solutions to the damped, nonlinear wave equation

(%) i+ i — m(| Vul| ) Au = f(x,1),

which is known as degenerate if the greatest lower bound for m is zero, and non-
degenerate if the greatest lower bound for m is positive. The non-degenerate
case has been the subject of many publications and it is already known that
solutions decay exponentially, but for the degenerate case exponential decay has
remained an open question and it has been proven just for the special cases of m.
J.G. Dix has shown that in general degenerate-problem solutions cannot decay
exponentially, but that ||i|| is square integrable on [0, 00).

When a = 2, f = 0 and the function m is linear, exponential decay of global
strong solutions has been shown by M. Aassila (see [3]).

Inspired by the articles [1] and [5], we have added the self-restoring term |u|*u
and followed the steps of the proofs of theorems in these papers with little modi-
fications. Our aim was to generalize the results in [5] to the mixed problem (1.1)
and to weaken some of the assumptions imposed on m.

The outline is as follows: In Section 2 we state the theorem of existence of
global solutions. Section 3 proves exponential decay for the non-degenerate case.
Section 4 shows that if m = 0 and « = 0, the decay is exponential and if m(-) > 0,
f = 0, the energy E(t) — 0 as t — oco. In this section we also indicate with
an example that in case a = 0 solutions cannot decay with exponential order.
Section 5 extends our results to equations with A2,

Notation

Il -]l and (-,-) will denote the norm and inner product in the Hilbert space
L%(Q). |||l (p > 1) will denote the norm in the LP(f2) space. We define the
positive, self-adjoint operator A as the negative Laplacian, with domain

D(A) = HY(Q) N H(Q),

where H2, H! are the usual Sobolev spaces. The operator —A, with zero bound-
ary conditions, has eigenvectors and corresponding eigenvalues denoted as follows

Awi:)\?wi, with 0 <A <Ag..., lim \; =o0.

1— 00

Moreover, these eigenvectors can be chosen to form an orthogonal basis for L2(f),
in which functions have Fourier expansion of the form

o
u(x) = Zuiwi(x), with  u; = (u, w;).
=1
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Using this spectral decomposition, powers of A are defined by

o
Z)\ ujwi, A2 u(x Z)\ Wy, .. Aku(a:) = Z/\szuiwi,
=1

provided that > 72, )\?k |us|? < co. Parseval’s equality yields
Mu)? = )\kZu < Zxk 2 _ || A%ul?,

where k = {4,2}. Therefore,

(1.2) M2l < [ Aull, Al < [Vl = 47 ul]

Now, the mixed problem (1.1) can be rewritten as

i+ yi+ m(||A%u||2)Au + |u|%u = f(x,t),
u(z,0) = g(x), u(z,0)=h(z),

the solutions of which are to be in the class of functions determined by Theorem 1.

(1.3)

2. Existence of global solutions

T. Matsuyama and R. Ikehata [6] have shown the following theorem:

Theorem 1. Let m, o, u®, u! and f satisfy the following assumptions
(A1) m e CL0,00) and m(r) >mg >0 for r>0,
(A2 g€ HYQ)NH?(Q) and he H(Q),

if n>5 and a>0 if n=1234,
n—

)
(A.3) 0<a<
) f € LY([0,00), Hy () N L7([0, 00), L*(2)).

(A4

Under assumptions (A.1)—(A.4), there exists a positive constant €y (depending on
IVu®l, [1u®latas [[ut]] and || £l 11(0,00;12(c2))) Such that, if

o0
(45) aa) + Vel + [ Ivs@ < o,
then there exists a unique solution for (1.1) in class

u € BO([0,00), Hy () N BCw([0,00), H*(2)) N L2((0, 00), H*(R)),
u € BC([0,00), L*(€2)) N BCyw([0, 00), Hg(Q)) N L*((0, 00), H§ (L)),
Ut € Lz((O, OO), L2(Q)).
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3. Decay in the non-degenerate case

The following statement is already known for (x) (see [5]). To prove Theorem 2,
we will consider in addition to (A.1)—(A.4) that

(A%) g€ LoT2(Q) and wue BC((0,00), H} (Q) N LY2()).
Now we can state our result:

Theorem 2. Assume that 0 < mg < m(-) < My and that ||f(-,t)|| decays
exponentially to zero ast — oco. Then for every solution of (1.1), ||u|l, ||Vu|l and
lullp, (1 <p<a+2) decay exponentially to zero.

