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Filling boxes densely and disjointly

J. SCHRODER

Dedicated to my teacher Professor Gerhard Preuss on the occasion of his 62nd birthday

Abstract. We effectively construct in the Hilbert cube H = [0,1]“ two sets V,W C H
with the following properties:
(a) VNW =0,
(b) V UW is discrete-dense, i.e. dense in [0,1]p®, where [0,1]p denotes the unit
interval equipped with the discrete topology,
i—1
(c) V, W are open in H. In fact, V = Uy Vi, W = Uy Wi, where V; = Ug -t Vijs
W; = Ug%l*l Wij. Vij, Wij are basic open sets and
(070707"') € ‘/ljv (171717) € Wl]v
(d) Vi UW;, i € N is point symmetric about (1/2,1/2,1/2,...).
Instead of [0, 1] we could have taken any Tj-space or a digital interval, where the reso-
lution (number of points) increases with <.

Keywords: Hilbert cube, discrete-dense, disjoint, disconnected, covering, constructive,
computation, digital interval, Ty-space

Classification: Primary 54-04; Secondary 05-04, 54B10

Introduction

This is a paper in computational general topology. It originates in problems
of submaximal spaces and the attempt to construct dense connected subspaces of
product spaces. Our V U W is not connected, despite fulfilling strong conditions.
A similar, non-constructive, instance was discovered in [Wat90], using essentially
the compactness of [0, 1]. In order to proceed in a strictly constructive manner, we
will develop a language with a simple grammar. Translating words of this language
into H yields V; and W;. Since on the one hand we need examples as basis for the
induction process and on the other hand our imagination is poorly developed in
higher dimensions, the symbolic mathematical software Maple 6.01'% was used to
create and check higher-dimensional cases, mainly utilizing its set data structure.
Pictures were created by means of Maple 6.01'% as well. This numeric investigation
into set-theoretic topology leads to some, albeit simple, general theorems at the
end of this article.
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Definition 1. Let £ C N be finite and H = [0, 1]“.

(a) pg : H — [0,1]F is the projection of H onto the finite subproduct [0, 1]
of H. For Py € N, we write p;.

(b) A C H is called discrete-dense, if pg[A] = [0,1]¥ for all finite £ C N.

(c) Let A C H. The carrier ¢(A) of A is defined by c¢(A) = {i|i € NAp;[4] #
[0,1]}.

Remark 2.

(a) In other words, A C H is discrete-dense, if A covers all finite faces of H or
equivalently A is dense in [0,1]p*, where [0,1]p is the unit interval equipped
with the discrete topology.

(b) What is the idea behind the construction of V; and W;? We start by defining
Wy as follows: ¢(Wp) = {0}, po[Wo] = {1}. Hence Wy = {1} x [[~,[0,1]. Simi-
larly Vo = {0} x [[>1[0,1] (see Fig. 1). In the following pictures we draw only
factors indexed by the carrier. Vp, Wy do not cover H, nor are they open. This
latter problem we will address later. In the next step we have to increase the first
factor of Wy, Vg and shrink the second to keep disjointness:

Wi = [1/27 1] x {1} x HZZ[Ov 1]
%1 0,1/2] x {0} x [[52[0,1]

(see Figure 2). So, V1 U W7 covers the first coordinate. Vo U Wy is designed to
cover the first two coordinates (i.e. the square). We are expanding Wy and Wy
halfway to the nearest opposite member Vj and V;:

Wo = [3/4,1] x [0,1] {1} x [T53[0, 1] U [1/4,1] x [1/2,1] x {1} x []>3[0, 1]
Vo =10,1/4] x [0,1] x {0} x [I=3[0,1] U[0,3/4] x [0,1/2] x {0} x []55[0, 1]

(see Figure 3, note that W5 lies in the top face of the cube and V5 at the bottom).
The next step takes place in a cube. We have to expand W5 going halfway in the
direction to Vg, V1, Va. At the top level opposite to W there is Vy, V1. Applying
the same procedure as before we arrive at the sets:

Wiz = [5/81] x [0,1] x [1/2,1] x {1} x [[s40,1] U
[1/8,1] x [1/4,1] x [1/2,1] x {1} x [[s4[0,1] U
(7/8,1] x [0,1] x [0,1] x {1} x []s40,1] U
3/8,1] x [3/4,1] x [0,1] x {1} x [[40,1]

V3 is obtained by applying the symmetry transformation s(z) := 1 — x to the
factors, i.e. s[[a,b]] = [1 —b,1 — a], e.g. s[[3/8,1]] = [0,5/8]. (Compare with
Lemma 15.)

