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Function spaces on ordinals

RaAFAL GORAK

Abstract. We give a partial classification of spaces Cp([1, @]) of continuous real valued
functions on ordinals with the topology of pointwise convergence with respect to home-
omorphisms and uniform homeomorphisms.

Keywords: function spaces, pointwise topology, uniform homeomorphisms, ordinal num-
bers

Classification: 54C35

1. Introduction

For a completely regular space X, Cp(X) denotes the space of all continuous
real-valued functions on X, equipped with the pointwise convergence topology.

Spaces X and Y are called t-equivalent (u-equivalent) if spaces Cp(X) and
Cp(Y) are (uniformly) homeomorphic. We write X ~! Y if the spaces X and Y
are t-equivalent and X ~% Y when X and Y are u-equivalent. Let us recall that
the map ¢ : E — L, where E and L are linear topological spaces, is uniformly
continuous if for every neighborhood U of zero in L there is a neighborhood V' of
zero in F such that, for every f,g € F with (f —g) € V we have o(f)—p(g) € U.

In this paper we are concerned with the function spaces Cp([1, @]) on compact
ordinal intervals [1, o] (equipped with the standard order topology).

The complete classification of such spaces with respect to linear homeomor-
phisms was given by Baars and de Groot [2] (see Section 3). Gul’ko proved in [3]
and [4] some results concerning the problem we deal with. Some of these results
and techniques have turned out to be useful for us and will be recalled bellow. In
this paper we extend Gul’ko’s results. Namely our goal is to prove the following:

Theorem 1.1. Let o and 3 be ordinals.
If |a| # |3, then

(a) Cp([1,q]) and Cp([1, 5]) are not homeomorphic.
If |a| =|B| = &, then

(b) if k = w or k is singular or o, B > k2, then Cp([1,a]) and Cp([1,]) are
uniformly homeomorphic.
(c) If k is a regular uncountable cardinal and «, 3 € [r,x2) such that o €

[K *Ya, R (’711 + 1)) and ﬁ € [’i Vs R (’76 + 1))7 where Ya, Vb € [17'%)7
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then Cp([1,]) and Cp([1,5]) are (uniformly) homeomorphic if and only
if |va| = [l
Unfortunately this theorem does not cover all the possibilities. Namely, we do

not know whether Cy([1, s*-x]) and Cp([1, (kT)?]) are (uniformly) homeomorphic.
The proof of Theorem 1.1 is based on ideas from [2] and [3].

2. Preliminaries
All spaces under consideration are completely regular.

Definition 2.1. For a point z of a space X, let Cp(X,z) = {f € Cp(X) :
f(z) = 0} with the topology of the pointwise convergence. If X is compact we
equip Cp(X, x) with the standard sup norm.

We will use the following standard fact (see [1]):
Theorem 2.2. If Cp(X) and C,(Y') are homeomorphic then | X| = |Y|.

In the sequel we will consider sets of the form [a, 8] and [, 3) (o and 3 are
ordinals) defined in the following way:
[a, 8] ={v;a <y < B} and [, 8) = {y;a <y <}
By Ord, Lim, Card we denote the class of all ordinals, limit ordinals and cardi-
nals, respectively. The topology on [a, 5] and its subsets will be always the order
topology. Let us point out some important properties of such spaces:

Fact 2.3. If f-w < « then [1,a+ 3] and [1, a] are homeomorphic. In particular,
if k is an infinite cardinal number (x € Card and k > w) then for every < k,
[1,x + ] and [1, k] are homeomorphic.

Let us recall the definition of the cg-product:

Definition 2.4. For every ¢t € T, let E; be a linear topological space and || - ||+
be a norm on F;, not necessarily related to the topology. Let us define:

ierBr = {(ft)ter € WyerEr : Ve > 0 || ft|| < e for all but finitely many ¢ € T'}.

