Commentationes Mathematicae Universitatis Carolinae

Telemachos Hatziafratis
Mittag-Leffler type expansions of O-closed (0,n — 1)-forms in certain domains in

Cn

Commentationes Mathematicae Universitatis Carolinae, Vol. 44 (2003), No. 2, 347-358

Persistent URL: http://dml.cz/dmlcz/119391

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 2003

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/119391
http://dml.cz

Comment.Math.Univ.Carolin. 44,2 (2003)347-358 347

Mittag-Leffler type expansions of 0-closed
(0,n — 1)-forms in certain domains in C"

TELEMACHOS HATZIAFRATIS

Abstract. In this paper we will prove a Mittag-Leffler type theorem for d-closed (0, n—1)-
forms in C™ by addressing the question of constructing such differential forms with
prescribed periods in certain domains.
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1. Introduction

Let us recall that given a sequence ci, £k = 0,1,2,..., of complex numbers,
there exists a holomorphic function f(z) defined for z € C — {0} so that

Fr)dz=c¢,, k=0,1,2,... (r >0),

|z|=r

if and only if

o
Z lepls® < 00, for every s >0,
k=0

and that, moreover, such a function is of the form

o0

1 1

fz) = 30 Z hprm T @ holomorphic function in C.
i z

k=0

More generally, if D C C is an open set, A = {al :1=1,2,3,...} is a discrete
subset of D and if for each [ we are given a sequence cff of complex numbers which
satisfies the condition

e}
Z |c§€|sk < oo, forevery s>0,
k=0
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then there exists f € O(D — A) so that

(z—aYf)dz=¢, k=0,1,2,...,1=1,2,3,...,

lz—al|=r

where r; > 0 are sufficiently small. And, moreover, such a function f is unique
up to a holomorphic function in D.

In C", we may consider systems (f1,..., fn) of C°° functions, which satisfy the
differential equation

195

(-1t =0

n

J
This means that the (0,n — 1)-form

1

n
0=> fidza A...(j)... Ndzn
=1

is O-closed, and therefore
df(z) ANw(z)] =0,

where w(z) =dz1 A ... Adzy.
By Stokes’s theorem, this implies that

[o@rnw) = [o6) nwio).
S1 Sa

where 81 and Sp are (2n—1)-dimensional closed surfaces, homotopic in the domain
where 6 is defined and O-closed.

Thus such d-closed (0,n — 1)-forms play, in certain cases, roles of holomorphic
functions.

Also, again by Stokes’s theorem,

/6‘(2) ANw(z) =0,
S

if the (0,n — 1)-form 6 is d-exact in a neighborhood of the (2n — 1)-dimensional
closed surface S. Thus the 0-exact (0,n — 1)-forms are, in a sense, negligible, at
least as far as their periods are concerned.

As for the notation, we will denote by Z(,%O’Q) (D) the set of d-closed (0, g)-forms
with C° coefficients in an open set D and by O(D) the set of holomorphic
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functions in D. Also we will denote by Bg)’q)(D) the set of (0, ¢)-forms which are
d-exact in D and HY(D) = 299 (D)/BO9 (D).

In this paper we will prove a Mittag-Leffler type theorem for d-closed (0,n—1)-
forms in C™ by addressing the question of constructing such differential forms with
prescribed periods in certain domains. More precisely we will prove the following
theorems.

Theorem 1. Suppose that for each k = (k1,... ,ky), where k; are non-negative
integers, we are given a complex number ¢, = cy, .. Then there exists 6 €

z0" V(e — {0}) with
Ziﬂ 202 Aw(z) = Chy,... kn» for every k

|z[=r

(where r > 0), if and only if the sequence cy, ., satisfies the condition

(%) Z |Ck1,...,kn|5]f1 . .slfL" < oo, forevery 81,...,8p>0.
K1y kn>0

Theorem 2. Let D be an open set in C"™ and A a discrete subset of D. Suppose

that for each o € A, we are given a sequence cf € C which satisfies condition ().

Then there exists 6 € Zg)’n_l)(D — A) so that

k1

(%) / (z1—a1)™ . (zn— o) 0(2) Aw(z) = Chy... ko for every k and a,

|z—a|=ra
where ro > 0 are sufficiently small.

If, moreover, D is pseudoconvex, the differential form 6 which satisfies (xx) is
unique up to a d-exact (0,n — 1)-form in D — A.

Before we prove Theorem 1, let us observe that the sequence cy, ., satisfies
condition (k) if and only if

Z nn+1)---(n+k1+-+kn

1 k
1 k
Tl T IChy,.. |87 s < 00

(D) ki k>0
for every s1,...,8, > 0.