Proor: We shall find bounds for w, A%u and u by estimating the energy func-
tional

a+2
a+27

143w
(3.4) E(t) = ||lu]|® + /0 m(r) dr 4 5(t,u) +

[

a+2
where 6 = min{2\1,/my, %} This choice of § ensures that E is non-negative.
Indeed,

Bt 2 at2 < (12 Al tal? — ol
(8) = g lullaia = N1al” +mollAZull — flall” — - lull

52 102
Z(mO—W)HA“LH > 0.

Here we used the inequality
1
(3.5) 2|(u, v)| < 2lfuf[[v]l < Bllull® + BHUII2 for 3> 0.

Now, we take the inner product of each term in (1.3) with 24, and with u, respec-
tively.

4 A%l
66) G+l + g [T meydr+ =

2 .
. Sl = 25,0

2

o+ 2dt
. . 12 102 a+2

(B7) () + (i u) + ml|Azul )| Azul” + [[ul|ST3 = (f,u).

We differentiate E in order to build a first-order linear inequality.

/

d .o d [l42ul )
B0 =Gl g [ me) i)+ 8l + =
= =2y = all* + 2(f, %) — 7d(, w)

12 1 2
—om([|A2ul )| A2~ 6lull 513+ 6(f, ).

2
@ et

+2dt ot2
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From (1.2) and (3.5) we obtain

) 2 Y-
(3.8) 2f,0) < SIS + 2 )
Y
and
1) 1 0 ) 1 2
(3.9) 20(f,u) < 2=l flllAZul < 5 [ FII7 + dmol| A2 ||~
1 mO)\l

Using (3.8) and (3.9) and the boundedness of m, we obtain

: Yy il2 , 2 g 2
E@)<(-2v+d6+ = —yo(t,u) + (= +
(1) < (=2y++ 6+ Pll =280 w) +  + 5m I/
omg, 1
— 5 lAzul® — ol 313

. . 2 1)
< =)l = o (i, u) + (; + m)HﬂP

1 2
smg A%l
s [ mar = a3

2.4

< —0B(t) + (= +
< —oB@+ P2

AP,

where o = min{~y, g%g, 5(0{;2) }. Tt is easy to see that

0
2m0)\12

PO < G+ =) ]

From this inequality and the Fundamental Theorem of Calculus, it follows that

6 ¢ g8
+5g) [ e as).

B e BO) + (S + 5y

2
v
Also, (A*) implies that £(0) < C. From the assumption that || f(-,s)[|> < Ce™%*
(a > 0) we obtain

t
0<E®t) < C’e_at{l +/ elo—a)s ds} < Ke™®,
0

where a < 0. Therefore,

K(o‘ + 2) e—at
2 )
with 1 < p < a + 2, which concludes this proof. O

1 K
il < Kew, | A2ul? < ——e~ %, fully < V]a+2) Vi 0,
(0]
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Remark 1. Theorem 2 also holds if 0 < mg < m(-) is non-decreasing on [0, co).
In this case

b+ 5 5 (labul
—om(lAbulB)adul? + AR < =5 [T miryan

and so 5
E'(t) < —oB(t)+ (= +

2+ ol

where o = min{y, $ 35 6(a+2)}
Remark 2. The order of exponential decay approaches zero as the lower bound
mg approaches zero. This is so because the constant a satisfies

3
Armp
a<o< 0

My

Also, the smaller the effect of the damping term is, the faster the order of expo-
nential decay approaches zero.

4. Decay in the degenerate case

Exponential decay has been shown in [5] for equation of the type @ + vu = f.
We will show exponential decay for a = 0, m = 0 and asymptotic stability for
a >0, f=0(for a =2, f =0 a stronger result is known — exponential decay has
been shown in [2]). As far as we know, there is no result concerning asymptotic
behavior of the global strong solution when f # 0 and « is more general.

