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Majorization of C0-semigroups in ordered Banah spaesGerd Herzog, Peer Christian KunstmannAbstrat. We give riteria for domination of strongly ontinuous semigroups in orderedBanah spaes that are not neessarily latties, and thus obtain generalizations of ertainresults known in the lattie ase. We give appliations to semigroups generated bydi�erential operators in funtion spaes whih are not latties.Keywords: domination of semigroups, ordered Banah spaes, quasimonotoniityClassi�ation: 47D06, 34C121. IntrodutionLet E be a real Banah spae, ordered by a one K. A one K is a losedonvex subset of E with λK ⊆ K (λ ≥ 0), and K ∩ (−K) = {0}. As usual

x ≤ y : ⇐⇒ y − x ∈ K. Let A : D(A) → E and B : D(B) → E be generators of
C0-semigroups T (t) and S(t) (t ≥ 0), respetively.In this paper we will give onditions on A and B suh that S is a majorantof T , that is

−S(t)y ≤ T (t)x ≤ S(t)y (t ≥ 0,−y ≤ x ≤ y).If E is a Banah lattie then this is equivalent to the following domination propertyof the semigroups
|T (t)f | ≤ S(t)|f | (t ≥ 0, f ∈ E).Domination of semigroups in Banah latties has been studied and haraterizedin [5, C-II 4.℄. For operators A and B given by forms in a Hilbert spae we referto haraterizations in terms of forms in [6℄.The main point in this paper is that we do not assume E to be a Banah lattie.The results thus apply in more general situations, on the other hand they annotinvolve any of the additional strutural features a Banah lattie provides. Forlatties, the idea to obtain domination via a ertain one invariane property inthe produt spae (f. Theorem 1) has been used in [6℄.2. Quasimonotone inreasing operatorsFor a one K ⊆ E the subset
K∗ = {ϕ ∈ E∗ : ϕ(x) ≥ 0 (x ≥ 0)},



48 G.Herzog, P.C.Kunstmannin the spae of all ontinuous linear funtionals E∗, is alled the dual wedge.Let D be a subspae of E. A linear operator C : D → E is quasimonotoneinreasing , in the sense of Volkmann [8℄, if
x ∈ K ∩D, ϕ ∈ K∗, ϕ(x) = 0 =⇒ ϕ(Cx) ≥ 0.Let A : D(A) → E, and B : D(B) → E be linear mappings (D(A), D(B) sub-spaes of E), and let D := D(A) ∩ D(B). We say that B is a majorant of A,if 1. B −A : D → E is inreasing;2. B +A : D → E is quasimonotone inreasing.Consider E × E ordered by the one

K0 = {(x, y) ∈ E × E : −y ≤ x ≤ y},and let H : D(A)×D(B) → E × E be de�ned as
H(x, y) = (Ax,By).Then we haveTheorem 1. Let B be a majorant of A. Then H : D ×D → E × E is quasi-monotone inreasing (with respet to K0).Proof: Let ψ ∈ K∗0 and set

ϕ1(u) = ψ(−u, u)2 , ϕ2(v) = ψ(v, v)2 (u, v ∈ E).Then, obviously ϕ1, ϕ2 ∈ K∗, and
ψ(x, y) = ϕ1(y − x) + ϕ2(y + x) ((x, y) ∈ E × E).Hene, from

x, y ∈ D, −y ≤ x ≤ y, ψ(x, y) = 0,we get
ϕ1(y − x) = 0, ϕ2(y + x) = 0.Sine B is a majorant of A we have(B −A)(y − x) ≥ 0, (B −A)(y + x) ≥ 0,

ϕ1((B +A)(y − x)) ≥ 0, ϕ2((B +A)(y + x)) ≥ 0.In partiular
ϕ1((B −A)(y + x) + (B +A)(y − x)) = 2ϕ1(By −Ax) ≥ 0,
ϕ2((B −A)(y − x) + (B +A)(y + x)) = 2ϕ2(By +Ax) ≥ 0.Therefore
ψ(H(x, y)) = ψ(Ax,By) = ϕ1(By −Ax) + ϕ2(By +Ax) ≥ 0,thus H : D ×D → E × E is quasimonotone inreasing. �



Majorization of C0-semigroups in ordered Banah spaes 493. Comparison resultsLet A, B and D be as in Setion 2. In the sequel we assume that K hasnonempty interior IntK, and that D∩ (IntK) 6= ∅. We �x p ∈ D∩ (IntK). Notethat (0, p) ∈ (D ×D) ∩ (IntK0).Theorem 2. Let B be a majorant of A, and let x, y ∈ C1([0, T ), E) satisfy1. x(t), y(t) ∈ D (t ∈ [0, T ));2. x′(t) = A(x(t)), y′(t) = B(y(t)) (t ∈ [0, T ));3. −y(0) ≤ x(0) ≤ y(0).Then −y(t) ≤ x(t) ≤ y(t) (t ∈ [0, T )).Proof: Aording to Theorem 1 H : D ×D → E is quasimonotone inreasing.We have (D×D)∩ (IntK0) 6= ∅ and (x(0), y(0)) ∈ (D×D)∩K0. Appliation ofTheorem 1 in [3℄ proves (x(t), y(t)) ∈ K0 (t ∈ [0, T )). �Now, assume in addition that K is normal , i.e., that there exists γ > 0 suhthat 0 ≤ x ≤ y ⇒ ‖x‖ ≤ γ‖y‖, and that A and B are generators of C0-semigroups
T (t) and S(t) (t ≥ 0), respetively.Let E be equivalently normed by the Minkowski funtional ‖ · ‖ of the orderinterval [−p, p℄. In partiular, K0 is normal sine K is normal, and E × E anbe equivalently normed by the Minkowski funtional ||| · ||| of the order interval[−(0, p), (0, p)℄.Under these assumptions we prove the following omparison results:Theorem 3. Let B be a majorant of A, and let D be invariant under bothsemigroups (T (·)) and (S(·)). For any x, y ∈ D with −y ≤ x ≤ y we have

−S(t)y ≤ T (t)x ≤ S(t)y (t ≥ 0).Theorem 4. Let B be a majorant of A, let D(A) ⊆ D(B), and let S(t)p ∈ D(A)(t ≥ 0). Then
−‖x‖S(t)p ≤ T (t)x ≤ ‖x‖S(t)p (t ≥ 0)for all x ∈ E.Proof of Theorem 3: Let n ∈ N. Sine x, y ∈ D we an hoose xn, zn ∈ Dsuh that

‖xn − x‖ ≤
13n, ‖zn − y‖ ≤

13n,and we set yn = zn + (2/(3n))p ∈ D. Aording to the properties of the hosennorm we have
−yn = −zn −

23np ≤ −y −
13np ≤ x−

13np ≤ xn

≤ x+ 13np ≤ y + 13np ≤ zn + 23np = yn,



50 G.Herzog, P.C.Kunstmannin partiular (xn, yn) ∈ (D ×D) ∩K0, and
‖yn − y‖ ≤ ‖zn − y‖+ 23n ≤

1
n
.We set wn(t) = (T (t)xn, S(t)yn) (t ≥ 0). Then wn(t) ∈ D ×D for t ≥ 0 (bythe invariane assumption) and wn ∈ C1([0,∞), E×E). Aording to Theorem 2

wn(t) ∈ K0 (t ≥ 0). For n→ ∞ we obtain(T (t)x, S(t)y) ∈ K0 (t ≥ 0)by losedness of K0. �Proof of Theorem 4: Fix x ∈ E. Let n ∈ N, and hoose xn ∈ D(A) suh that
‖x− xn‖ ≤ 1/n. Set wn(t) = (T (t)xn, ‖xn‖S(t)p) (t ≥ 0). Then,

wn(t) ∈ D(A)×D(A) = D ×D,

wn ∈ C1([0,∞), E × E), w′
n(t) = H(wn(t)) (t ≥ 0), and wn(0) ∈ K0 sine
−‖xn‖p ≤ xn ≤ ‖xn‖p,aording to the properties of the hosen norm. Again Theorem 2 gives wn(t) ∈

K0 (t ≥ 0), and for n→ ∞ we obtain(T (t)x, ‖x‖S(t)p) ∈ K0 (t ≥ 0).
�4. One-sided estimatesLet m+ : E × E → R denote the following diretional derivative of ‖ · ‖,ompare [4℄:

m+[x, y℄ = lim
h→0+ ‖x+ hy‖ − ‖x‖

h
.Theorem 5. Under the assumptions of Theorem 3 and D = E

m+[x,Ax℄ ≤ m+[p,Bp℄‖x‖ (x ∈ D(A)).Proof: For the norm ||| · ||| on E × E it is easy to hek that
|||(x, y)||| = max{‖y − x‖, ‖y + x‖}.