The topology on H;tkeTEt is the standard product topology. Usually on H:eTEt
we consider the norm ||(ft)ier|l = maxer || ftllt- The symbol IIf 1 E denotes the
co product II¥ 7 Ey, where Ey = E for every t € T

We will use the following relation:

Definition 2.5 (Gul’ko [3]). Let F and F be linear topological spaces and || - |1,
|I-||2 be norms, on E and F, respectively, not necessarily related to the topologies.
We write (E, || - |l1) = (£, | - ||2) if, for every £ > 0, there exists a uniform
homeomorphism u. : F — F satisfying the following condition:

(ae) (L+&) HIflln < lue(f)ll2 < NI flln for every f € E.
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If it is clear which norms are considered on FE and F' we write E = F.

In the sequel on spaces of real continuous functions on compacta and its sub-
spaces we will always consider the sup norm. Moreover, let us fix that for every
two linear topological spaces E and F' equipped with norms || - ||g and || - ||1, re-
spectively, on the space E x F' we consider the norm ||(e, f)|| = max(|le||o, || f]]1)-

Let us point out some obvious, but important, properties of the relation =.

Fact 2.6. If X = X; andY =Y then X XY = X x Y7.

Fact 2.7. If, for every t € T, Xy = Y then 1T} X; = 1T}

teT tET}/t'

Theorem 2.8 (Gul’ko [3]). For every compact space X and for every xg € X we
have
Cp(X) = Cpl(X,a0) x R

The above theorem of Gul’ko is very important for our consideration. We will
use this in the proof of our main theorem and also some ideas from its proof will
be very helpful, namely the following

Lemma 2.9 (Gul’ko [3, Lemma 1]). Let R? be the real plane equipped with
the norm ||(z1,x2)| = max(|x1], |x2|) and let € > 0. Then there exist functions
¢- : R2 — R and 1) : R> — R such that the following conditions are satisfied:

(a) the mapping (z1,x2) — (21, pe(x1,22)) Is a uniform homeomorphism of
the plane with the inverse of the form (x1,x2) — (z1,V:(21,22));

(b) we(z1,22) =0 if x1 = m9;

(c) M+e) Hi(er,z2)ll < (21, (a1, 22))l| < [[(z1,22)| for (z1,22) € R,

Fact 2.10. Let « be an infinite ordinal. Then
Cp([1, o) = Cp([1, 0], ).
In particular, if [1,a] and [1, 3] are homeomorphic then

Cp([1, al, @) = Cp([1, B, ).

PrROOF: From Theorem 2.8 it follows that
Cp([1,a]) = Cp([1,a],a) x R.

It is clear that Cp([1, o, ) x R can be identified with Cp([1, 0] @ {-}, ).
On the other hand there exists a homeomorphism & : [1,a] @ {-} — [1,a] such
that h(a) = « (we use the assumption « > w). This homeomorphism induces the
homeomorphism between function spaces such that:

Cp([lva] @ {'}7a) = Cp([lva]va)'
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3. Linear homeomorphisms

In [5] Kislyakov gave a complete linear classification of function spaces
Cp([1,a]) with sup norm topology. Later, Baars and de Groot got analogical
result for pointwise topology; more precisely, they proved that these classifica-
tions coincide.

Theorem 3.1 (Baars, de Groot [2]). Let « and 8 be ordinals.
If |a| #|6|, then
(a) Cp([1,a]) and Cp([1, 5]) are not linearly homeomorphic.
If |a| =|B| = &, then
(b) if Kk = w or k is a singular cardinal or o, 3 > r? then Cp([1,qa]) and
Cp([1,3]) are linearly homeomorphic if and only if max(a, 3) <
[min(av, 5)]%;
(¢) if k is a regular uncountable cardinal and o, 3 € [k,x?) such that o €
[k Y0, 5 - (Ya + 1)) and § € [r -y, 5 (W + 1)), where va,7 € [1,5),
then Cp([1,a]) and Cp([1,5]) are linearly homeomorphic if and only if

1Yal = [l;
(d) if & is a regular uncountable cardinal, o < k2, and 3 > r? then Cp([1,a])
and Cy([1, B]) are not linearly homeomorphic.

This theorem gives us a complete classification of Cp([1,a]) up to linear home-
omorphisms where « is an ordinal. In the next section we will use the idea of
its proof to give a similar partial classification for uniform homeomorphisms and
homeomorphisms.