(c) The next definition provides the tool to construct W;; and V;;.
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Wi
Wa
0,1] Yo Wo
[0,1] x [0, 1]
Vi
0l Vi Vi
Fig. 1 Fig. 2 Fig.3

Definition 3. Let the alphabet {],T,e,®,©} be given. A word in the language
L is any finite sequence of uparrows T and downarrows | or a single ¢, ® or ©.

Definition 4. Let w # &,®,© be a word in L with length n, n € N. We are
defining the Ith derived word, | € N, of w. If w = ajasas. . .an, then d®(w) = w

and .
aj410742---0n if l<n and aj; = Gn,

if l<n and q; # ap,
d'(w) == if I=n and ay, =],
if Il=n and a, =T,

if [ >n.

™ @@m

Example 5. Let w =|1|7|=d%(w). Then

d'(w) =1111, d*(w) =¢,

Bw)=1], diw)=e¢,

Pw)=0, dw)=d"(w)=--=¢.
Definition 6. Let 0 < z < y < 1. The meaning of T and | is to be a map
from < into [0, 1] x [0,1]. (The relation < is a subset of [0, 1] x [0,1].) In detail:
(zy)] = (z,25Y) . s el =(0,1/2)
(ea)] = ()" Additionally we need two initial symbols: o = (1/2,1)
Example 7. Letw =|1/1]. Thenew = o [1/11=(0,1/2) 1111=(1/4,1/2) |11=
Definition 8. Let w = ajag...an be a word in L and ew = (z,y). Define the
closed interval

[y, 1] if ap =/,
[0,2] if an =T,

owe =< [0,1] if ap = ¢ (necessarily n = 1),
{1} if ap =@ (necessarily n = 1),
{0} if ap =6 (necessarily n = 1).
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Example 9. Let w =|1[7]. Then ewe = [11/32,1].

Definition 10.
(a) Given a binary number b = byby ... by, then by is the highest value bit and by,
is the lowest.

(b) Let w = ajay...ap be a word in L \ {®,8,e}. Define a binary number
bibs . ..bn = by by

{ 1 if a; ZT,
b; = .
0 if a; =|.

(c) Let biby...by = b be a binary number. Define a word ajay...an = wp in L
by

{T if b; =1,
a; = .
l if bZZO

Lemma 11. Let v = ajaz...am, W = a1a2...ambmy+1...bn, n > m be words
in L\ {®,6,e} (w is an extension of v). Let ev = (r,s), ew = (z,y). Then
r<z<y<s.

PROOF: By Definition 6, r can increase only and s can decrease only. (]

Lemma 12. Let w = ajag...an, w' = ajd...a;, be words in L\ {®,O,¢e}.
Assume ow = (z,y), ew’ = (2',y). Then

(a) [by < by < ewe D ew'e] if a, = al, =|;

(b) [bw < by < ewe C ew'e] if ay = al, =1;

(¢) if a1 =] and a} =1 then [0,z] N[y, 1] = 0.

PROOF: If ew = (2,y), ew' = (2/,y') and a1 =], a] =1, thenz <y <1/2 <2’ <
y'. Hence [0,2]N[y/,1] =0 and [y,1] D [/, 1] and [0, 2] C [0,2]. Now let [ be the
last index where w and w' coincide, ajay...q; = ajal...a). Then q;1; =] and
a1 =1. Let eajag...a; = (r,s). Then z <y < s <ol <y O

Remark 13.

(a) Lemma 12 implies that ewe is uniquely determined by w.

(b) [0,2] N [y/,1] = O remains true, even if w and w’ have different length (see
Lemma 11) or if ajag...q; = ajay .. .aj and a;41 =] and aj | =1.

Definition 14. Let w be a word in L. The 1-complement —w is defined by

€ fw=e¢

S) ifw=e T if a; =],
—w = ) , where r(a;) = ]

@ ifw=6 1 if a; =7.

r(ap)r(ag)...r(an) if w=ajaz...an
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Lemma 15. Let w be a word in L\ {®,0,¢} and ew = (z,y), ewe = [0,z] or
owe =[y,1]. Thene—w=[1—y,1—z],e —we=[1—2,1] ore—we =[0,1—1],
respectively.