Theorem 3. Assume that m = 0 and that || f(-,t)|| decays exponentially to zero
as t — oo. Then for any solution of (1.1), ||| and ||u|| decay exponentially to
zero.

PROOF: Since a = 0, m = 0, equation (1.1) reduces to @ + it + u = f, which is
a very simple case of type of equations studied in [4]. Here existence of a strong
global solution is shown under condition that g € H(Q) and h € L*(). We
shall consider the energy functional

(4.10) E(t) = [|al* + 6(a, u) + [|ul,

where § = min{3, %} Just as in Theorem 2, this choice of § ensures that E is
non-negative. In fact,

2 s 6% 9 2 LN
E(t) > [|al|* — [|af|® — ZHUH + flul® = (1 - Z)HUH > 0.
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Also, we take the inner product of each term in (1.3) with 2u, and with u, respec-
tively.

d d
(411) al\ﬂll2+27|\ﬂ||2+ EIIUII2 =2(f, ),

(4.12) (it w) + (i, u) + [|u]? = (f,u).

Now, we differentiate F and make use of (4.11) and (4.12).

! d
E(t) = a{llitll2 + llull®} + 8, ) + 6| al®
= (=27 + 8)|al® + 2(f, @) — 76 (i, u) = lful® + 5(f, ).

From (3.5) we obtain

0 0
(4.13) 8(f,u) < SIFIP + §HUH2-

Using (3.8) and (4.13), one obtains

E'(t) < —yllal? - IIUIIQ—%(U u) + (6 )||f||2

< —oB() + @ + I

where o = min{~y, %} From this first-order linear inequality and the assumption
that || (-, s)|| decays exponentially, follows the existence of positive constants C, b,
such that E(t) < Ce™%, with b < . Hence,

> < Ce™®, Jul|® < Ce™™, Vt>o,

and the proof is complete. (|

Remark 3. Notice that the order of exponential decay b < % From the physics
point of view, Theorems 2 and 3 state that the energy ||u||%+ || Vu/| %+ ||ul|? decays
as time goes by.

Theorem 4. Consider the mixed problem
i 4+ vt — m(||Vul|®)Au + 6|u|u = f(z,t) for z€Q, t>0,

(4.14) u(z,0) = g(x), 4(z,0)=h(z) for ze€q,
u(z,t) =0 for z€0Q, t>0,

7
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where Q, 7, « are as in (1.1) and m is a continuous function on [0, 00) satisfying
0 <m(-) < My. We take initial data such that

g€ HYQ)NLA2(Q) and he L*(Q).

Assume that there exists a solution in class

(4.15) u e C((0,00), H}(Q) N LAT2(Q)) N L2((0, ), H(Q2))
(4.16) i e C((0,00), L2(Q)) N L2((0, 00), HZ (2))
(4.17) i e L2((0,00), L2()).

Define the energy associated to the solution of (4.14) by the following formula

Ly vl L
B) = gl + [ mryar+ i3

It holds that
E(t) — 0, as t— oo,

for every solution u satisfying (4.15)—(4.17).

PRrOOF: It is easy to see that
E(t) = (i, @) +m(| Vul*) (Vu, Vi) + (Jul“u, @) = =]} < 0.
Hence, E(t) is a non-increasing continuous function on [0, c0) and so
E(t) < E(0) for t>0.

For the proof we need two lemmas.

Lemma 1. It holds that
t 1
| i) ds = oh). - .
0
Proor or LEMMA 1: We have
L t . L
/HWM@Ms/w@wmwwsqwmmwwﬁwwmm
0 0 0 [0,4]
It also holds that

t
)1 ds = = (E() - BO) < ZEO)
0 v
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and

lu(s)I| < Cllu(s)llarz < Cv/a +2]E(0).

From these inequalities it follows that

/ li(s)u(s)||1ds < CVt = O(t %) t — oc.

