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On existence and regularity of solutions
to a class of generalized stationary Stokes problem

NcuvYEN Duc Huy, JANA STARA

Abstract. We investigate the existence of weak solutions and their smoothness properties
for a generalized Stokes problem. The generalization is twofold: the Laplace operator
is replaced by a general second order linear elliptic operator in divergence form and the
“pressure” gradient Vp is replaced by a linear operator of first order.

Keywords: generalized Stokes problem, weak solutions, regularity up to the boundary

Classification: 76D03, 76D07, 35Q30, 35J55

1. Introduction

Let @ € R? (d > 2) be a bounded domain with boundary 9Q. We study the
following generalization of the linear Stokes problem: For given f = (f1,..., fq) :
d
Q—>Rd,g:Q—>R,A=(A?»ﬁ) 1 Q — RTX® and a d x d matrix
I /i g,en =1
B = (Bij)?jzl we look for u = (uy,...,ug) : Q — R? and p: Q) — R solving
—div(AVu) + BVp=f in Q,
(1.1) divu =g in ,

u=0 on Of.

The generalization of the classical Stokes problem consists in two points: instead
of the Laplace operator we consider a general second order elliptic operator in
divergence form and instead of the gradient of p we consider a class of general first
order linear operators. The new feature of system (1.1) compared with classical
Stokes system lies in the fact that operators divu and BVp (for B # F) do
not act as adjoint operators in suitable Banach spaces. While existence of weak
solutions to (1.1) with B = E was extensively studied (see e.g. [4], [5], [9] and
references given there), both existence and smoothness properties of solutions to
system (1.1) with a general B — as far as we know — have not been investigated
yet.

It is our pleasure to acknowledge the support of research grants of the Czech Republic GACR
201/05/2465, GACR. 201/03/0934 and MSM 0021620839.
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Our motivation to consider system (1.1) began with the study of smoothness of
flows of incompressible fluids with viscosities that depend on the shear rate and
the pressure. The typical example we have in mind is

—divT(Du,p) + (u-V)u+Vp=f in I xQ,

(1.2) divu=0 in Ix

accompanied by initial and boundary conditions. Here u stands for the velocity,
Du = %(Vu + V7Tw), p for pressure, f for external body forces and T'(Du, p) for
the Cauchy stress tensor.

We assume that

(1a) T is continuously differentiable on R4 +1 and

Tij (& 7) = v(l§],7)&ijs 1,5 =1, d;

(1b) there are m € (1,2], Ag, A1, v > 0 such that for any 7 € R and symmetric
matrix d x d &, it holds

8 .
¢ D¢, M) < M1+ (€27
ki

d
m—2
MA+EPHTT < D
i?jvkvlzl

d T )
> L6 <wt+IgP) T
= T
1,7=1
Then if f, the boundary 02 and initial data satisfy natural conditions, m &
( dgf2 ,2] and v is small enough with respect to Ag, there is a pair

we L™, Wh™(Q)) N LI, L3(Q));p € L™(I x Q)

satisfying (1.2) (see [11], [12] and [13]). The smoothness of v and p is a more
delicate problem even in the stationary case (for which the existence was proved
n [13]). As we deal with a system of nonlinear elliptic PDEs we cannot expect
full regularity in space dimensions d > 3. When proving partial regularity results
for such models we come to the so-called “blow up” system of (1.2) which has the
form (1.1) with

iy (8TZJ( ) 0Ty
K2\ 0g, /3%

oT;; o
Bz’j:(sij—a—f(a,b), Z,]:l’__.7d7

(a,b)), ikl =1,... . d;

where a = lim BB JBe,r) P dz, b= A BGom JBo.r) P 42-
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Saying differently, behaviour of solutions to (1.1) with such A and B predicts
behaviour of solutions to (1.2) in regular points zg.

The arrangement of the paper is as follows. In Section 2 we introduce notation,
definitions and recall some results used later. In the next section we present
existence and uniqueness results for a constant matrix B. In addition, we illustrate
the type of this generalized linear Stokes system by several examples. In Section 4
we show the regularity of solutions u, p in Wk72(Q) under natural conditions on
fr9,A, B, Q.

2. Preliminaries

In this section, we introduce notation, definitions and also recall some well-
known results that will be used later.

Let Q be a domain with Lipschitz boundary 92 in R4 (d>2). For1 < ¢ < oo,
k € N; LI(Q) and W*4(Q) denote the usual Lebesgue and Sobolev spaces. The
norm of u € L4(Q) is denoted by

1/q
Jullg =l := ([ ul7 o)

The norm of u € W4(Q) is defined as

lulleg =l goi= ([ 3 1D%afraz) "

la|<k

As usual, Wé’q(Q) is defined as the completion of C5°(Q) in Wka(Q). We
denote by W14 (Q) the dual space to Wol’q(Q) where % + % =1 If f e
w-L4'(Q), v e Wol’q(Q) we use the notation [f, v] for the value of the functional

f at v.
Set Wha(Q)™ := Wka(Q,R™) = [W*4(Q)]™ with norm

lulleg = el g = s um)l g : (Znuju)

In a similar way we obtain vector valued Banach spaces VVO1 Q)™ L9(Q)™ and
W14 (Q)™ (which denotes the dual space to Wol’q(Q)m). We will also use the
symbol [[ul|_1 4 = |lul|-1,4.0 to denote the norm of u € W=L4(Q) or u €
w—Ld Qm

