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A uniqueness result for 3-homogeneous latin trades

NicHoLAS J. CAVENAGH

Abstract. A latin trade is a subset of a latin square which may be replaced with a
disjoint mate to obtain a new latin square. A k-homogeneous latin trade is one which
intersects each row, each column and each entry of the latin square either 0 or k times. In
this paper, we show that a construction given by Cavenagh, Donovan and Drépal for 3-
homogeneous latin trades in fact classifies every minimal 3-homogeneous latin trade. We
in turn classify all 3-homogeneous latin trades. A corollary is that any 3-homogeneous
latin trade may be partitioned into three, disjoint, partial transversals.

Keywords: latin square, latin trade, critical set

Classification: 05B15

1. Introduction

The earliest study of latin trades may be found in [12], where they are referred
to as exchangeable partial groupoids. Later, latin trades were re-examined via
research into critical sets (minimal defining sets of latin squares) and the study of
intersections between the operation tables of quasigroups (which are exactly latin
squares) ([14]). (See [17] for an up-to-date survey paper of critical sets.) Until
recently, critical set researchers were unaware of this earlier research, causing some
overlap of results.

For example, some basic properties of latin trades are given in both [12] and [7].
In both these papers latin trades of small size (up to at most 11) are classified.
Recently a number of geometric and algebraic interpretations of latin trades have
emerged ([9], [10], [11]). Results on other kinds of combinatorial trades may be
found in [9] and [18].

In [8], a construction is given that decomposes any latin trade into a “sum” of
intercalates (latin trades of size 4). In some sense this result is analagous to the
decomposition of any permutation into involutions. Indeed, it may be profitable
to think of a latin trade as a permutation generalized into two dimensions.

Some reasons for interest in k-homogeneous latin trades are: (1) they often
partition into disjoint partial transversals, and thus have implications for partial
orthogonality; (2) the k-homogeneous property is invariant under conjugacies (see
the next section) and (3) they often have, compared with other minimal latin
trades, large size with respect to the order of the latin square they are contained
in (see, for example, [2]). The last property indicates that k-homogneous latin
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trades may be useful in locating small critical sets, as a critical set must intersect
every latin trade in the latin square.

A survey of results on critical sets may be found in [16]. Currently the best
known lower bound for the size of a critical set in a latin square of order n is
|(4n — 8)/3] ([15]). The smallest critical sets of order n so far constructed have
size |n?/4] and exist in the back circulant latin square By,, the latin square based
on the addition table for the integers modulo n ([6]). It is conjectured, for example
in [1], that no smaller critical sets exist.

Our bank of knowledge on latin trades is probably strongest when considering
latin trades that occur in By,. Here we can exploit the cyclic properties of the
underlying group (Zy, +). It has been shown ([13], or [3] for an alternative proof),
that the size of a latin trade in By, is at least O(log p), where p is the least prime
that divides n. In [9], it is shown that certain decompositions of equilateral
triangles into smaller equilateral triangles can be used to construct latin trades
in By,. These constructions give latin trades of size O((logn)?) in By, for any
integer n.

Recently Drapal [10] has shown that latin trades may be considered as co-
herently orientable digraphs, and thus may be associated with a non-negative,
integer genus. Furthermore there seems to be some connection between the genus
of a latin trade and the type of latin square which contains that latin trade. For
example, every minimal latin trade with genus equal to 0 known to the author
can be embedded in B,,.

A minimal, 3-homogeneous latin trade will always have genus equal to 1.
There is an abundance of 3-homogeneous latin trades in the operation table for
((Za)™, +); in fact [Cad] gives an infinite family of such latin trades. It is con-
jectured that for n > 2, there exists a minimal 3-homogeneous latin trade that
occurs in ((Z2)™,+) but not in ((Z2)" 1, +). A construction for 4-homogeneous
latin trades is given in [5].

The uniqueness result in this paper means we have a construction that gives
all possible 3-homogeneous latin trades. This contributes to the classification of
latin trades with genus 1 and latin trades that occur in ((Z2)™,+). A corollary
of this result is that every 3-homogeneous latin trade may be partitioned into
disjoint partial transversals.

2. Definitions

We start with basic definitions which allow us to state and prove our main
results.