Indeed, first, (1) implies (*) because of the inequalities

n---(n+k—1) -1 (nm+ki+-+kpo1) - (n+kr+-+ky—1)
k1! - kp!

> 1.

349
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To prove the other direction, let us set N =n+ky + ---+ kn — 1 and notice that

nn+1)--(n+ki+-+ky—1)
Txl. ol
N!
(2) < 3
- ! (N —p — -+ — |
o< n<ny P Pnl(N = p1 pn)!
=+ DN =+ )" Y+ 1) (04 1)kn

This gives that the sum in (1) is

<m+D)" N e,k |+ Dst)F [+ 1)s)n

k1,--- 7kn20
Therefore (x) implies (1).

2. Proof of Theorem 1

For the one direction, let us consider a sequence ¢;, of complex numbers which
satisfies (). We will construct a 6 € Z(0 " 1)( ™ — {0}) so that

Ziﬁ o 2F0(2) Aw(z) = ¢, for every k.
|z|=r

For z # w, set
M(z,w) = |z—w|2" Z Zj —w;)dzi A ... (j) ... dZn,

where 8, = (—1)"("=1/2(n —1)1/(27i)", and, as in [1], for each k = (ky,... , kn),
define

FvtFhn M (2, w)
(?wlfl e awﬁ”

nk(z) =
w=0
—kl . kn
41
|Z|2(n+k1+ +kn)

=Bpnn+1)---(n+ki+-+kn—1)

n
x Y (=17 zidz AL (). A dEn.
j=1
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Then n € Z(—O’n_l)(([:” — {0}). Also, by the Bochner-Martinelli formula, for
feoen,

ak1+~~~+knf
(3) / F@) ... (2) N (2) = Wfl—ﬁ

|z|=r

w=0

But the sequence ¢, satisfies (1), since as we pointed out, (x) implies (1). Writing
gfl R
|Z|2(n+k1+"'+kn)

1 (7 \M Zn \ P
2127 \ |22 l212)
we see that (1) implies that the series

Cky,... .kn
0(z) = Z mnkl,...,m(@
kh---JﬂnZO

the factor

of Mk, ... k, (2) in the form

converges and defines a d-closed (0, n — 1)-form with C* coefficients in C" — {0}.
Also (1) implies that

A 2P0(2) Aw(z)
|z|=r

Ck 7"'7k "

= Y e [, () A()
11 kp!

k1, ,kn>0

|z|=r

Applying (3) with f(z) = 2" -+ 2i", we find that
(4)

Uopnl i (ke k) = (1 s
/ Zfl...zgnnkl o (z)/\w(z)_{pl Dn (k1 . n) = (p1 Pn)
e 0 otherwise.

|z|=r

This gives that
At 2hn0(2) Aw(z) = cpy,.pn
|z|=r
and completes the proof of the theorem in this direction.
To prove the other direction of the theorem, we consider (as in [3]) the function
F(¢) defined by the integral

() = / £CD0(2) nw(z), e,

|z|=r
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where (¢, z) = > (jz;. It is easy to see that F' is an entire holomorphic function
and that

ek = / Z’fl'-~2'£"9(Z)Aw(z)—aagk1 a?(f)c '
1 PR n :0

|z[=r

Since r (in the definition of F') can be arbitrarily small, it follows that the func-
tion F' satisfies the following: For every § > 0 there exists a constant Cs > 0 so
that

|F(¢)] < Cs5 %l for every ¢ € C™.

Therefore, by Cauchy’s inequalities, applied to the entire function F(¢), the co-
efficients c¢;, satisfy the inequality: For § > 0,

O(R1+++Rn)

|ck17---7kn|
' <Cys for every Ry,... , Ry > 0.

k1!, kp! R]fl'” fln7

Applying this inequality with Ry = k1/0, ... , Ry = kn /6 we obtain that for every
6> 0,
[ (§e)frtthn
=Cs
k1! kp! k’flkﬁ"

, forall ki,..., kn.

(In case some k; = 0, the above inequality also holds with the convention kfj =1,
Thus

|Chy oo ] < Cs(8e)FrTTFn - forall ky,... kn, and forall §> 0.
Therefore
ST ek glst s <G YT Gesp)P L (Besn) < o,
k17---7kn20 kl,---7k720

provided that 0 < min{1/(es;): j =1,...,n}. Thus the sequence cj, satisfies (*).
The proof of the theorem is now complete.