The space Wolﬁiv (Q) is determined by the condition

1,2 _ 1,2 .
Wo7diV(Q) = {u e W, (Q)d; divu = 0}
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where the equation divu = 0 is satisfied in distributional sense. VVO1 ’;V Q) is a

closed subspace of VVO1 ’Q(Q)d and thus it is a Hilbert space with scalar product
induced from WO1 2 Q)4

Let & = (z1,...,2q) € RY f e Whi(Q), u = (u1,...,ug) € Whi(Q)4. We
introduce notation

D= 2L p2re T wp e (0,0 92 = (DD,
7 = axjv jd o 8$2, T JJ )5=1> - i 7,l=1
J
T = (x/,xd), = (1, ., xg_1), u= (u/,ud), u = (w1, ug—1),

V= (V'.,Dy), V'=(D1,...,D4-1), Dju:= (Djuy...,Djuy).
By (xg) := {x € Rd; |z — xg| < r} , 2o € Rd, r > 0;
B.:={y € R&L || <7}, > 0.
Ifx=(z1,...,2m) ER™, y = (y1,...,Ym) € R™, we use the notation
Ty =2T1Y1+ -+ TmYm

for the scalar product of z and y. For M an d? x d? matrix and z,y being d x d
matrices we write

d
Mz:y= Z Mgﬁxf‘yf
a7/672'7j:1

For points € R? as well as for matrices M = (Mij);njzl we write

N

2l = (iw)? M= (Y )

i,j=1

Next, we recall the local description of the boundary 02 which allows us to
define domains with smooth boundary (see [1], [7]).
Given g € R%, r > 0, 8 > 0, a local coordinate system centered in z¢ with
coordinates y = (y/,y4) and a real continuous function h : Bl. — R we denote

Uron(0) = { (- v0) € RERW) =B < ya < hy) + A1yl <7}

A domain (i.e. open, connected set) Q C R? (d > 2) is called a Lipschitz domain,
iff for each zg € 0X), there exist constants r > 0, 8 > 0, a local coordinate
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system centered in zg, and a Lipschitz continuous function A : B — R with the
following properties

(2.1) Uy g n(0) N0 = {(¥, ya);va = h(y), [y'| <r},

(2.2) Urp,n(0) N = {(¥,ya); M(y') = B < wa < h(y),ly'| <r},
(23)  Uprgn(o) N (RN Q) = {(v/,ya); h(y") <ya < h(y") +8,1y/| <7}

For k € N the domain € is called a C¥-domain, iff for each zg € 01, the function
h describing the boundary in (2.1), (2.2), (2.3) belongs to C*(BL).

If ) is a bounded C¥-domain then for all ~v > 0 we find z1,...,2ym € 09,
hj i= hg;, 15 = Ta, B;» = Bﬁj, Uj = Uy, g0 (25), 5 = 1,....m Witht_he
properties (2.1), (2.2), (2.3) such that 9Q C Jj, U;. Moreover, h; € Ck(Bé.)
and ”hj”Ck(BT.) <yforj=1,...,m.

Partition of unity gives existence of functions p; € Cg° (Rd), J=1....m; a
sequence of open balls B, CC Q, k =1,...,l and a sequence of functions v, €
Cg° (Rd), k=1,...,1 with the following properties

suppp; CUj, 0<p; <1, j=1,...,m

Supp iy, C By, 0 < v <1, k=1,....0;

! m m

l
Qc(UByuUJU: D k@) + pj(x) =1 forall ze.
J k=1 J

k=1 =1 j=1

We conclude this section by recalling some results on solvability of equations
divv =g and Vp = f.

Lemma 2.1. Let Q be a bounded Lipschitz domain in R? and let Qg be a
nonempty subdomain of Q. Let 1 < ¢ < 00, ¢’ = qiil. Then it holds:

(a) there is a constant C = C(q,§) > 0 such that for each g € LY(Q) with
Jo g dx = 0 there exists at least one v € WO1 ()¢ satisfying

divo =g in Q, [Vullg < Cllgllg.

(b) there is a constant C = C(q,,Qg) > 0 such that for each f € W—14(Q)4
satisfying condition [f,v] =0 for allv € VVO1 () there exists a unique
p € L1(Q) satisfying

Vp=f in Q /Q pde=0 and pllq < CIfl-1q
0

PROOF: See [8, Chapter 2, Lemma 2.1.1, 2.2.2]. O
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3. Existence of solutions

Let @ ¢ R? (d > 2) be a bounded Lipschitz domain with boundary 9.
We will prove the existence and uniqueness of solutions to the generalized linear
Stokes system (1.1) with g = 0. Thus, we consider the system

—div(AVu) + BVp=f in Q,

(3.1) divu =0 in Q,
u=0 on 0f.
d
Here f = (f1,....f4) : @ — R%, A = (Af‘.ﬁ) L Q- REx g
I Vi g =1
(Bij)?jzl € R¥%d are given quantities and u = (ug,...,uq) : @ — R, p:Q—R

are unknown functions.