Let N = N(n) be some finite set of size n. (Unless otherwise stated, assume
that N(n) ={0,1,...,n—1}.) Let R(N) ={r; | i € N}, C(N) ={¢; | i € N}
and E(N) ={e; | i€ N}.

A partial latin square P of order n is a set of ordered triples of the form
(ri,cj,er), where r; € R(N), ¢; € C(N) and e € E(N) with the following
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properties:

o if (r;,¢j,ex) € P and (r;,cj,es) € P then k = £/,

o if (rj,¢cj,e) € Pand (r4,cj,e) € P then j = j’ and

o if (r;,¢j,ex) € P and (ry,cj,e) € P then i =1
We may also represent a partial latin square P as an n X n array with entries
chosen from the set E/(N) such that if (r;, cj,e;) € P, the entry e, occurs in cell
(73, ¢5)-

A partial latin square has the property that each entry occurs at most once in
each row and at most once in each column. If all the cells of the array are filled
then the partial latin square is termed a latin square. For a given partial latin
square P the set of cells

Sp = {(ri,cj) | (15,¢j,ex) € P, for some e € E(N)}

is said to determine the shape of P and |Sp| = |P| is said to be the size of
the partial latin square. That is, the size of P is the number of non-empty
cells in the array. For each ¢ € N, let RﬁD denote the set of entries occurring
in row r; of P. Formally, Rﬁg = {ex | (ri,¢j,ex) € P}. For each j € N,
we define C}, = {ej, | (ri;cj,e;) € P}. Finally, for ecach k € N, we define
€p = {(ris¢j) | (riscjex) € P}

A non-empty partial latin square P is a partial transversal if for each i € N,
IRpl,1Cpl €I < 1.

A partial latin square T of order n is said to be a latin trade (or latin inter-
change) if T # () and there exists a partial latin square 7" (called a disjoint mate
of T') of order n, such that

St =87,
if (ri,cj,er) € T and (ry, ¢j,er) € T' then k # K/,
for each i € N(n), ZT = ép,,
for each j € N(n), C} = CJ.
We often refer to 7" and T’ together as a latin bitrade (T,T"). Note that (T,T")
is a latin bitrade if and only if (T/,T') is a latin bitrade.
A latin trade is said to be minimal if it contains no smaller latin trade. A latin

trade T' of order n is said to be k-homogeneous if

e for each i € N(n), |[R%:| =0 or k, and

e for each i € N(n), |C§,«| =0ork, and

e for each i € N(n), || =0 or k.
Clearly if T is a k-homogeneous latin trade of order n, its size is equal to km

for some integer m, where n > m > k. A minimal 2-homogeneous latin trade is
uniquely a 2 x 2 latin subsquare.
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A critical set in a latin square L (of order n) is a partial latin square P C L,
such that

(1) L is the only latin square of order n which has element e, in cell (r;,c;)
for each (r;,cj,ex) € P; and

(2) no proper subset of P satisfies (1).
It follows that a critical set P in a latin square L must intersect every latin trade
in L; and is minimal with respect to this property.

Two latin squares are isotopic if they are equivalent under some relabelling of
rows, columns and entries. If P is a partial latin square, we define a conjugate
(sometimes parastrophy) of P to be one of the partial latin squares given by:

{(rj,cp, ) | (ri,cj,er) € Py {(rg, ci,e5) | (14, ¢5,ex) € P},
{(ri,cn,e5) | (ris ¢y ex) € Py (g, ¢j,€i) | (ri, ¢y ex) € P},
{(ijciaek) | (Tivcjvek) € P}v{(rivcjaek) | (rivcjvek) € P}

Taking a conjugate preserves many of the combinatorial properties of a par-
tial latin square; a fact we exploit throughout this paper. For example, the
k-homogeneous property is invariant under conjugacies.

A construction for 3-homogeneous latin trades based on a hexagonal packing
of circles in the plane is given in [4]. The next theorem, from [2], gives an equiv-
alent definition of such latin trades. In this paper we show that any minimal
3-homogeneous latin trade meets this definition. This verifies the uniqueness of
the construction in [4].