PrOOF: It is sufficient to show ¢ —w = (1 —y,1 — ). Let wy, = ajaz...an.
We will proceed by induction on n: If w; =7, then ew; = (1/2,1), —w; =|
and @ —w; = (0,1/2). Let wp41 = wp T be given and ew, = (z,y). Hence

owy 1= (w—;y, y). By induction hypothesis ¢ —wy,, = (1 —y,1— ). Now —(wp, 1)

= (—wp) | and o(—wy) |=(1-y,1—2) |= (1—y, #) =(1-y1- wTﬂ)

The cases w1 =], wp+1 = wy, | are alike. O
Lemma 16. Let w be a word in L\ {®,S,e}. Then ew | e Uew T e =[0,1].
PROOF: Let ew = (z,y). Then ew | @ = [IT'W, 1] and ew T ¢ = [0, IT'H/] O

Definition 17. Let B, = {00...00,00...01,00...10,...,11...11} be the set
of all n-bit binary numbers. Let ¢; = bjibje...bj, € By, 0 < j < 2™ (so
Wi =TI, o(di(wcj))o if j is even

cj = j). Set (see Definition 4 and 10) Vi = 1220 o(d (e, ))o i j is odd Further,
set " U gjﬁ“ Wns
Vi = Uj<§ddv7lj
11110 11171 = € € € &)
11100 1771 = € € l @
11010 111 € e @
11000 111l € £ I 1 @
10110 TU77) € I € @
10100 TITLL € T e I @
10010  TLITL € I 1l e D
10000 TLLLL e w1 @
01110 [771L 1171 « e & @
01100 [TT1L 111 € € I @
01010 [TLT) TITL € N« D
01000 [TLLL TLLL € I 1 @
00110  [ITTL  LTTL 111 e € D
00100 [ITLL LTI 1Ll e I @
00010 (LTl LTL ltLo1loe @
00000 LLLLL UL LI L L e
bw Pw)  d(w) d(w) d3(w)d*(w)d® (w)

Fig. 4: dim =5
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Theorem 18. Let £ = {0,1,... ,n — 1}. Then pg[V, UW,]| = [[5[0,1] and
Wy, NV, =0 for all m < n.

PrOOF: We proceed by induction on n and j. We need the following notation:
¢1(c0) is the binary number ¢ followed by 1(0), 1¢(0c) is the binary number ¢ pre-
ceded by 1(0). c,, /o is the binary number ¢y, (= m) divided by 2. Let Wyy1 =

U5 2o Wensnyg- Wi = [1/2,1] x {1} x [155[0,1], Vi = [0,1/2] x {0} x [[55[0, 1]
(see Fig. 2) cover the first coordinate and Wi is disjoint to Vy, V;. Assume
that W, UV}, covers (the product of) the first n coordinates. Take a point
(x1,22,... ,2nt1) € []5[0,1]. By symmetry and induction hypothesis we may
assume that there is W),; such that (22,...,2n41) € pfo1,.. n—1}[Wnjl (so j
is even). We show now by induction on j that there is W(n+1)k or V(n+1)l
with (x1,29,... ,Tnt1) € Witk or (r1,29,... ,Zpy1) € Vins1y- Let co =
00...0 € By, If (z2,...2p41) € [[0 ' e(d'(wey))e and z1 ¢ e(wpe,)e, then
z1 € o(wey1)e by Lemma 16 and (v1,72,...7p41) € [0 o(d*(wey1))e (the
reader might wish to follow the line of proof by looking at Fig. 4). Assume we
have shown for all j < m; j,m even, that (z2,... ,2n11) € Pgo1,... n—1}[Wnjl
implies (z1,22,...,Zn+1) € P{og,... n}Wins)k U Vins1yl for some k1. Let
(z2,--- s Zn41) € Pgo,1,... n—1}[Wnm]. Take ¢y € Bp, hence proq . 13 [Wnm| =