Definiton 3.1. Let f € W~12(Q)%4. Then a pair (u,p) € Wol’iv(Q) x L2(Q) is
called a weak solution to system (3.1) if and only if

(3.2) —div(AVu)+ BVp=f in Q
holds in the sense of distributions, i.e.,
d d
(3.3) Z / A%ﬁDgujDavi dr — Z / pB;;Djv; dx = [f,v]
o Bij=1"" ij=17%

holds for all v € W% ()4,

Remark. If B is a regular matrix then (u,p) € Wol’iv(Q) x L() is a weak
solution to equations (3.1) in the sense of distribution iff (u, p) is a weak solution
to equations

(3.4) —div(B~'AVu) + Vp = B~y

where we have denoted by B~! A4 a d? x d? matrix C' with C’iajﬁ = Zg:ﬂB_l)ikAzf
fori,j,a,0=1,...,d, ie.,

d d d
(3.5) Z / Z(B_l)ikAzjﬁDﬁujDavi dr — Z/ﬂp Djv; do = [B71f,v]
=1

a,B,i=1" k=1

holds for all v € Wol’2 Q).
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We assume throughout this section that A, B satisfy the following conditions:

(3a) B is constant regular matrix,

(3b) A%ﬁ belongs to L°°(2) and there is a positive A 4 such that

ess sup [Af| < Ay forall ij,0,8=1,....d,

(3c) B~1 A generates elliptic (generally nonsymetric) bilinear form a on VVO1 ’Z(Q)d

where

d d
a(u,v) = /Q(B_IAVU) Vo dx = /Q Z (Z(B_l)ikAzjﬁ) D% Dﬁvj dx
k=1

a,B,1,j=1

for u,v € W()17d21v (Q) and there exists a A > 0 such that

d d
a(v,v) = Z Z(B_l)ikAgf D%y, Dﬁvj dz > \|Vvl|3
a,ﬁ,z,]:lk:l

for all v € W% ().
Under the above assumptions, we prove the existence and uniqueness of a weak
solution (u, p) of system (3.1) for every right hand side f € W~ 12(Q)%.

Theorem 3.1. Let the assumptions (3a), (3b), (3c) be in force and Q be a
bounded Lipschitz domain, let 2g be a nonempty subdomain of ). Suppose that
f € W=L2(Q)4. Then there exists a unique pair (u,p) € Wol’iv(Q) x L2(Q)
satisfying fQO p dz = 0 and solving system (3.1). 7

Moreover, the inequality

(3.6) lull2 +lplle < Cllfll-1,2

holds with a constant C = C(A, B,,{g) > 0.

PROOF: It is obvious that a(u,v) is a bilinear form on W()17d21v (©) and there is a
constant C' = C(A4, B,Q) > 0 such that for all u,v € Wol’iv(Q)

la(u, v)| < C[[Vull2]|Vollz < Cllully2]vll1,2.

By the assumption (3c) and Poincaré’s inequality we have

A
a(u,u) > A Vull3 > 5|IU|I%72
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for all u € WOI’C%IV(Q) with constant C' = C(Q2) > 0.

Applying the Lax-Milgram theorem, we conclude the existence and uniqueness of
1,2 .

u € Wy 5, () satisfying

(3.7) / (B~YA)Vu: Vode = [B71f,0] forall ve W2 ().
Q b
By (3c), we obtain
A Vul3 < /Q(B‘IA)VU : Vo da = [B7 f,0] < O fl|-12llull12,

so that

(3.8) lullt,2 < Cllfll-1,2

with C = C(4, B,Q) > 0.
Now we focus on the existence of pressure p. Consider a functional G :
Wy (@) — R defined by

[G,v] == [B71f + div(B~1AVu),v] = [B~Lf, 0] — / (B™1A)Vu : Vo da.
Q

From (3.7) we have [G,v] =0 for all v € Wol’iv(ﬂ)
Due to (3.8), it is easily seen that for all v € W01’2(Q)

G, 0]l < 1B fll—12lvlli,2 + AalB~ Hllull12llvll e < Cllfl-12lvl1,2,

where a constant C' > 0 depends on A, B and ). Therefore, Lemma 2.1 guarantees
existence and uniqueness of p € L2 (Q) with Vp = G and fQO pdx = 0. It implies
that (u,p) is a weak solution of system (3.1). Moreover, we have

(3.9) Ipll2 < CllGll-12 < Cllfll-12
with a constant C' = C(4, B,,Qg) > 0. From (3.8), (3.9), the inequality (3.6)
follows.

To prove the uniqueness of (u,p), we suppose that (i, p) € Wol’iv(Q) x L2(Q)
is another pair solving (3.1). We see that

_ . 1,2
/Q(B "AVWV(u—a): Vode =0 forall ve Wo,div(Q)'
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Setting v := u — 4, we obtain

0= / (B YA (1 — @) : V(u— @) do > M|V (=)
Q

It implies |V(u — @)||2 = 0 and, as u, @ € Wol’;v(Q), also u = 4.
Of course, the uniqueness of p follows from the above proof, when applying
Lemma 2.1. O

Next, we will use Theorem 3.1 and solve a more general system

—div(AVu) + BVp=f in Q,
(3.10) divu=g¢ in Q,
u=0 on 0N.