Majorization of C0-semigroups in ordered Banah spaes 51Let M+ : E2 × E2 → R be the diretional derivative with respet to this norm.Aording to Theorem 3, H is the generator of a positive C0-semigroup. Theo-rem 1 in [1℄ proves
M+[(x, y), (Ax,By)℄ ≤M+[(0, p), (0, Bp)℄ |||(x, y)||| ((x, y) ∈ D(A) ×D(B)).But

M+[(0, p), (0, Bp)℄ = lim
h→0+ |||(0, p) + h(0, Bp)||| − |||(0, p)|||

h= lim
h→0+ ‖p+ hBp‖ − ‖p‖

h
= m+[p,Bp℄,and

M+[(x, 0), (Ax, 0)℄ = lim
h→0+ |||(x, 0) + h(Ax, 0)||| − |||(x, 0)|||

h= lim
h→0+ ‖x+ hAx‖ − ‖x‖

h
= m+[x,Ax℄ (x ∈ D(A)).Hene

m+[x,Ax℄ ≤ m+[p,Bp℄|||(x, 0)||| = m+[p,Bp℄‖x‖ (x ∈ D(A)).
�As an immediate onsequene we have:Corollary 1. Under the assumptions of Theorem 5

‖T (t)x‖ ≤ exp(tm+[p,Bp℄)‖x‖ (t ∈ [0,∞), x ∈ E).5. ExamplesFirst we onsider Shr�odinger type operators in a spae of vetor-valued fun-tions.Example 1. Let R
3 be ordered by the ie ream one

C := {(x, y, z) : √

x2 + y2 ≤ z}and let E := BUC(R,R3) be ordered by the one
K := {f ∈ E : f(s) ∈ C (s ∈ R)}.



52 G.Herzog, P.C.KunstmannThe onstant funtion p : s 7→ (0, 0, 1) belongs to Int(K), and K is normal. Sine(R3, C) is not a lattie, also (E,K) is not a lattie.The seond derivative L := d2/ds2 with domain D(L) = BUC2(R,R3) isquasimonotone inreasing in E: Clearly, d/ds with domain BUC1(R,R3) is thegenerator of the translation group on E, whih is positive. The Gaussian semi-group, whose generator is L, is obtained by onvolution with a positive kernel,hene also positive. Consequently, L is quasimonotone inreasing.Now let V ∈ BUC(R,R3×3) be positive in the sense that V (s)C ⊆ C for all
s ∈ R. We denote the indued operator E → E, f 7→ V f also by V . Observe that
V : E → E is bounded and inreasing.Now take another funtion U ∈ BUC(R,R3×3). Then the operator U : E →
E, f 7→ Uf is bounded. Assume that V is a majorant for U , i.e., V −U : E → E isinreasing and V +U : E → E is quasimonotone inreasing. Let A := L+U and
B := L+V . Sine U and V are bounded on E, we have D(A) = D(B) = D(L) =
BUC2(R,R3), and A and B are generators of C0-semigroups on E. Moreover, Bis a majorant for A sine B −A = V − U is inreasing and B +A = 2L+ V +Uis quasimonotone inreasing. Sine D = D(A) = D(B) is invariant under bothsemigroups, we obtain by Theorem 3, for any f, g ∈ E with −g ≤ f ≤ g, that(∗) −et(L+V )g ≤ et(L+U)f ≤ et(L+V )g (t ≥ 0).We may also apply Theorems 4 and 5 and Corollary 1 to the funtion p : s 7→(0, 0, 1).We disuss a few speial ases.(a) U = 0: Then V is a majorant of U and we obtain