3. Remark

According to Theorem 1, to each 6 € Z(,%O’n_l)

entire function Ty defined by the formula:

(C™—{0}), we may associate an

Ty(C) = Z Ckl,...,kanl L= (G, ) eCh,

k17---7kn20
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where
k
Chy,. ki = / 2yt 22"6‘(2’) Aw(z).

|z|=r

Then the transform T : Zg)’n_l)((C" —{0}) — O(C™), § — Ty, is linear and its
kernel is the set of J-exact forms, i.e.,
kerT = BS" D (€™ — {0}).
(This follows from Lemma 2, below).
Thus T induces an isomorphism of linear spaces:

7:HO" V(" —{0}) — OC™), defined by T([6]) = T(9),

for (6] € HO™ V(€ — {o}).
In particular we may transfer, in a natural way, the multiplication structure from

o(c™) to HO"V(cr — {0}):

[01] - [02] = T~1(T(61) - T(0)), for [01],[62] € H™ D (€™ — {0}).
According to this multiplication,

[ 10 | = kil knlpt!. . pp! [ |
77k1,...,kn M1, pnl = (kl +p1)| B (pn +kn)' 77k1+p1,~.,kn+pn .

This follows from (4) and the fact that
k n n\ k n n
(G ) (G Ry = TGt

For the proof of Theorem 2, we will need the following lemmas. The proof of
Lemma 1 is based on a classical idea of a “patching” process, using a partition of
unity, and a “correction” process, using a solution of an appropriate differential
equation. (The case n =1 isin [4, p.13]). Lemma 2 is a generalization of a case
of [2, Lemma 5].

Lemma 1. Let D be an open set in C" and V}, | = 1,2,3,..., a sequence of

open subsets of D with D = |J; V;. Suppose that, for each pair (I,m) € N x N,
we are given a differential form 0,,, € Zg)’n_l)(Vl N Vi) (here we assume that

Z(%O’"_l)(@) = {0}) in such a way that

Oim + Omp + 0 =0 in VN Vi NV, for every I,m,p € N.
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Then there exist 0 € Z(%O’n_l)(Vl), l € N, so that

0 —0m =0y, in ViNVy,, forevery [,m e N.

PROOF: First, let us notice that the assumptions, imposed on 6;,,,, imply that
0p=0 in V; and 0y, +0,,; =0 in VNV, forevery I,m e N.

Then, let us consider a partition of unity subordinate to the cover {V;}, i.e.,
we consider functions x; € C°°(D), with the following properties: 0 < x; < 1,
supp(y;) C Vj, the family {supp(y;) : I € N} should be locally finite, and >~ x; =1
in D.

For [ € N, we define the (0,n — 1)-forms

O, = Z Xm0Oim, with C™ coefficients in V.
meN
Here, the differential form x;,6;,, is defined to be 0 in V; — V};,. Writing the set
V) as the union of the open sets V; NV}, and V; — supp(xm ), and observing that,
according to the above definition of the differential form x,0;,, Xmbim = 0 in

Vi —supp(xm ), we see that, indeed, the sum ) . Xxmb, has C* coefficients in V.
A computation shows that

O, — 6, = Z Xpbip — Z XpOmp = Z Xp(elp = Omp)

peN peN peEN

= Z XpOim = O, in VN V.
peN

But Oy, € Z3" Y (Vi1 Vi), L., 86y, = 0, and therefore

Since Hg)’n) (D) = 0, it follows that there exists a (0,n — 1)-form @ with C*°
coefficients in D, so that B B
00 =00;, in V.

Thus if we set §; = ©; — O, we obtain differential forms 6; € Zéo’n_l)(V}) which
satisfy the equations

0 —0m=(0;—0)—(Op —O) =0, in ViNVy, forevery I,meN.

This completes the construction of the lemma. (Il
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Lemma 2. Let D be an open pseudoconvex set in C™, A a discrete subset of D
and 0 € Z(,%O’n_l)(D — A). Then the following are equivalent:

(I) 0 is D-exact in D — A;
(I1) f|z_a|:m el 0(2) Aw(z) = 0, for every a € A and ¢ € C™ (wherero > 0
are sufficiently small);
(I11) f|z—a|=ra f(2)0(2) Nw(z) =0, for every a € A and for every f € O(C");

(Iv) le—a|=7‘a (z1— )P - (2, —an)*rB(2) Aw(z) = 0, for every k and o € A.

PROOF: Since the set of linear combinations of the functions e{$?), ¢ € C", is
dense in O(C™), it is clear that (IT)<(III).
Also, since every entire function can be expanded in a power series with center «,
it follows that (III)<(IV).
The implication (I)=(III) follows from Stokes’s theorem.
Thus it remains to show that (III)=-(I). The proof of this is based on the Cauchy-
Leray formula and it is similar to the proof of [2, Lemma 5].
First, let us notice that we may find a sequence G, CC D, v = 1,2,3,..., of
strictly pseudoconvex sets with smooth boundary, which exhaust the pseudocon-
vex set D, and in such a way that (0G,) N A = 0, for every v. This is possible,
since A is discrete in D. Then each set G, will contain finitely many points from
the set A. It follows that the set D — A can be exhausted by a sequence of compact
sets of the form

K=G—[B(!,eh)yu...uB"N, M),

where G CC D is strictly pseudoconvex with smooth boundary, o € A, el > 0,
l=1,2,...,N, and the closures of the balls

Blal,e)={zeC":|z—dl| <€}

are pair-wise disjoint.