Theorem 3.2. Let assumptions (3a), (3b), (3c) be in force and Q be a bounded
Lipschitz domain, let g be a nonempty subdomain of ). Suppose that f €
W-12(Q)4, g € L*(Q) such that [, g dz = 0. Then there exists unique pair

(u,p) € Wol’z(Q)d x L%(Q) that solves the system (3.10) satisfying condition

fﬂo pdr =0.
Moreover, (u,p) satisfies the inequality

(3.11) lulli2 +llpll2 < C (1f1-1,2 + llgll2)

with a constant C = C(A4, B,,Qp) > 0.
Remark. We show that w is of the form v = ug + u; with ug € Wol’iv(ﬂ) and
ul € W01’2(Q)d, divu; = g in Q.

PRrROOF: According to Lemma 2.1, we can choose u; € W01’2(Q)d satisfying
divu; = g and

(3.12) [Vuillz < Cliglla-

Then using Theorem 3.1, we find a unique pair (ug,p) € Wolﬁiv(ﬁ) x L2(Q)
satisfying fﬂop dx = 0 and —div(AVug) + BVp = f + div(AVuy). If we set
u = ug + uy, then the pair (u,p) solves the system (3.6).

From Theorem 3.1, the inequalities (3.8) and (3.12) we have the estimate

[ulli,2 + [Ipll2 < C ([Vuollz + lIpll2 + [[Vu(l2)
(3.13) S C(Ifll—12 + Aallurllr2) + lluall,e
< C(IIfll=1,2+ llgll2)
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with a constant C' = C(A, B,Q,Qg) > 0.

To prove uniqueness we suppose that (@, p) is another pair solving system (3.10)
and % has a decomposition %@ = g + @ where g € W(}giv(ﬁ), S Wol’z(Q),
diviy = g; fﬂof) dr = 0. Then u; — 41 € W01’2(Q)d and div(uy — 41) =
0. Therefore (u — @,p — P) is a solution to (3.1) as div(u — @) = 0, f = 0,
fQO (p—p) dz = 0. The uniqueness result established in Theorem 3.1 implies that
u =1, p=p. (I
Examples. To illustrate the type of systems we have in mind we show some
examples that satisfy conditions (3a), (3b), (3c).

Proposition 3.1 (A elliptic, B near to identity). Suppose that

. A%ﬁ belong to L°°(Q) and there is a positive A 4 such that

ess sup|A%ﬁ| <Ay forall i,5,a,8=1,...,d,

e A generates an elliptic bilinear form a on VVO1 ’2(Q)d

constant \ 4 such that

i.e. there is a positive

a( / Z Aaﬁ D%, Dﬁvj dz > Aa|| Vo3 for all ve W01’2(Q)d,
,B3,i,j=1

e B is a constant d x d matrix such that

Aa

3.14 =|B-El < —————
(3.14) ¢=1B- Bl < 4

where F is the identity d x d matrix.
Then conditions (3a), (3b) and (3c) hold.

PROOF: We need only to check condition (3c).
We have B = E — (F — B) and because of the assumption (3.14), B is regular
and B~! = 372 (E — B)!. Thus, the conditions (3a), (3b) are satisfied. We have

for all v € Wy ()

Z Z kAk] D%v; Dﬁvj dx

a,B,i,j=1k=1

/ Z A20 Dov; D, d:c—i—Z/ (E - B)'A)Vv : Vo da

@ 5727] 1
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o0
> Ml Voll5 = Y 1(B = B)[|Alloo | Voll3

=1
2 ¢ 4
> [[Volla(Aa — HAACZ )
2
> €[ Voll2,
where positive € is so small that ¢ < AAC?Z_‘;);_E < i3 2‘4*:_ e The condition (3c)

is satisfied with A\ = e.

Remark. Note that A is elliptic for example if

d
a(u,v) :/ Z A%ﬁ D%u; Dﬁvj dx
©a,8,i=1

and there is a positive A4 such that

d
S AYerel > aqlel? forall ¢ € R,
o, B,ij=1

or

d
a(u,v) = / Z Af} DYy DMy dx
Qi 4ki=1

where DYy = %(g;; + g—;ﬁ) is the symmetric part of Vu and there is a positive
A4 such that

d
Z A?}nijnkl > Aaln|? for all symmetric 7 € R4,
,5,k,0=1
(I

Proposition 3.2 (A Laplace operator on the diagonal, B positive definite). Sup-
pose that div(AVwv) is Laplace operator on v; in the j-th equation, j = 1,...,d,
ie.,

AL =600y forall ija,B=1,....d,

and B is constant, self adjoint and positive definite matrix.
Then conditions (3a), (3b), (3c) are satisfied.
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Remark. Under the assumptions of Proposition 3.2, the system (3.10) takes the
form

—Au+ BVp = f in Q,
(3.15) divu=g in Q,
u=0 on 0.

PROOF: It is easy to check the validity of the conditions (3a), (3b). We prove
that the condition (3c) is satisfied as well.

As B is self adjoint and positive definite then B~! is also self adjoint positive
definite, i.e., there exists constant Ag—1 > 0 such that

Z(B_l)ijfz‘fj > /\B—1|§|2 for all ¢ € RY.