−et(L+V )g ≤ etLf ≤ et(L+V )g (t ≥ 0)for any f, g ∈ E with −g ≤ f ≤ g.(b) V = 0: Then V is a majorant of U if and only if −U is inreasing and U isquasimonotone inreasing. This holds if and only if, for eah s ∈ R, −U(s)C ⊆ Cand U(s) is quasimonotone inreasing with respet to C. The latter holds if andonly if U is of the form U(s) = −u(s)I where I ∈ R
3×3 is the identity and

u ∈ BUC(R,R) satis�es u(s) ≥ 0 for s ∈ R. In this situation we obtain
−etLg ≤ et(L−u(·)I)f ≤ etLg (t ≥ 0)for any f, g ∈ E with −g ≤ f ≤ g.() −V ≤ U ≤ V : This ondition means that both V −U and V +U are inreasingand thus implies that V is a majorant of U . Hene (∗) holds for all f, g ∈ E with

−g ≤ f ≤ g.



Majorization of C0-semigroups in ordered Banah spaes 53Remark. Example 1 an also be done for the Laplaian � on R
n in plae of Lon R, taking as spae En := BUC(Rn,R3) and as one

Kn := {f ∈ En : f(s) ∈ C (s ∈ R
n)}.The results should be ompared to the orresponding ones for Shr�odinger opera-tors on BUC(Rn,R). If v ∈ BUC(Rn,R) is positive, i.e. v(s) ≥ 0 for all s ∈ R

n,then we have, for all t ≥ 0,
|et�f | ≤ et(�+v)|f |, |et(�−v)f | ≤ et�|f |.While the �rst estimate holds on En for inreasing V ∈ BUC(Rn,R3×3) withoutrestrition (f. (a)), we need a restrition (f. (b)) for the seond estimate.In ertain spaes, in partiular in Hilbert spaes, the Trotter produt formulamay be applied to obtain domination results for semigroups. In general, however,the Trotter produt formula is not appliable (f. [2℄).In the next example we give an appliation to a oupled system.Example 2. Let E and L be as in Example 1 and let D := d/ds with domain

BUC1(R,R3). Then A0 := (

L 00 D

) with produt domain is quasimonotone in-reasing in E×E with respet to K×K. For j = 1, 2 let Uj , Vj ∈ BUC(R,R3×3),suh that −Vj(s) ≤ Uj(s) ≤ Vj(s) for all s ∈ R. Then B := (

L V1
V2 D

) is a majo-rant of A := (

L U1
U2 D

) and D(A) = D(B) = D(A0). Theorem 3 applies and yieldsdomination of etA by etB .Remark. In the Banah lattie situation Example 2 orresponds to the fat thatthe semigroup etA is dominated by the semigroup whose generator is (

L |U1|
|U2| D

)(f. [7℄ where this operator is related to the modulus semigroup of etA).Referenes[1℄ Herzog G., Kunstmann P.C., Stability for families of positive semigroups and partial dif-ferential equations via one-sided estimates, Demonstratio Math. 34 (2001), 77{82.[2℄ K�uhnemund F., Waker M., The Lie-Trotter produt formula does not hold for arbitrarysums of generators, Semigroup Forum 60 (2000), 478{485.[3℄ Lemmert R., Volkmann P., On the positivity of semigroups of operators, Comment. Math.Univ. Carolinae 39 (1998), 483{489.[4℄ Martin R., Nonlinear operators and di�erential equations in Banah spaes, Pure andApplied Mathematis, John Wiley and Sons, New York-London-Sydney, 1976.[5℄ Nagel R. (Ed.), One-parameter semigroups of positive operators, Leture Notes in Mathe-matis 1184, Springer, Berlin, 1986.[6℄ Ouhabaz E.M., Invariane of losed onvex sets and domination riteria for semigroups,Potential Anal. 5 (1996), 611{625.



54 G.Herzog, P.C.Kunstmann[7℄ Stein M., Voigt J., The modulus of matrix semigroups, Arh. Math. (Basel) 82 (2004),311{316.[8℄ Volkmann P.,Gew�ohnlihe Di�erentialungleihungen mit quasimonoton wahsenden Funk-tionen in topologishen Vektorr�aumen, Math. Z. 127 (1972), 157{164.
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