Theorem 1 ([2]). Let mi,ma be integers such that my > 2, mg > 1. Let
k € N(m1) and if mg =1 then k > 2. Let r(; ;y, c(; j) and e(; ;) be distinct rows,
columns and entries of a partial latin square, for each i € N(mg) and j € N(my).
Define the following sets of ordered triples:

LTy = {(r(i4): (i gy €(i5)) | (69) € N(mg) x N(m1)};

2. To = {(r(i j)> (i, j+1(mod my))s €(i+1,5)) | 0 <@ <ma —1,j € N(m1)};

3. T3 ={(7(i,5): ¢(i,j+1(mod m1))s €(0,j+k(modmy))) | = m2 —1,j € N(ma)};
4. Ty = {r(; j)+ C(ma—1,j—k+1(modm1)): €(i,j+1(modm1))) | 1 = 0,7 € N(m1)};
5. T5 = {(r(i,j)> C(i—1,j+1(mod m1))» €(i,j+1(modmy))) | 0 < i < mg—1,j €

N(mi)}.
Then Th UTy UT3 U Ty UTs is a 3-homogeneous latin trade.

3. Properties

In this section we establish some properties common to every 3-homogeneous
latin trade. These properties will ultimately show that Theorem 1 identifies every
possible minimal 3-homogeneous latin trade.
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Lemma 2. Let T be a latin trade with disjoint mate T'. Let r; be a row of T,
¢; and cjr distinct columns of T' and ey, ey distinct entries of T' such that

(Ti,Cj,ek), (Ti,Cj/,ek/) €T and (T‘Z’,Cj,ek/), (Ti,Cj/,ek) eT.

Then T is not a 3-homogeneous latin trade.

PROOF: Suppose that T is 3-homogeneous. Then there are three entries in row
ri, and thus there exist j” ¢ {j,j'} and k" ¢ {k,k’} such that (r;,cju,epn) € T.
But since R = Ri;,«,, we must have (r;, cji, epr) € T'. This contradicts the fact
that T and T are disjoint. O

Lemma 3. Let T be a latin trade with disjoint mate T'. Let r;, ry be dis-
tinct rows of T, ¢; a column of T and ey, e} distinct entries of T' such that
(ri,cjer), (rir cj ep) € T and (r,cj, eps), (rir,cj.ep) € T'. Then T is not a
3-homogeneous latin trade.

PROOF: The proof is similar to the previous lemma. (]

Lemma 4. Let T be a 3-homogeneous latin trade with disjoint mate T'. Let r;,
1y be distinct rows of T', ¢; and cjr distinct columns of T' and ey, an entry of T' such
that (ri, cj, er), (ry, cjr,ep) € T. Then either (ri, cjr,ep) € T' or (ry,cj,ep) € T'
but not both.

PROOF: Suppose first that neither (r;,c;r,ex) € T' nor (ry,cj,e) € T'. Since
T and T’ are disjoint, neither (r;,cj,e;) € 7' nor (rir, cjryeg) € T’. Moreover
as Ri, = %, and Ré,/« = qu,, there must exist two distinct columns ¢;» and
cjm, with j” 5" ¢ {j,j'}, such that (rj,cjn,ex) € T' and (ry,cjm,ep) € T'.
However this implies that e; occurs in at least four columns of T, contradicting
the definition of 3-homogeneous.

Next suppose that both (r;, ¢jr,e) € T" and (rys, ¢j, ) € T'. Then there exist
i’ ¢ {i,i'} and j” ¢ {j, 7'} such that (ry,cjn,e) € T'. Moreover we must have
(rin,cjn,ex) € T, contradicting the fact that 7' and T” are disjoint. O

Definition 5. Let m > 2 be an integer. Let {r1,r2,...7,} be a set of distinct
rows, {c1,¢2,...cm} be a set of distinct columns and {eq,ea,...em} be a set of
distinct entries. Let (T,7") be a latin bitrade of order at least m such that:

1. (rj,ci,e5) € T, foreach 1 <i<m —1;

2. (ri,ciye;1) €T, foreach 1 <i <m —1;

3. (r1,¢m,em) € T and (r1,cm,e1) € T'.
We say that such a latin bitrade (7',7") has the inappropriate property (with
respect to m).
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Cc1 Cc2 S Cm—1 Cm
r1 e1 .. em
T2 €2
Tm—1 €m—1

C1 C2 c. Cm—1 Cm
r1 es ... e1
2 €3
Tm—1 €Em

Elements of disjoint mate T"

We will soon show that a latin bitrade with the inappropriate property must
not be 3-homogeneous. We first need a lemma.