Z"j
Hence we have
d rd o d rd
S B Y Azf €o & = Z Z DYk O, aﬁl g, gﬁ
i7j7a7/6 k=1 Cl{ k=1
d . .
= > [(B_l)ij 504,6] & &
5,0
d . -
=Y (BN ] dd
i,j,a
>\ 2 d
> Ag-1/¢]* for all £ e R
Thus (3c) is satisfied and it completes the proof. O

Counterexample 3.3. If B is not regular it is easily seen that system (3.10) need
not have in general any solution u, reason being that the system is overdetermined.
If, for example, A is the Laplace operator on the diagonal, B =0, d = 2, Q :=
(0,7) x (0,7) and f = (2sinzj sinz,0), the system (3.1) reduces to

—Au=f in Q,
(3.16) divu=0 in ,
u=0 on 0N.
By elementary calculation, the system
—Au=f in Q,
u=0 on 0N

has a unique solution u = (sinzpsinzg,0). This solution does not satisfy the
equation divu = 0 in Q (divu = cosz sinzy). Consequently, the system (3.16)
has no solution.
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4. Regularity of (u,p) in Wk72(Q)d % Wk—1,2(Q)

Our purpose is to investigate regularity of solutions to a generalized Stokes
system

—div(AVu) + BVp=f in Q,
(4.1) diveu =g in ,
u=0 on 0N
where A is a d? x d? matrix and B is a d x d matrix of sufficiently smooth functions.
We assume throughout this section that A and B satisfy the following conditions:
(4a) B is regular,

(4b) B~ A satisfies uniformly the strong ellipticity condition, i.e. there exists a
positive A so that

d
Z S (B” ZkAaﬁ 2l > g? in Q forall €€ R
aﬁ?%] 1k=1

Under the assumption (4a) and assuming that A; Jﬁ ,
=1,...,d; the system (4.1) can be transformed to
—div(AVu) + Vp=f in Q,
(4.2) divu=g in Q,
u=0 on 0N

B;j € COL(Q) for all i, j, o, B

where f = ()l = (B~ )i — (X8 5 5=1 Da(B~ AL Duj))? ), A =
B71A.

We show that any solution pair (u,p) € W01’2(Q)d x L%(Q) under natural
conditions on f, g, A, B, Q satisfies u € W**t22(Q)% and p € WFT1.2(Q), (k € N).
Theorem 4.1. Let k € N, Q be a bounded C**2-domain in R%, (d > 2). Suppose
that f € Wh2(Q)4, g € WkH12(Q), A, B € C*1(Q) fulfilling (4a) and (4b), and
(u,p) € W01’2(Q)d x L%(Q) be a weak solution of system (4.1). Then we have

(4.3) uwe W22(Q)d p e whtl2(Q),
and the inequality
(44)  lullgs22 + Iplks1,2 < C (1 lk2 + gl + llullnz + lIpll2)

holds with a constant C = C(4,B,Q) >0

PRrOOF: We shall prove Theorem 4.1 for k¥ = 0 and indicate how the proof can be
continued by induction for k£ € N.

Let £ = 0. In Lemmas 4.1-4.3 we prove the assertion under auxiliary assump-
tions on supports of u and p. Using the decomposition of 2, partition of unity
and these results we shall complete the proof of Theorem 4.1 for 2.
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Lemma 4.1. Let Q be a bounded domain in R, (d > 2), Ry > 0, 29 € Q.
Suppose that

fe 2@ gewh?(Q), A,Be Q).

Let (u,p) € W01’2(Q)d x L2(Q) be a weak solution to the system (4.1) and
suppu, suppp C Bp,(xo) CC Q. Then

(4.5) ue W22(Q)?, pe whi(Q),
and
(4.6) IV2ull2 + [ Vplla < C (I fll2 + [ Vgll2 + [ Vull2)

with a constant C'= C(A, B,Q) >0

PROOF: By assumptions of Lemma 4.1, it is easily seen that A defines an elliptic
bilinear form, A € C%1(Q), f € L?() and we have

(4.7) £l < CUIfll2 + 1 Vul2).

Let es denote the unit vector in the zs direction (s = 1,...,d). For 0 < § <
dist(0Q, Br,(20)), s = 1,...,d, the difference quotient in the x5 direction is
denoted through As su = %[U(I + des) — u(x)].

Since (u, p) solve the system (4.1) we have

—div[A(z + des)Vu(z + des)] + Vp(x + des) = f(z + des),
divu(x + des) = g(x + des)

on Bp,(xp). Subtracting (4.2) from those equations and then dividing by J, we
obtain

—div [A(x)V(A5 su(x))] + V(A5 sp(x))
(4.8) 5.5/ (@) + div[As s(A(x))Vu(z + des)] on B, (xo),
le( su(r)) = As sg(x) on Bpry(wo).

On the other hand, we observe that (thanks to Nirenberg’s lemma — see Exer-
cise 2.10, I1.2 in [6] and Lemma 2.1) A, f, A5 sg9(x) can be written correspond-
ingly in the form div Fy 4, divGs ¢ with some Fj, € LQ(Q)CF, Gss € W01’2(Q)d
such that ||[Fssll2 < C|/fll2, [[VGssllz2 < C|lAssgll2 with C independent of §
and s.