6‘_1 o(d'(we,,))e. If ©1 € eo(wp,,)® we are finished, because then

(x1,22,. .., Tnt1) € o(Wocy,) ® XPo1,.. =1} [Wnml = Ppo1,... 3 Wintyml =
1o O(di(wocm))m Ifz1 ¢ o(wyc,, ), then 21 € '(wocm/zl)'- Note ¢y, =b1bs . . . by,
b; € {0,1}, by, = 0. e(d*(we,,))e is either a proper subset of [0,1] or equal to
[0,1]. Since x5 € o(d%(we,,))® = o(w¢,, )® and Lemma 12 we have x5 € o(we;)e 2
o(we,, ) for all ¢; < ¢, ¢ € By, even. The idea is to construct a set Viny1y with
(21,22, -+, Tnt+1) € Ppo,1,... m} [Vin+1y) assuming that for all even j < m we have
(x2,---2n) € P{o1,... n—1}[Wnyl- Let ¢: {1,2,...,n} x By — {0,1} be the func-
tion which picks the i-th digit in ¢p,. (e.g. t = 10 renders ¢(1,t) =1, ¢(2,¢) = 0)
If od'(wc,,)e = [0,1] we know ¢(i,cmn) = 1 by Definition 4. Let ¢, differ from
¢m in exactly the i-th digit, where ¢ € {u|1 < u < n A q(u,¢m) = 1}. Of course
ct; < cm and odi(wcti)o = owp, ., b,® where ct; = biby...b;—10b;11...bp. Now
(z2,- - s ¥n41) € Pfo1,..n—1}[Wnt,] and since cy;, ¢ differ in one digit only it

implies x;19 ¢ Wy, 1..b,® hence zio € owy * = Odi(wcm/21)0. Hence

it1.bn_11
(1,22, ,2ny1) € [ Odi(wocm/zl)o = Vint1)0c,, ,1- We are now turning to
the quest for disjointness. Assume W,,; NV, = 0 for all myn < ¢; 0 <1 < 2", 1
even; 0 < k < 2" k odd.

1. Then Wy N Vi, = 0, because pi[Wy] = {1} and p[Vi] = {0}.

2. By symmetry we may limit ourselves to the case Wy, V,,k-

3. If ¢ starts with a 0 and ¢, starts with a 1 we are finished, because af-

ter deleting the first coordinate disjointness follows from the induction
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hypothesis.
4. If ¢; starts with a 1 and ¢ starts with a 0 we may apply Remark 13 to
get disjointness in the first coordinate. Therefore ¢, ¢ both commence

with 0 or 1.
(a) ¢, ¢ coincide for the length of ¢i. Then ew,, = (z,y), ow., ® = [0, ]
and ew., = (2/,y), where z < 2/ < /. ew,e = [y, 1] is disjoint

from [0, z]. (We only need the first coordinate of Wy, Vp,i.)

(b) Let ¢, ¢ coincide below position ¢ and let ¢(i,¢;) = 0, q(i,¢;) = 1.
Then disjointness follows from the induction hypothesis, because the
next derived word does not translate into [0, 1].

(¢) Let ¢, ¢ coincide below position ¢ and let ¢(i,¢) = 1, ¢(i,¢;) = 0.
In this case we may not apply the induction hypothesis, because
Di[Vink] = pi[Wy] = [0,1], but we can apply again Remark 13(b) to
get disjointness in the first coordinate.

O

Remark 19.

(a) We succeeded in filling the Hilbert space H densely and disjointly. But our
sets W, V;, are closed. How can we achieve openess? The distance of Wy, and Vj;,,
m < n in the hypercube [0,1]™ is at least 27". We choose a positive € < % and
replace all intervals [y, 1] appearing in Wy, by (y — €27, 1]. A symmetric change
is applied to Vj: [0, ] is replaced by [0,z 4+ €27"). The remaining problem are
the sets {1} and {0} which force W), to be disjoint from V},. We choose a small
0 > 0 and replace {1} by (1,1 + 6] and {0} by [-4,0). As a consequence our
construction takes place in the space [—d, 1+ 6] using intervals (y — e27" 1+ ]
and [—d, z + €27"™), which, of course, does no harm.

(b) Fig. 5 and Fig. 6 give an indication how the sets W,;, j < 2"~ 1 ook in the 8-
dimensional hypercube (we skip odd indices j). They are to be understood in the
following way: Each picture consists of 128 slices each consisting of 8 factors. The
factors represent the length of the closed interval [y, 1]. The cartesian product of
the 8 factors in one slice yields one set Wy;.