Lemma 6. Let (T,T") be a 3-homogeneous latin bitrade with the inappropriate
property. Let 1 < i < m —1 and 2 < j < m be integers such that i # j and
(i,7) # (1,m). Then each cell of the form (r;,c;) is empty in T and T".

PrOOF: Our proof is by induction on .

So first suppose that i = 1. Examining row 71, there must exist j/ ¢ {1,m}
such that (r1,cjr,e2) € T and (r1,¢j, em) € T'. We cannot have j’ € {2,m — 1}
as entry ep occurs in column cg of T and entry e, occurs in column ¢,,_1 of T".
Moreover we cannot have 3 < j/ < m — 2, as this would imply the existence of
four entries within a column. Thus the lemma is true for i = 1.

Next assume that the lemma is true for i —1, for some ¢ such that 2 <i < m—1.
Suppose that (r;,c;) is non-empty for some j, where 2 < j < m and j # i.
The entries e; and e;11 already occur in row i of T or T”. Since (T,T’) is 3-
homogeneous, we must have either (r;, ¢j,e;41) € T, or (r;,¢j,e;) € T'. We thus
spilt our proof into two cases.

Case 1: (1j,¢j,e;41) € T. Now, (ri41,¢iy1,€i41) € T, so j # i+ 1. Moreover,
from Lemma 4, we either have (r;41,¢j,ei41) € T or (rj, ¢iy1,e41) € T'. The
latter is impossible as (r;,¢;, e;11) € 7. Examining column c¢; and the fact that
(rj,cj ej) € T gives us (rj,cj,ej) € T'. Applying Lemma 4 and the fact that
(rj—1,¢j—1,e;) € T' gives (r;,cj_1,€e5) € T or (rj_1,¢j,ej) € T. The latter is
impossible, as (rj,cj,ej) € T. Examining row r; implies that (ri,cj_l,ei) eT.
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As (r;_1,ci_1,e;) € T', once again we can apply Lemma 4, deducing that either
(ri,ci—1,€;) € T or (ri—1,¢j—1,¢;) € T. The former contradicts (r;,c;,e;) € T
and the latter contradicts our inductive hypothesis.

Case 2: (rj,cj,e;) € T'. Now, (ri—1,¢i—1,€;) € T', so j # i — 1. Moreover,

from Lemma 4, we either have (r;_1,cj,e;) € T or (r;,¢;—1,¢;) € T. The latter

contradicts (r;,¢;,e;) € T and the former contradicts our inductive hypothesis.
[l

The following lemma is critical in obtaining the main result of this paper.

Lemma 7. Let (T,T") be a latin bitrade with the inappropriate property with
respect to some integer m. Then, T' is not a 3-homogeneous latin trade.

PROOF: Assume that T is a 3-homogeneous latin trade with the inappropriate
property respect to m. We will create a contradiction, using induction on m.

If m = 2, we have a contradiction from Lemma 2. If m = 3, there must exist ¢4
such that (r1,cq,e2) € T and (r1,cq,e3) € T'. From Lemma 6, cq ¢ {c1,c2,c3}.
From Lemma 4, either (r1,c2,e2) € T or (r2,cq,e2) € T'. But from Lemma 6,
(r1,ce) is an empty cell, so we must have (re,cq,es) € T’. Similarly applying
Lemma 4 to T’ rather than T, we have that (re,c4,e3) € T. This creates a
contradiction to T being 3-homogeneous by applying Lemma 3 to column cy4.
The case m = 3 is illustrated below.

c1 co c3 ca c1 co c3 cq

o e1 e3 e2 1 e2 e1 e3

T2 es es3 72 e3 €2
Elements of T Elements of 7’

Otherwise m > 4, and we assume the lemma is true for m — 1.

Claim: There exist distinct columns ¢p41, Gnt2, - - -, Cam—2 (each not elements
of {cg,c3,...cm}) such that (rg,cmta,ept1) € T and (Ty41, Cmta, €z+1) € 17,
for each x, where 1 <z < m — 2.