On existence and regularity of solutions to a class of generalized stationary Stokes problem 255

Using definition of weak solution to the system (4.8) and taking (As su —Gs ) €

VVO1 ’;V (Q) as the test function, we obtain

/Q A(z) [V(Agsu(x)) = VG 5(2)] : [V(Assu(x)) — VG 5(2)] da

/ A@)[VGs,(a)] : [V(Lgu(x) — VGs,(a)] da

/ Ns s A(z)[Vu(z + des)] : [V(As su(z)) — VG5 ()] da
Assumptions of Lemma 4.1 and (4b) then lead to
IV 2,50 = VGs I3

X / (@) [V(B,u(0)) — VG ol@)] : [V(Laulz)) ~ VGis,(z)] do

| N

I /\

(HAHCo M Assgll2 + 11 Fll2 + A6l o @ IVull2) VA5 su = VG sll2,

where we estimated As ;A by ”A”C‘Ovl(ﬁ)' It implies that

1V 8= VCsl < (1Al ooy 185,58l + 17l + 1 Al gy 192

and

(4 9) HVA&SUHQ < HVAésu_VG68||2+ ||VG65||2

< CllAll oy + DILs,sgllz + 1Fllz + 1Al go ) Vull2]

with a constant C' = C(A, Q) > 0 not depending on 4, s.

As suppp C Bpy(zg) and 0 is small, we have fQ Assp dr = 0. Applying
Lemma 2.1 to system (4.8) and using the inequality (4.9) we conclude that
Nssp € L?(Q) for all s = 1,...,d and we have the estimate

188.pll2 < CUAN ) + 1Al o)1 2.9l2 + (1] cogey) + DI
+ 14 o g (1Al o) + DIV

with a constant C' = C(\, ) > 0 not depending on ¢, s.
If we let § — 0 in inequalities (4.9), (4.10), we deduce that D;Vu € LQ(Q)CF,
Dgp € L2(Q) for all s = 1,...,d and we have estimate

IV2ullz + [ Vpll2 < C (I1f]l2 + 1V gll2 + [ Vull2)
with a constant C = C(A, B,Q?). Lemma 4.1 is proved. O

(4.10)
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Remarks. Lemma 4.1 holds under weaker ellipticity assumptions satisfied by
examples presented in the previous section.

The next lemma deals with estimates near the flat boundary. It is given here
to explain the main ideas of the proof and will not be explicitly used later.
For Ry > 0, By > 0, 29 = [z(,, 0] € 0Q denote

I, = {3: = [2',0] eR% o/ € B;Eo}’

Ugoﬂo = {x =2/, z4] € RY 2/ € BjRO;O <xg < ﬁo},

Uno g0 = {2 = [¢/,24] € R @' € Bipslaal < Bo} -
Lemma 4.2. Let Ry, y be positive; I'p, C 012, U;—Ro,%o C ). Suppose that
fe 2@ gewh?(Q), A,Be Q).
Let (u,p) € Wol’z(Q)d x L2(Q) be a weak solution of the system (4.1) such that

supp u, suppp C Ugo,ﬁo UTR,.

Then it holds

(4.11) uwe W22, pe wh(Q),
and
(4.12) IV2ull2 + [ Vpll2 < C(If 2+ [ Vgll2 + [ Vull2)

with a constant C'= C(A, B,Q) > 0.

PrROOF: By the same way as in Lemma 4.1 we get

DyVu € L2(Q)%, Dyp e L2(Q)? forall s=1,...,d—1,
and we have
(4.13) IV'Vullz + [V'pll2 < C(Ifll2 + IVgll2 + [[Vull2)

with a constant C = C(4, B,) > 0.
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Using the structure of the system (4.2) we have

d—1
(4.14) > AWDIu; =Gy i=1,...,d—1,
j=1
d —
(4.15) > A% DIuj = Gq+ Dp,
j=1
d—1
(4.16) Djug=Dgg — Y DyDjuj;,
j=1
where
Gi = Dip - fz - Z AZBDaDﬁu]
a+0B<2d
(4.17) d
— Y (DA )Dguj — A Dy, i=1,....d~1,
a,8,j=1
~ d
(4.18) Gi=—fa— >, AP DaDguj— > Da(A3)Dgu;.
a+p3<2d a,8,7=1

From D;Dguj € L*(Q), j=1,...,d -1, g € W12(Q) and the equation (4.16), it
follows Djug € L*(Q). Since f € L*(2)%, V'p € LA(Q)~1, D'Vu € L2(@) 14,

(4.17), (4.18) shows that G; € L2(Q), i=1,...,d.
System (4.14) consists of (d — 1) linear equations, the matrix fl%d, i,j

1,...,d — 1 is regular and its inverse is bounded by % Therefore, the L2-
integrability of Dguj, j=1,...,d—1, follows from L?-integrability of G;, i =

1,....,d — 1. Since A € C%(Q), we conclude that D2u; € L?(Q), for j
1,...,d — 1, and obtain that

d—1
(4.19) IDZujllz < C D (|Gl for j=1,...,d—1.

i=1

Finally, since fy, DC%Uj € L?(Q), j=1...,d, A e C%(Q), it follows from the
equation (4.13) that Dgp € L%(2) and (4.13), (4.16), (4.17), (4.18), (4.19), (4.15)

imply the estimates
IV2ull2 + [ Vpll2 < C (I fll2 + IVgll2 + [ Vull2)
with some constant C' = C(A, B,Q) > 0. The lemma is proved.
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Lemma 4.3. Let Q be a bounded C2?-domain in R%, Ry > 0, By > 0, =g € 9.
Suppose that
fe @) gewl?(Q), A,Be Q).