4. Uniform homeomorphisms and homeomorphisms
Theorem 4.1. If « € Ord and 7,k € Card (7 > w and k > 1) satisfy the
following condition:
k<tTanda€[r-Kk,7 KT)
then

Co(lL,a) = [] oL 7)) = T CpllL, 7))

Bekr BER

To prove the above theorem we need the following
Lemma 4.2. Let v be a limit ordinal (y € Lim), and (\¢)o<¢<~ be a strictly
increasing sequence of ordinals such that:

(1) A¢ = limgg Ag for § € (0,~] N Lim;

(2) Ao =0.
Then:

Cp([1, M), ) = Cp([1,7],7) % H*Cp([kg + 1, Aet1]s Aer)-
§€Y
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PRrROOF: The proof will be a modification of the proof of Lemma 2.5.6 in [2]. Let
us define

X = {f € CP([lu /\’Y]u /\’Y) V§ € [077) f|()‘§7 /\£+1] = f()‘f-i-l)}
and

Y = {f € Op([]-v)"*/]a /\’Y) : Vé € (07'-)/] f()\f) = O}
Fact 4.3. Cp([1,\], \y) = X x Y.

Fix € > 0. Let us define ¢1 : Cp([1, \y], \y) — X as follows:

P1(NI[Ae + 1, Aeq1] = fF(Aeq1) for £ €[0,7);

$1(f)(Ae) = f(A¢) for £ € [1,7]NLim.
To prove that ¢; is well defined we need to check the continuity of ¢1(f) at A¢
for £ € [1,7] N Lim. We will show that for every > 0 there exists Ay such that
Ao < Ag and 61 (f)((Aa, Ae]) C (=0+f(A¢), f(Ae)+0). According to the continuity
of f there exists a € [1, \¢) such that f((a, A¢]) C (=0+f(X¢), f(A¢)+6). Because

¢ € Lim we have limn<§ Ap = /\5. Therefore there exists Ao such that a < Ay <
A¢. We have:

P1(f)((Aa, Ael) € f((Aas Ael) € F(a, Ae]) C (=0 + f(Ae), f(Ae) +9)

which finishes the proof of continuity of ¢1(f).

One can easily verify that ¢; is continuous.
Let us define ¢ : Cp([1, M), Ay) = Y by

$2(f)(@) = @e(D1(f) (@), f(x))

where @, is as in Lemma 2.9. It is easy to observe that ¢2(f) € Y by Lem-
ma 2.9(b). Therefore, to check that ¢g is well defined it is enough to prove that
¢2(f) is continuous for f € Cp([1, A\y], A\y). We have proved that ¢1(f) is contin-
uous thus ¢2(f), as a composition of continuous functions, is also continuous. On
the other hand the uniform continuity of ¢o follows from the uniform continuity
of ¢1 and .

Let us check that ¢(f) = (¢1(f), d2(f)) satisfies the following inequalities:

(L+e) A< NI < NI for f € Cpl[L, ], M)
It is clear that ||f|| > |¢1(f)||. Thus, from Lemma 2.9(c) we get [|¢2(f)] <

max([|1(f)[l, [ f][) < [f]]- We proved that [|¢(f)[| < [|f]|. Applying once more
Lemma 2.9(c) we obtain that for every x € [1, \y] we have

max(|¢1(f)(@)], [d2(£)@)]) = (1 +2) " max(61(F)(@)], 1f (@)]) = (L+2) 7 | f(2)].
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From this it follows immediately that:

L+ A< No()II-

Let us define ¢ : X x Y — Cp([1, ], A\y) by ¥(f, 9)(x) = v=(f(x),g(x)) where
e is as in Lemma 2.9. Obviously ¢ is uniformly continuous because ¢ and ¢2
are uniformly continuous. The uniform continuity of 1 is also obvious because )¢
is uniformly continuous. Let us observe that the equality ¢ o) =idc ([1,2,),0,) 18

an easy consequence of Lemma 2.9(a). The identity 1) o ¢ = idx xy also follows
from Lemma 2.9(a) and from the fact that ¢1(¢(f,g)) = f for (f,g) € X x Y,
but this is an easy consequence of the equality . (z,0) = z which is a simple
application of Lemma 2.9(a) and (b). This finishes the proof of Fact 4.3.