Since (g, ¢z, epy1) € T for each x, 1 < x < m — 2, there must exist a column,
denoted by ¢m+a, such that (rz, cm+a,€x41) € T. Lemma 6 tells us that ¢pm4a
is distinct from columns cp through to ¢p,. From Lemma 4 and the fact that
(re+1, Cot+1,ex+1) € T, either (ry41,Cmata,ezt1) € T' or (rg, cpt1,ex+1) € T,
However the latter is not possible because of Lemma 6.

It remains to show that the columns cy,11,cm42, ..., Cam—2 are pairwise dis-
tinct. So suppose that ¢4 = ¢y, where 1 < j <k <m-2. Ifk—-j >
1, we have at least four non-empty cells ((7;, i) (Pj+1,Cm+j)s (Tks Cmtj)s
(Pk+1,Cm+;)) in column ¢, ;, a contradiction to T" being 3-homogeneous. Oth-
erwise k = j + 1. This implies that (7j41, ¢mj,€j41) = (", Gtk €x) € T and
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(Pks Cmak>€ri1) € T. Together with (ry,c,ex) € T and (rg, cp,ep1) € T', we
have a contradiction in row r; from Lemma 2.

So our claim is true. Examining row 71 tells us that (r1,cmi1,em) € T'.
Applying Lemma 4 and (ry,_1,¢m_1,em) € T’ implies either (r1,c¢m_1,em) €T
(contradicting Lemma 6) or (rym—1,¢m+1,em) € T. The situation in columns
cm+1 through to cgy,—2 is shown in the diagram below.

Cm+1 Cm42 ce C2m—3 C2m—2
1 €2
r2 €3
T3
T"m—2 €m—1
Tm—1 €m
Latin trade T
Cm+1 Cm+42 S C2m—3 C2m—2
T1 €m
o es
T3 €3
Tm—2 e €m—2
Tm—1 €m—1

Disjoint mate 7"

Next, consider a conjugate of the above partial latin squares where the rows
become entries, the entries become columns and the columns become rows (see

below).
€2 €3 e €m—1 €m
Cm+1 T1 e Tm—1
Cm+2 T2
C2m—2 cee Tm—2

Latin trade T’
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€2 €3 .- Em—1 Em
Cm+1 T2 cee T1
Cm+2 r3
C2m—2 S Tm—1

Disjoint mate 7"

Now, any conjugate of T' remains 3-homogeneous, and this conjugate has the
inappropriate property with respect to m —1, contradicting our inductive assump-
tion. ]

Lemma 8. Let (T,T") be a 3-homogeneous latin bitrade. Let (riscje) € T.
Then there exist unique j' # j and unique k' # k such that (r;, cjr,ep) € T".

PROOF: Let (r;,¢j,e;) € T. By the definition of a latin trade, there exist j” # j
and k" # k such that (r;,cju,e;) € T and (ry, ¢j,epr) € T'. Since (T,T') is
3-homogeneous, there must be one further element in row 7; of 7. So we have
(ri,cjr,ep) € T', for some column ¢ ¢ {cj,cjn} and entry ey Since T is a
partial latin square, k¥’ ¢ {k, k"}. O

4. Uniqueness

Using the properties of 3-homogeneous latin trades demonstrated in the previ-
ous section, we will ultimately show that any minimal 3-homogeneous latin trade
must have the structure given in Theorem 1. Throughout this section, (T,7T")
refers to a 3-homogeneous latin bitrade.

Definition 9. Let (rg, cg, eg) be a fixed element of T. We define ry, ¢, and ey, for
each integer h > 0 recursively as follows. Assume that (rp,,cp,ep) € T is defined.
Then define ¢, 1(# cp), epy1(# ep) so that (rp, cpy1,en1) € T'. Finally, define
Th+1(# 7p) so that (rpq1,cpy1.eny1) €T

Lemma 10. For each h > 0, rp, ¢, e, as given in the previous definition, are
uniquely defined.

ProoF: This follows mainly from Lemma 8. O

Lemma 11. Let 1y, ¢;, and e, be defined for each integer h > 0 as in the previous
definition. Let h and | be two integers such that at least one of r, = 1, cp, = ¢
and ep, = e; is true. Then all three must be true.

PrOOF: Choose [ > h such that at least one of rp, = 17, ¢, = ¢; and e, = ¢; is
true. We may further assume that [ — i is minimized.