Let (u,p) € W01’2(Q)d x L%(Q) be a weak solution of the system (4.1), and

supp u,suppp C Upr, go.n(20) N Q.
Then there exists a constant K > 0 (given in (4.28)) so that for

(4:20) Bl gy < K
it holds

(4.21) uwe W22, pe wh(Q)

and

(4.22) IV2ullz + |Vpll2 < C (I fll2 + llgll2 + lullr2 + lIpl2) -

PROOF: In order to reduce the proof of Lemma 4.3 to previous case we use the
transformation to new coordinates

(4.23) y = ®(2) := (2',24 — h(a")), = € Uy g,n(20)-
We see that ® is one-to-one mapping of Ug, g,.x(20) on Ug, g,- Next, define

a,p, f, g, A by

(4.24)

Dgu(z) = Dgu(y) — Ddﬁ(y)Dﬁh(y/), B=1,...,d—1, Dgu(z) = Dgi(y)

and correspondingly for p, g, f, A. An elementary calculation transforms (4.1) to
a new system

—div(AVa) + Vp = f+ T — (DgH1)p + Dg(H1p),

(4.25) ST
diva = g+ Ha,
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where a d? x d? matrix A := (Af;ﬁ) ¢ ia,p=1 @ vector Hy and a function Ho are
given by

d—1
fl%ﬁ = A%ﬁ, if «a,f <d; A%d = A%d — Z fl%ﬁDﬁh, if a<d;
A=1

d—1
~d Ad ~ .
Aijﬁ = Aif - g A%ﬁDah, if g<d;

Add .= Add ZAadDah ZA Dgh + Z A2P DahDgh;

p=1
Hy := (D1h, Dgh, ce, Dd_lh, 0),
d—1
Hy:= Y DgiijD;h;
j=1
d
T =Ty with Ty = Y [DaAfY — (1-0,0) Dg AT Dahl[Dgit; — (1-d54)
a,B,j=1

DyiijDgh) — Z Do A3 Dyt
a,B,j=1

The assumption (4b) and the assumptions of Lemma 4.3 imply that there exists
a constant K1 > 0 such that if ||h[| -, 77— < K1, then
(Br,)

(40) 38 51 o1 ATPEhE] > g2 for all € € RY.
Thus

. d—1
Add p.p ond-1 & N
_ i _ dd —1)ktd dd
O :=det <A§Jd . ) 1— det (Aw )i7j:1+l§z:1( 1)""Dgh det (AZJ )z‘;ék

hj= -

_Nd—1
_ dd 5 CU Al o
< —det (AU )z}j:l + ||h||Cl(B3zO)C(HAHCO(Q)’d)

with a constant C(||Z1HCO(§), d) > 0.

If (4c) holds, then it is easy to check that there exists constant C(A,d) > 0 such
that det (A%d)j;; > C(\, d).

Therefore there exists constant Ko € (0,1) such that (4c) holds, © is uniformly

bounded away from zero and Z?;% |Djh| < 1 for all h € C1 (B;DLO) such that
< Kos.

||h||cl(T%)
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Using (4.23), (4.24) and the assumptions of Lemma 4.3 we have supp 1, suppf

C Ugy, 80 ﬂ@i We set @ := URy.5 ﬂRi.
Similarly as in Lemma 4.1, we obtain the estimate of As Vi, As pfors=1,...,
d— 1. Thus

(426) [ 8g2Villag + 185:8l0 < ClIAIZ0 g + V125,620
Ml gy 1 265 Vilz + 1l e I Vilz)
0140 goggy + DU lz-+ 1Tl + 1Al o gy 1 25,5820 + Wl sy Il20)
+ (112, ) + DIVillag)

with a constant C' = C(\, Q) >0
Here we used the estimates

[ 86,5(Dihp)ll2:0 §||h||cl(BT%) [As,sPll2;:0 + CHhHCZ(BTaO) 15]l2;¢
”A&S(DihDdﬁj)”Q;Q S||h||CI(F%)||A(5,8Ddﬁj||2;Q + C”h”Cz(BTRO)”DdajHZQ-

As h e C1 (B},LO), there exists a constant C' > 0 which does not depend on h,d
such that HAHCO(@) < C”AHCO(Q)’ therefore we have estimate

(4.27)  [[A5sVill2;0 + 1A5sPl 20 < ClllAss9l2:0 + [l o (Bly) IVill2;0
+ 1 fll2 + I Tll20 + IIhIICz(B/ 12120 + 1 All o1 gy | Vel

+ ”h”Cq(@)(”A&,svu”Q;Q + ||A6,sp||2;Q)]
0

with a constant C'(A, HA”CO@)) > 0.
Next, we can choose

C—l

Then we have
(429) (86,5 Vill2ig + 185,5Pll2:0 < Cl1A4s,59ll2:0 + 1Rl oo 5 IVill2i
0

+ 1 fll2s + 1Tl + 1Rl o7 1Pl + 1Al go.x gy I Vall2;Q)
0

with a constant C'(), HA”CO@)) > 0 that does not depend on h, s and 4.
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Letting 6 — 0 in the inequality (4.29), we deduce that DsVi € LQ(Q)dz, Dgp €
L?(Q) for all s =1,...,d — 1 and we have the estimate

(430) [V'Villag + V5l < C (I flag + I Villzq + [ Villaq + I15l2:0)

with a constant C(A, Q) > 0.