(¢) Fig. 5 and Fig. 6 were created by the following Maple 6.01© session:

RESTART;
N:=§;

=8

H:=PROC(R,T)

X:=0;

Y:=1;

IF T>1 AND R[NOPS(R)-T+2]=1 THEN X:=0 ELSE
FOR S FROM NOPS(R)-T+1 BY -1 TO 1 DO

IF R[S]=0 THEN Y:=(X+Y)/2 ELSE X:=(X+Y)/2 FL:
OD;

VVVVVVYVZVYV
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> FI;

> END;

>

WARNING,‘X* IS IMPLICITLY DECLARED LOCAL TO PROCEDURE ‘H‘
WARNING,‘Y* IS IMPLICITLY DECLARED LOCAL TO PROCEDURE ‘H‘
WARNING,‘S‘ IS IMPLICITLY DECLARED LOCAL TO PROCEDURE ‘H*
H := PROC(R, T)

LOCAL X, Y, S;

X := 0;

Y (= 1;

IF 1 < T AND R[NOPS(R) - T + 2] = 1 THEN X := 0

ELSE FOR S FROM NOPS(R) - T + 1 BY -1 TO 1 DO

IF R[S] = 0 THEN Y := 1/2*x + 1/2%y

ELSE X := 1/2*x + 1/2%y

END IF

END DO

END IF

END PROC

A:= ARRAY(0..2(N-1)-1,1..N);

:= ARRAY(0 .. 127, 1 .. 8, [])

FOR I FROM 0 BY 2 TO 2N; 1 po

IF 1<2(N-1) THEN z:=14+2(N-1):

C:=CONVERT(Z,BASE,2):

c[Nops(c)]:=0:

ELSE

C:=CONVERT(I,BASE,2):

FI:

FOR J FROM 1 BY 1 TO N DO

Al1/2,3]:= H(C,J);

OD:

OD:

B:=MAP(X->1-X,A):

M:=CONVERT(B,MATRIX):
PLOTS|[MATRIXPLOT](M,HEIGHTS=HISTOGRAM,ORIENTATION=
[-62,35],AXES=FRAMED,COLOR=WHITE);

> PLOTS[MATRIXPLOT|(M,HEIGHTS=HISTOGRAM,ORIENTATION=
[105,35],AXES=FRAMED,COLOR=WHITE);

VVVVVVVVVVVVVYV>»>VYV
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Fig. 5: Front view, see Remark 19(b)
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........

Fig. 6: Rear view, see Remark 19(b)

Remark 20.

(a) Are there more general spaces X than [0, 1] on which our algorithm can run?
The basic step takes two open sets Og, O1 with disjoint closures and selects two
open sets Oy /4, O34 satisfying Op C Oy/4, O1 C O3)4 and Oy, U O34 = X,
cl(Op)Nel(Og4) = 0, cl(01)Nel(Oy4) = 0. Such constructions can be carried out
in any Ty-space. In fact, we have the stronger Lemma 22. Recall that a space is
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called functionally T3 if its topology is finer than a completely regular 77 topology.

(b) The other line of generalization looks at the information we need to pursue
the construction. At least we need to have the defining end points of all inter-
vals. For the first step the space In = {0,1,2,3,4} suffices with open points
{0}, {2}, {4} and closed points {1}, {3}. The next iteration already needs
Is ={0,1,2,3,4,5,6,7,8} where even numbers are open and odd numbers closed.
These digital intervals I, with increasing resolution can be used to verify Theo-
rem 18 on a computer up to a fixed dimension n.

(c) Digital intervals are Alexandroff spaces (each point has a minimal open neigh-
borhood). The next Lemma 21 reconciles Remark 20(b) with [Wat90], who states
that discrete-dense subspaces of products of connected Alexandroff spaces are
connected.

Lemma 21. Let (X,X) be a connected Alexandroff space and (O;)y be an
increasing sequence of non-empty open sets such that c¢l(O;) € O;y1. Then

PRrOOF: (Jy O; = Uy cl(0;) is closed and open. O

Lemma 22. Let (X,X) be a functionally Ty space. Then X“ can be filled
densely and disjointly as H.

PROOF: Lemma 22 is true (even trivial) if X is disconnected. Let X be connected.
Take two points a,b € X and a continuous map f : X — [0,1] with f(a) =0
and f(b) = 1. f is surjective. Define A(i,c;) =: f_l[O(di(wcj))O] if j is odd and
B(i,cj) =: f~'e(d(wc;))e] if j is even (see Definition 17). O

Note added in proof: After my talk at the Free University of Berlin Vladimir
Kadets communicated the following elegant method to show the existence of dis-
joint, discrete-dense open sets: Define ¢ : H — [0,1] by ¢(z) := > {° % for
x = (x;) € H=0,1]*. Then ¢—1[[0,1/2)] and ¢~ 1[(1/2,1]] are as required. How
do they look? His, St. Watson’s [Wat90] and my sets are different.
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