Fixing such a set K, we consider the map v : (0K) x int(K) — C™ as follows:
For (¢, z) € (0K) x int(K), {7;(¢, 2)}}—; is defined to be a Henkin-Ramirez map
of the strictly pseudoconvex set G, if C € JG, and

(4] .
(G 2) = 5o (=) i Ce{pr =0},
G
where py(¢) = [¢ — a'|? — ()2
(For exhaustions of pseudoconvex sets by strictly pseudoconvex domains and con-

structions of Henkin-Ramirez maps, see [5] and [6].)
Then

(C] - Z])’Y](C,Z) 7£ 0, for (C,Z) € (aK) X int(K)a

M-

1

J

355
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and therefore we may write down the Cauchy-Leray formula:

(5) U = 5Z(Tq_1u) + Tq((’;u) + Lg(u),
for (0,q)-forms w in a neighborhood of K

(notation is as in [2, p.912)).

Now if 6 € Zg)’n_l) (D — A) satisfies (III), it follows as in the proof of [2, Lemma 5]

that L) ;(f) =0, and therefore (5) gives
0 = 0.(Tp_20), in int(K).

Now the conclusion that 6 is d-exact in D — A, follows from [2, Lemma 4], and
this completes the proof of the implication (IIT)=(I).
The proof of the lemma is complete. O

4. Proof of Theorem 2

First, with D being an arbitrary open set in C™, we will use Lemma 1 in order

to construct a 6 € Zéo’n_l)(D — A) which satisfies ().

Let of, 1 =1,2,3,..., be an enumeration of the set A. By Theorem 1, for each
1=1,2,3,..., there exists §; € Z(,%O’n_l)(([:” — {a!}) so that

(21— a))F o (2 — )0, (2) Aw(z) = cgi’.__ ky» forevery k.

l|—
lz—at|=r

Next we consider an open cover {Vp, V1, Va,...} of D, which is of the form: Vp =
D—A, and, for [ > 1, Vj is a small ball centered at the point o, so that V;N\V;, = 0
forl #m, l,m > 1.

For each pair (I,m) with I,m > 0, we define 6, € Z(%O’n_l)(Vl N Vip) in the
following way:

900:0, olmzo if l,le, and 90[:—910:91
in onV, =V, —{a!} for 1>1.

Then

O +0mp + 0, =0 in VNV, NVp, forevery [,m,p=>0.
Therefore, from Lemma 1, there exist 6; € Zg)’n_l)(Vl), 1 >0, so that

0, — O =0y, in V;NVy,, forevery [,m > 0.
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In particular,
0p — 0, = 0y = 0;, in %ﬂ%z%—{al}, for 1>1.

Define 6 = 6 € Zg)’n_l)(D — A). Since §; € Zg)’n_l)(Vl), the (0,n — 1)-form

(21 = @)™ - (2 — al) ()

is also O-closed in V]. }
It follows that the differential form (21 —a})*1 - - (2, —al)*n0;(2) Aw(2) is d-closed
in V}, and therefore, by Stokes’s theorem,

(z1 —aé)kl o (zn— )0, (2) Aw(z) =0, for every k and 13> 1.

\Z—al|=7‘al
(Recall that the ry’s are assumed sufficiently small.) Since for each [ > 1,
0=0,+6, in V,—{a'},

it follows that 0 satisfies (¥%).
This completes the proof of the first part of the theorem.
Finally, assume that D is pseudoconvex and that two differential forms

0,0 € Z(,%O’n_l)(D — A) satisfy (x%). Then their difference 6 — 6 satisfies the
following equations

(21— a)™ - (zn — an) " [0(2) = 6(2)] Aw(z) = 0,
|Z—al\:Tal

for every k and every « € A.

It follows from Lemma 2, that 6 — 8 is §-exact in D — A. This completes the proof
of the theorem. O
We close with the following remark. In the case D is pseudoconvex, Theorem 2

establishes a bijection from the J-cohomology group Hg)’n_l)(D — A) to the

set [O(C™)]A of all maps A — O(C"). Thus we have, in a natural way, an
isomorphism of linear spaces:

2O V(D - 4) ~ [0(C™)A
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