Adopting arguments of Lemma 4.1 we obtain that all second derivatives of @
and first derivatives of p exist in @@ and we have estimates of their Lo—norms in
any strict subdomain. From the first part of this proof we have estimates of V'V
and V’p up to the boundary of Q. For getting estimates of the remaining terms
D?lﬁj, Dgp up to the boundary we use system (4.25).

From the system (4.25), we have

d—1
(4.31) > AMDIu;+ DihDgp =Gy, i=1,....d— 1
j=1
d—1 ~ A
(4.32) > Al Dia; — Dap = G
j=1
d—1 d—1
(4.33) (1= D;jh)Diiqg = Dgj — Y _ DgDjil;
j=1 Jj=1
where
Gi=Dip—fi—(T)i— > A DaDgi
a+p<2d
(4.34) ~ 3" DaAfDgi; — A D3ag, i=1,....d-1;

0757]'

(4.35) Gq=—fq—(Ta— Y. A’ DaDgi;— AfiDZig— Y DaAy Dgi,.

From D;Dga; € L*(Q),j =1,...,d—1, § € W12(Q) and equation (4.33), it fol-
lows D2iiq € L*(Q). Since f € L3(Q)?, V'p € L2(Q)¥, D'Vi € L*(Q)\@~1d,
T e L2(Q)%, (4.34), (4.35) shows that G; € L%(Q), i=1,...,d.

The system (4.31)—(4.32) is a linear system of d equations, where the deter-
Add Dih>d_1

minant of the corresponding matrix < A%d . is bounded away from zero
j ij=1

because of (4.28)). Therefore, we can calculate D24;, j = 1,...,d — 1 and Dgp
[¢ e
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according to G4, i = 1,...,d. Since A € CY1(Q), we have Dgﬂj € L*(Q), for
j=1,...,d—1, Dgp € L? (Q) and we also have the following estimates

19220 + IVllag < € (172 + 194l + [ Villzg + I7l20)

with a constant C(4, Q) > 0.

Going back to the original = coordinates we obtain the inequality

2
IV=ullz + 1Vpll2 < C (Ifll2 + llgll2 + lull1z + [Ipll2)

with a constant C' = C(A, B,) > 0.
It implies (4.22). The lemma is proved. O

Let us return to the proof of Theorem 4.1 on . As Q is a bounded C2-domain
in R? we will use decomposition of {2 described in Section 2.

Clearly, it is enough to prove that [¢;, V2ul2 < oo, ||, Vo2 < oo, j1 =
L.ooomy |[Yg, V2ull2 < oo, [k, Vpll2 < 0o, k1 =1,...,L.
We multiply the both sides of the system (4.2) by ¢;, and obtain

—div[AV(p;,u)] + V(gj,p) =
div(pj,u)

)

(4.36)

Q@ =,

where f , g are given by
(4.37) fi =0 fi + Dipjip

d
— Y AP [Dawj, Dguj + (DaDgejy Juj + DattjDgpj, |
a7/37j:1

d
+ Z (DQA%B)(DBQO]‘JU]‘, i=1,...,d;
a7/87j:1
(4.38) G:= 9+ (Vo u.

It follows from (4.37) and (4.38) that
Ifll2 < 1fll2 + € (Ipll2 + llull1,2) and [|d]12 < llgll1,2 + Cllully,2.

It is clear that supp ¢, u and supp p;,p C Ule Bjy iy (z5,) NQ and we can apply
Lemma 4.3. We obtain

192(o50)ll2 + 19 (essn)ll2 < € (712 + 11,2 + ull 2 + ol
<C (Ifll2+ lglh.z + lull2 + Ipllz)
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In a similar way, applying Lemma 4.3 we conclude that

(4.40) [k, V2ull2 + 1k, Vollz < C (1 £ll2 + llglliz + llulli2 + lIpll2)

for all ¢y, , k1 = 1,...,1 with a constant C' = C(4, B,Q) > 0. This yields (4.4)
and the theorem is proved for k = 0.

In the next step when k& = 1 we realize that on any strictly embedded domain
@, (Assu, Aggp) solve the system (4.8) for ¢ small enough and s = 1,...,d.
Thus an analogy of Lemma 4.1 gives the estimates independent of §. Letting
6 — 0 guarantees existence of all third derivatives of w and second derivatives
of p with L? estimates in ©'. An analogy of Lemma 4.2 can be proved then
for (Assu, Asgp) with § small enough and s = 1,...,d — 1 as these difference
quotients solve system (4.8) and satisfy zero boundary condition on the flat part of
the boundary. Letting § — 0 we obtain the L2-estimates of %V;s“ fors=1,...,
d — 1. Using ellipticity condition we calculate from the equation differentiated

with respect to x4 estimate of the last term % If we “flatten the boundary” as

in Lemma 4.3 we can repeat the above proof and conclude Theorem 4.1 for k = 1.
The general case of k follows by induction over k. O
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