Fact 4.4.
CP([LV]?V) = X.

Fact 4.5. .
H Cp([)‘ﬁ + 15 Af-ﬁ-l]a /\54—1) =Y.
§€y

In each case we can find a linear isometry with respect to the sup norm which
is also continuous in the topology of pointwise convergence thus uniformly con-
tinuous. Namely, we have

¢: X — CP([LW]?W)

and

VoY = [T CollAe + 1 Aeqa]s Aes)
gey

given by the following formulas:

(f)(€) = f(Xe)
and
7T§ o \I’(f) = f | [)\5 + 1,)\§+1].

An easy verification is left to the reader.
As a consequence we get

Cp([la /\’Y]a /\’Y) = Op([lﬁ]ﬁ) X H*Op([/\f + 17)‘§+1]7)‘§+1)'

€
ey 0

PROOF OF THEOREM 4.1: We will prove this theorem by induction on a € [1,77)
for a given 7. If & = 7 then the thesis is obvious. Let us assume that our theorem
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holds for 3 < « and that a € [7 - k,7 - k) where k € [1,7] N Card. We know
that, for some v € [1,77), o € [T - 7,7 (v + 1)). It is clear that o = 7 -y + 3
where 8 < 7, thus [1,a] and [1, 7 - 7] are homeomorphic (see Fact 2.3). Therefore
we can assume that a = 7-~. Because a € [T - k,7-K7), |7] = k. The case
when £ is finite is obvious. Thus we can assume that x > w. If v = 4 1 then
T-v =704 7. Using the fact that v > w (because k > w) we know that
[1,7-~] and [1,7 - 8] are homeomorphic (see Fact 2.3). Because || = |v|, the
thesis for a = 7 - v follows from the inductive assumption. Let v € Lim. We
have v € [k,k"). Let us consider a strictly increasing sequence (A¢)een where
n = k+cf(y\ K) (cf(0) = 0) such that the function { + A¢ is continuous and
limge, A¢ = . The construction of such a sequence can be like that:

Let (Ne¢)eect(y\r) be a strictly increasing sequence such that & +— ¢ is continu-
ous, No =  and limgeop(\ ) N'e = 7. Let us define (A¢)eey:

A¢ = § for § <,

Apte = N¢ for & < cf(v\ k)

From Lemma 4.2 from Facts 2.7 and 2.10 we get:

*
(1) Cp([L,7 7)) = Cp([Lom)) x [T Cpllm- A + 1,7 Agya)-
gen
It is obvious that for every { € 7 the set [T - A¢ + 1,7 - A¢4q] is isomorphic
to [1,7 - B¢ (i.e. there exists order preserving bijection) for some 1 < ¢ < 7.

Therefore from the inductive assumption we know that there exists such a cardinal
number 1 < 95 < k that:

Col[m - 2 + 1,7 Acqr)) = Co((L7 - Be)) = [ Co((L,7))
Cebe

The above identity and (1) give us:

Cp([L,7-7]) = Cp([1,n]) H H Cp([1,7])

gen  (ebe

Thus we have:

Co([L,7 7)) = Cp((L,m)) x [T CpllL, 7))

teT

where T' = @y, 0. Because n = k+cf(y\ k) and cf(y\ k) < & (because || = )
we have 1| = x. From the fact that 1 < 6¢ < x we know that |T'| = x.
Therefore:

2) Co([L7 ) = Cp([L, ) x T[] Cpl(L, 7).

EER
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Let us focus on Cp([1, n]). Assume that x = 7. We know that if cf(y\ k) < & then
[1, x] and [1, 7] are homeomorphic and we can conclude that Cy([1,7]) = Cp([1, K]).
If cf(y \ k) = & then obviously Cp([1,7]) = Cp([1,k]) x Cp([1,k]). Using the
assumption that kK = 7 we get the thesis of Theorem 4.1 fora =7-7v. If Kk < 7
then also n < 7 and:

Cp([1,7-9]) = Cp([1,n]) x Cp([L,7]) x H*Cp([lﬁ])-
(eER

It is easy to check that
Cp([1,m]) x Cp([1,7]) = Cp([1, 7 + n]) = Cp([1, 7))

This way we have eliminated the factor C,([1,7]) in (2) and this finishes the proof
of Theorem 4.1. O

It is natural to ask if the spaces [[¢c, Cp([1,7]) and [[¢c,r Cp([1,7]) are (uni-

formly) homeomorphic for ’ # k. The following result gives us the answer for
finite x and &'.