345



346

N.J. Cavenagh

If at least two of the above statements are true, then by the definition of a
partial latin square, all three must be true. So assume that exactly one of these
three are true. Note that we cannot have [ — h = 1 because of Lemma 8 and
Definition 9.

Suppose that r, = r; but ¢; # ¢; and e, # e;. Then we have (rp, cp, ep),
(rh,c e)) € T and (rp,cp,epy1) € T'. We cannot have e 1 = ¢ from the
minimality of [ — h. It follows, by analysis of row rp,, that (r, ¢, ep) € T'. But
then (T,T"), under an isotopism which sets h = 0, has the inappropriate property,
as defined in the previous section. However this contradicts Lemma 7.

The remaining cases follow by considering conjugates. O

Definition 12. Let 1}, ¢, and e, be defined for each integer h > 0 as in De-
finition 9. Let h be the least integer such that there exists I’ > h such that
(rh,cn,en) = (rp,cp,ep). Next, let [ be the least I’ with this property. Then
we define my = | — h and (7(g,a):¢(0,0): €(0,a)) = (Th-+a: Chtas €hta)s for each
a € N(my).

Lemma 13. Let my and (T(O,a),c(oﬂ),e(o’a)) be as in the previous definition,
for each a € N(my). Then, my > 2 and each of the following are true:

L (7(0,a),€(0,a), €(0,a)) € T'; for each a € N(m1);

2. (1(0,a) €(0,a41): €(0,a+1)) € T", for each a € N(my) (with subscripts cal-

culated modulo my);

3. if 7(g,a) = T(0,a’), Where a, o' € N(my), then a = o/;

4. if ¢(g,q) = €(0,a), Where a, o/ € N(my), then a = o/;
5. if e(,a) = €(0,a7), Where a,a’ € N(my), then a = o’.

PRrOOF: This follows from Lemma 11. O

Henceforth the second co-ordinates of the subscripts of row, column and entry
labels are always calculated modulo m1. Note that since (r(g,0), ¢(0,1): €(0,1)) € T,
there must be an entry in cell (r(g,0), ¢(0,1)) of 7. The next lemma deals with the
case when this entry is equal to (g ), for some k € N(mq).

Lemma 14. Suppose that (r(o,0): ¢(0,1): €(0,k)) € T for some k € N(m1). Then,
k ¢ {0,1}. Moreover, for each integer o« € N(my),

(T(0,a—k)> €(0,a—k+1)+ €(0,a) )+ (T(0,a—1) €(0,a—k) €(0,0)) € T

(T(0,0—k)» €(0,a—k) €(0,0))+ (T(0,0)» €(0,0—k+1)1 €(0,0)) € T

ProOF: We know that (r(g ), ¢(0,1):€(0,1)) € T’ and (70,00, €(0,0) €(0,0)) € T-
Thus k ¢ {0,1}. We now show the lemma to be true for « = k. We have

(1) (r(0,0): ¢(0,1)> €(0,k)) € T’
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so the three entries in row r(g gy must be e(g ), €(o,1) and €(g ). Neither e g
nor e(g 1y may be in cell (7( o), ¢(0,0)) of 7 so we must have

(2) (r(0,0)>¢(0,0)> €(0.)) € T"-

Next, applying Lemma 4 to (r(o ). ¢(0,k): €(0,k)) € 1" and (1), we have either
(r(0,k): €(0,1) €(0.k)) € T" 0T (7(0,0) C(0,k) €(0,k)) € T’ AS (F(0,5-1): €(0,8) €(0,))
€ T', we cannot have the latter, so

3) (T(0,k): €(0,1): €(0,k)) € T

Next, (7(0,k—1)€(0,k): €0,k) € T’ and (2) imply, by Lemma 4, that either
(T(0,k—1): €(0,0): €(0,k)) € T 0r (r(0,0) ¢(0,k) €(0,k)) € T- The latter cannot be true
because (r(g,x): ¢(0,k) €(0,k)) € T- Thus,

(4) (T(0,k—1)+€(0,0): €(0,k)) € T"

Now, equations (1), (2), (3) and (4) together show our lemma to be true for o = k.
Next, assume the lemma is true for a particular value of . We will show it is

then true for o + 1 (modulo my), thus proving the lemma in its entirity.
Consider row 7(g ). We have: (r(g.q)» €(0,a—k+1): €(0,)) € 1" from the in-

ductive assumption and (7( q),¢(0,a)> €(0,a)) € T (7(0,a) €(0,041): €(0,a+1)) € T’
from Lemma 13. We may deduce that:

(5) (T(O,a) » €(0,a—k+1)> e(0,0{—}-1)) eT.
So, entry e(g,q41) must occur somewhere in column ¢(g 1) of T’. We have:
(T(0,a—k)+ €(0,a—k+1): €(0,a)) € T’ (from our inductive assumption) and
(T(0,a—k+1)> €(0,a—k+1)» €(0,a—k+1)) € T, (from Lemma 13).