Lemma 2. It holds that

t
il ds =oh), ¢ .
0

ProoOF oF LEMMA 2: We have

/||u ||2dr/ (o)l s ||ds<(/ e ||2ds) Visup (3]

)

Since ||[4(s)|| < +/2E(0), it follows that

t
[l as < ovi=oh). -
0

O

PROOF OF THEOREM 4: Assume on the contrary that | = lim;_oo E(t) > 0. We

shall prove that

[IVul|?
) +2
(4.18) [l]] +/0 m(r)dr + o 2Hu||g+2 >C>0.
We have
9 ([ Vul|? 2 at?
il +2 [ mdr+ gt >
If |02 > £, then (4.18) is satisfied with C' = £. Conversely, if ||a? <
[[Vul|? 2 l
+2
2/0 m(r)dr+a+2||u||g+22§,

, then
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and so (4.18) is satisfied with C' = % Now,
t
1
BO) = (w.0) = [ il = (i) = m(Vul) [Vl a3 ds
t
< / {21a)]? = (i, u) — C}ds — —o0 as t — .
0

This is a contradiction to the fact that |B(t)] < C{E(0) + /[a + 2]E3(0)}.
Therefore,

lim E(t) = 0.
t—o00 [l

Remark 4. The proof of Theorem 4 was inspired by the paper of M. Aassila
(see [1]). He has shown asymptotic stability for equations of the type i —div((1+
|Vu|®)?|Vu|¢~2Vu) 4 g(i) = 0, where the nonlinear function g satisfies certain
conditions.

Example. This example shows that in case @ = 0 decay of solutions is not
necessarily exponential. J.G. Dix has shown a similar statement for the equation
i + @ — m(|Juz||?)uzz = 0 (see [5]). For a > 0 we are unable to give a counter-
example. Consider the initial value problem

i+ 30 — m(||lug||Duge +u=0, for 0<z<m t>1,

sinz, a(z,1)=-—

7T T
u(0,t) =0, wu(mt)=0 for t>1

where

and m(r) =0 otherwise.

Then u(z,t) = \/gsin:v is a solution. Since

. U . 2u 2 cosx
U=——, U=—, Ug=1/— U = —1U
t7 t27 X T t ] xrxr 9
1

uz|? = 7 and m(tlz) = —t% + 3% — 1 for t > 1, it is easy to check that u
satisfies the initial-value problem. Notice that ||4|| decays polynomially rather
than exponentially as ¢ — oo. Indeed,

. 1 _
ol = | - Jul’ = 555 = 0~

iy
2t2
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5. Extension of results to equations with A2

In this section we extend the previous analysis to equations that involve the bi-
harmonic operator which appears in modeling non-planar vibrations, for example
when studying the swaying of bridges. Consider the problem

i 4 i+ eA%u — m(||Vu|?)Au = f(z,t), for ze€Q, t>0,

(5.19) ’
u(z,0) = g(z), a(z,0)=h(z) for ze€Q,

with boundary conditions corresponding to hinged ends
u(z,t) = Au(z,t) =0 for z€09Q, t>0.

Here Q, v, m are as in (1.1) and € is a positive constant.

When f = 0, asymptotic behavior of solutions to a more general problem has
been studied by M. Aassila (see [1]). He considered a similar problem with a
nonlinearity ¢g(%) and that m(r) > a+ gr (o,08 > 0).

Our aim was to make use of the remark in [4, Section 5] and to show on a
particular example that the previous theorems can be extended to equations with
higher powers of A. In Theorem 5 we show that ||4]| is square integrable on [0, 00)
and in Theorem 6 we introduce an analogous statement with Theorem 2.

Define the positive, self-adjoint bi-harmonic operator as the second power of
the negative Laplacian, with domain

D(A%) = {u e H*(Q) : u, Au € D(A)}.

In fact, u € D(A) and Au € D(A) imply that « = 0 and Au = 0 on 9Q x [0, c0).
Notice that the spectrum for A2 is given by

o(A%) = (X502 e 0(A)}
and that (5.19) can be written as a nonlinear evolution equation in L2(€):

i+ yi+ eA%u + m(||A%u||2)Au = f(z,t),
u(z,0) = g(x), u(x,0)=h(zx).