Theorem 4.6 (S.P. Gul’ko [4]). For every n,m € N, every regular cardinal
number T > w, a € [T -m,7-(m+1)) and B € [r-n,7 - (n+ 1)), the following is
true:

Cp([1,a]) and Cy([1,5]) are (linearly) homeomorphic iff n = m. O

Although Gul’ko proved this theorem for 7 = wj the same proof works if 7 > w
is regular. The remaining is just an obvious consequence of Theorem 3.1(c) even
for all cardinals n,m < 7. It appears that modifying Gul’ko’s reasoning we can
strengthen the above result:

Theorem 4.7. For every regular cardinal number 7 > w, all cardinals n,m € 7,

a€[r-m,7-m"%) and B € [r-n,7-nT), the following is true:
Cyp([1,a]) and Cp([1, 5]) are (linearly) homeomorphic iff n = m.

To prove this theorem let us quote the following lemmas from Gul’ko’s paper
[4] (obviously we assume that 7 is regular and uncountable):

Lemma 4.8. Let X = |J{Aq; € 7}, Y = U{Ba;a € 7} where Ay and Bq
are subspaces of X and Y, respectively such that Ao C Ag and B, C Bg if
a < fand Ag = U{Aa;a < B}, Bg = [U{Basa < B} if 8 is a limit ordinal
and |Aa|,|Ba| < 7. Moreover let E and F be dense subspaces of RX and RY
respectively, and let T : E — F be a homoeomorphism. Then the set

L={aenVfgeE:flAa=g|Aa = Tf|Ba=Tg|Ba}

is closed and unbounded in 7 ([0, 7)).
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Lemma 4.9. Let E and F be linear topological spaces, T : E — F' a homeomor-
phism and E = |J{Eq; € 7}, F = |J{Fuo; @ € T}, where E,, and F, are closed
subspaces of weight less than T = weight (E) = weight (F'). Moreover E,, C Eg,
Fo C Fgif a < 8 and Eg = clU{Ea;a € B}, Fg = cl|U{Fa;a € B} if Bis a
limit ordinal. Then the set

M ={aeT;T(Ea) = Fa}

is closed and unbounded in 7 (]0,7)).

Although both lemmas were formulated for 7 = wq the proofs remain the same
as in Gul’ko’s paper.

PROOF OF THEOREM 4.7: The proof will be based on the original idea of Gul’ko
from [4]. Let us assume that both C([1, o) and Cp([1, ]) are homeomorphic. We
can also assume without loss of generality that m, n are infinite (see Theorem 4.6).
According to Theorem 4.1 we have:

E =[] Co(1,7),7) = Cy(1,al) = Gp((1.8)) = T[] Co((1,7],7) = F.
fem den

Let T': E — F be a homeomorphism. We can assume, without loss of generality,
that 7'(0) = 0. Obviously E and F can be identified in the natural way with the

dense subsets of RLT)*m RILTIX1  pegpectively. Let us define Ay ={(n,Q) €
[1,7) x min < 7}, By = {(n,¢) € [1,7) xn;n < v} and Ey = {(f¢)cem €
[oemCo((1, 7))V ¢ € m felly, 7 = 0} Py = {(f)cen € [henCo(1,7]);VC €
n felly,7] = 0} for v < 7. It is easy to check that for the above defined sets
we can apply Lemma 4.8 and Lemma 4.9 where L and M are defined as in these
lemmas. Take { € M N LNLim. Let us put G¢ = {(f¢)cem € E5Y(€m fe(§) =
0} and He = {(f¢)cen € F;V( € n fe(§) = 0}. Observe that T'(G¢) = He.
Indeed, let us take (f¢)cem € Ge. Define fé [[1,€) = fc|[1,€) and fé [[¢,7] = 0.
Since £ € M we have that T((fé)CEm) = (gé)CEn € F¢. But £ € L; therefore
ge(x) = gé(x) for ¥ < £ and because { € Lim we have g¢(¢§) = gé(ﬁ) = 0 where