But if (r(0,a—k): ¢(0,a0—k+1): €(0,a+1)) € T', we have a contradiction, from
Lemma 3, in column ¢(g o_j1)- So we must have

(6) (F(0,0—k+1)s €0,a—k+1) €(0,0+41)) € T"-

Next, entry €(g 1) must occur somewhere in row 7(g o_jy1) of 7. From
Lemma 13, (7(0,a—k+1)s €(0,a0—k+2)> €(0,a—k+2)) € T’ We can thus infer that
there is some entry in cell (r(g o—k41), ¢(0,a—k+2)) of T This entry can be neither
€(0,a—k+2) DOT €(Q o k1), SO We must have

(7) (T(0,a—k+1)s €(0,a—k+2): €(0,a+1)) € T"
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Finally, the above element, together with (r( o41),¢(0,a+1):€0,a+1)) € T
(from Lemma 13), imply, from Lemma 4, that either (g o—k41),¢(0,a+1):€(0,a41))
€ T" or (r(0,a+1): €(0,a—k+2): €(0,a+1)) € T'. However, equation (6) above contra-
dicts the former, so we must have

(8) (r(0,041)1 C(0,0—k+2)> €(0,a4+1)) € T"-

Equations (5), (6), (7) and (8) together prove our inductive step. O

Observe that in Lemma 13 if we add any 8 (modulo m;) to the second co-
ordinate of the subscripts, the lemma is unchanged. We thus may generalize
Lemma 14 to the following:

Corollary 15. Suppose that (T(O,ﬁ),0(076+1),e(0,ﬁ+k)) € T for some B,k €
N(my). Then, k ¢ {0,1}. Moreover, for each integer oo € N(my),

(T(0,a—k)> €(0,a—k+1)+ €(0,a))+ (T(0,a—1) €(0,a—k) €(0,0)) € T
(T(0,0—k)» €(0,a—k)> €(0,0))+ (T(0,0)» €(0,0—k+1)1 €(0,0)) € T
In particular, (7’(070),6(0’1),6(07]?)) eT.

Theorem 16. Suppose that (r(g,0),¢(0,1): €(0,k)) € T for some k € N(m1) and
that T is a minimal 3-homogeneous latin trade. Then T' is precisely equivalent to
the latin trade given in Theorem 1 with mg = 1 and k > 2.

PROOF: Since mo = 1, the partial latin squares To and 75 from Theorem 1 are
empty. We know that 77 C T from Lemma 13. From the previous lemma, for
each integer o € N(my),

(T(0,a—k)> €(0,a—k+1)+ €(0,)): (T(0,a—1) €(0,a—k)» €(0,a)) € T

Equivalently, for each j € N(m1),

((0,9)+ €(0,5+1)» €(0,54+k)) (70,5 €(0.5k+1)> €(0,5+1)) € T

where second subscripts are calculated modulo my. Thus 73,7y from Theorem 1
are both subsets of T'.

From Theorem 1, T7 UT3UTy is a latin trade when mo = 1. Since T3 UT3UTy C
T and T is a minimal latin trade, we must have that T UT3UTy =T Il

For the rest of this section, we assume that the entry in cell (r(g,0), ¢(0,1)) of T
is not equal to e(q 1, for all k € N(m1).
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Lemma 17. For each a € N(m1), there exist a unique row (denoted by r(1 o)),

a unique column (denoted by C(l,a)), and a unique entry (denoted by e(l’a)) such
that:

(r0,0): €(0,0+1): €(1,0)) € T (r(0,0): €000+ €(1,0)) € T
€(1,a) 7% €(0,5), for all a, B € N(my);

€(1,a) = €(1,5) implies that o = [3;
(7'(1,(1)7C(O,a+1)7€(1,a+1)) eT, (T(l,a)’c(o,a+1)a e(l,a)) T
T(1,a) # (0,8)s for all a, 3 € N(my);

T(1,a) = T(1,8) implies that o = 3;

(r(1,0): ¢(L,a) €(t,) € T5 (M(1,0): €(1,a+1) €(1,0+1)) € T
(1,0) 7 €(0,) for all a, B € N(my); and

C(1,0) = €(1,5) implies that o = 3.