In what follows we take initial data such that

(5.20)

g€ HY(Q)NH*Q) and he L3(9).
Under solution on [0,7T) we mean a function u satisfying (5.20) and
u € C((0,7), D(A%) N C1((0,T), L*(2).

Now we are ready to state our results:
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Theorem 5. If || f(-,t)|| is square integrable on [0,00), and u is a solution to
(5.19), then ||| is square integrable on [0, c0).

PRrOOF: We will estimate the growth of the energy functional

1 2
A7 u|
(5.21) E(t) = |Ja]|® + €]| Aul|? +/ m(r) dr.
0

Taking the inner product of each term in (5.20) with 24 implies

2
d( ,  [latul - ,
(s s [T iy ar) + 20 alP = 27,0,

Using (3.5), it follows that the derivative of E satisfies

!

. . . 1
E () = —29]al® +2(f, @) < —yllal? + ;Hfl\g-

From this inequality, we obtain

t t
E<t>+w/0 HuH%ssE(ow%/o 1£C.5)|2ds.

Since [5°||f]|? < o0, it follows that [;°[|@[|> < oo, which concludes the proof.
(]

Remark 5. In Theorem 5 there is no assumption regarding the degenerate and
non-degenerate cases of m. The previous statement also remains valid for problem
(1.1). In this case the energy functional is just as in Theorem 4.

Theorem 6. Assume that 0 < mg < m(-) < My, and that ||f(-,t)|| decays
exponentially to zero as t — oo. Then for any solution of (5.19), ||ull, [|Vul,
|Awl, ||u|| decay exponentially to zero.

PROOF: When proving this statement, the energy functional (5.21) is redefined
to be

1 2
A2 ull
(5.22) E(t) = ||ﬁ|\2+6||AUII2+/ m(r) dr + 6(i, w),
0

where § = min{2A?/e, 4}. When choosing 4, we used (1.2) to ensure that E is
non-negative. Also, we take the inner-product of each term in (5.20) with 24, and
with 2u, respectively. Substituting the two equations into E (t) yields

E'(t) = 2(f, ) + (=27 +6) ]| = 5v(1t, u) — Sel| Au||> = Sm(AZ w) || AZ ul| >+ 5(f, u).
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Using (3.8) and (3.9) and the boundedness of m, we obtain

E@) < —oB@)+(2+ A2,

0
Y 2m0/\%

where o = min{~y, g%g, 0}. The rest of the proof is the same as in Theorem 2.

Hence, there exist positive constants C, ¢, such that

C
|af? < Ce™@,  |JAu|? < Ze=t vi>0.
€

)

Since HE(Q) — L%*(Q) and mg > 0, |Ju| and ||Vul|| also decay exponentially to
Zero. g

Remark 6. Theorem 6 also holds if m is non-decreasing and m(-) > 0 on [0, o).
In fact, in this case

. . lA%u)’
= 2 = 2
om(|| A3 u|2)| Adu|? < —5/ m(r) dr.
0
Instead of (3.9) we take

4] 4] 9 9
20(f,u) < 2A—%|\f|\|\AUH < —6/\14||f|| + Oel| Aul|%.
Using (3.8) and the two inequalities above, we obtain
/ 2 0 9
E(t)<—cE{t)+ =+ — ,
0 <080+ (24 27 ) 1)

where o = min{~, ¢, %} Note that the difference between Remark 1 and Re-
mark 6 is that here m is allowed attain zero values. It evokes the idea that
adding powers of A into () “improves” the asymptotic stability. Since m(-) > 0,
exponential decay of ||[Vu|| and ||u| follows from the inequality

lull g2() < CllAul| for ue HY(Q) N H?(Q).

Remark 7. Notice that if ¢ — 04, then the order of exponential decay ap-
proaches zero. An analogous remark with Remark 2 also holds.

Remark 8. Theorems 5 and 6 can be applied to equations of the type
i+ v+ ku+ eA%u —m(|Vu||?)Au = f(z,t),

where v, k, € are positive constants. In this case the energy functional (5.21) is
redefined to be

. , Ak’
E(t) = [[all” + sllul|® + e[ Au| +/0 m(r) dr.

We obtain the same results.
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