(9¢)cen = T((fe)cem), hence T((f¢)cem) € He. Analogically we prove that
T_I(Hg) C G¢. To finish the proof we need

Lemma 4.10. Let E be a dense subset of RX and T : E — RY be a continuous
function. Then for every infinite subset B C Y there is a set A of cardinality
not greater than cardinality of B such that for every f,g € E, f|A =g|A =
Tf|B=Tg|B.

This lemma is just an immediate consequence of the Factorization lemma (see
[1, 0.2.3]). Let us consider ot = {(£,0);0 € m} and C¢ = {(£,0);0 € n}.
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Applying the above lemma for Cg we get the set A C [1,7) x m of cardinality not
greater than n such that for every f,g € E, f|A=g|A=Tf|CI = Tg|C§".

If m > n then there exists x such that [1,7) x {z} N A = 0. Let us take f =
(f¢)cem € E such that fo = 0 for ¢ # x and fr = 1 for ( = z. Obviously
[ & G¢ but from the choice of z we know that T'f € H which contradicts the
equality T'(G¢) = H¢. Therefore we proved that m < n. Analogically we prove
that m > n. O

5. Summary

Summarizing the results of the previous chapter we can prove the following:

Theorem 5.1. Let «, 3,7 are ordinals satisfying o < v < 3. If Cp([1,¢])
and Cp([1,5]) are (uniformly) homeomorphic then also Cp([1,7]) is (uniformly)
homeomorphic to Cp([1,a]) and Cp([1, 3]).

PROOF: It is clear that a, 3,y have the same cardinality, say x (see Theorem 2.2).
We can assume that x > w. From Theorem 3.1(b) and Theorem 4.6, without loss
of generality, we can assume that x-w < 3. From Theorem 4.1 we get

Co([La]) = ] “CpliL.x))

NELRa

Co((1.8) = [ " Co(lL, <))

NER
Co(lLa]) = ] "Gyl a])
nERy

where kg, ko are Ky cardinals, kg € [w,xT) and Kq,ky € [1,5T). Moreover we
know that ko < Ky < Kg but, without loss of generality, we can exclude all the
equalities. We have

G = [ s = T “Cplita) x T Cp(it.x])

NERy nERy\Ka ek
= (II "Glnh) x Cp(lLal)
NELy\Ka
@~ ((II "Gl m)) x Cpla)
NERy\Ka
=TI “eolnah = I "olln.n).
nERy \Ka neks

Because |ky \ k| < kg and kg > w, we have

I )< I Cotal) = T CollL,&]) = Cp(IL, B]).

NER~y \Ka nekrg nekrg
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Thus Cp([1, 8]) and Cp([1,~]) are (uniformly) homeomorphic. O
Now we can prove Theorem 1.1.

PROOF OF THEOREM 1.1: Let us observe that (a) follows from Theorem 2.2.
Assume that a, 3 > k2. As a consequence of Theorem 4.1 we get that Cp([1,])
and Cp([1, 5]) are uniformly homeomorphic. If kK = w or & is singular then, from
Theorem 3.1(b), we have that, for a, 3 € [, k2], Cp([1, a]) and Cy([1, a]) are even
linearly homeomorphic. Therefore the proof of (b) is completed. The remaining
case (c) is just Theorem 4.7. O

All the above results do not give us a complete classification of spaces Cp([1, a])
for @ € Ord up to ¢t and u-equivalence what was mentioned before. To complete
the classification we have to consider the case a = (77)2 and 8 = 7+ - 7 where 7
is a cardinal. All the rest is covered by Theorem 5.1 and Theorem 1.1. Moreover
one can see that in all settled cases ¢ and u equivalences coincide. But it is still
unknown whether it is true for the whole class of spaces [1, «] where a € Ord or
even for the class of all compacta.

Acknowledgments. I am very grateful to Witold Marciszewski for many valu-
able remarks and suggestions.
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