© XN W

PROOF: For each v € N(m1), we know from Lemma 13 that (r(g q),¢(0,a) €(0,a))
€ T and (T(O,a)vC(O,a—l—l)ve(o,a—i—l)) € T'. Let €(1,a) be the third entry that
occurs in row (g ,). Analysis of row r(g,) then yields that Condition 1 is
true. From Corollary 15, if ey o) = €(atk) for some a,k € N(m1), then
(7(0,0):€(0,1)- €(0,k)) € T, a contradiction. Condition 2 of this lemma then fol-
lows.

Next suppose that e(; o) = €(1,5) and & > 3. If @ = f+ 1, then we have, from
Condition 1 and Lemma 13:

(7(0,6)> €(0,8+1)€(1,8)) € T-(7(0,8) €(0,6+1)> €(0,6+1)) € T,
(r(0,8+1)+ €(0,8+1)» €(0,8+1)) € T (10,841 €(0,8+1)+ €(1,8) (= e(1,8+1))) € T"-

So we get a contradiction in column ¢ g, 1) from Lemma 3. Otherwise o ¢
{B,B+ 1}. Then we have:

(r(0,8)¢(0,5+1) €(1,8)) € T+ (r(0,8):€(0,8):€1.8)) € T
(r(0,0)» €(0,041): €(1,8) (= €(1,0))) € T, (7(0,0)+ €(0,0)+ €(1,8) (= €(1,0))) € T"-

Thus entry e(; gy occurs in at least 4 columns, a contradiction. So Condition 3 of
this lemma is correct.
So far in column ¢(g o 1) We have:

(T(O,a) 1 €(0,a41) e(l,a))v (T(O,a—l-l) 1 €(0,a4+1) e(O,a—l—l)) €T,
(T(0,0)» €(0,a41)1 €(0,041))s (T(0,041)1 €(0,041)s €(1,a41)) € T

So there must exist a row r(j o) such that Condition 4 holds. Suppose that
T(1,a) = T(0,8), for some a,3 € N(mp). Then, from Condition 4, we have
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(7(0,8) €(0,a41) €(1,0)) € T’, which implies that €(1,q) must occur somewhere
in row (g g) of T'. But from Lemma 13 (r( 5),¢(0,3), €(0,3)) € 1" and from Condi-
tion 1 (r(0,8), ¢(0,8+1): €(1,8)) € T so we have a contradiction. Thus Condition 5
holds.

Next suppose that T(L,a) = T(1,8) where 3 < «. Then, considering row T(1,a);
we have:

("(1,0)7 €(0,a41)> €(La+1))s (T(1,0) (= T(1,8)) €(0,8+1)- €(1,8+1)) € T
(r(1,0)s €0,041) €(1,0))» (T(1,0) €(0,841) €1,8)) € T

As we can have at most three distinct entries in a row, this implies that 54+1 = «a.
But then

(T(0,0)» €(0,0)> €(1,0))s (T(1,0)» €(0,041)1 €(1,0)) € T
(7(0,0)+ €(0,041)2 €(1,0)): ("(1,0) €(0,0) €(1,0)) = (T(1,8): €(0,8+1) €(1,6+1)) € T
together contradict Lemma 4. This proves Condition 6.

Next, from Condition 4, we can conclude that e(; ,) occurs somewhere in row
T(1,a) of T. So for each v € N(my), we let c(; ) be the unique column such that

(T(1,0),¢(1,a), €(1,a)) € T- Then apply Lemma 4 to (r(1a41), ¢(1,a+1): €(1,a+1)) €
T and (r(1,0), €(0,a+1): €(1,a+1)) € T (from Condition 4) we get

(r(1,041) €(0,041): €(1,a41)) € T 0 (7(1,0):€(1,041)> €(1,a41)) € T"-

The former contradicts (r(g a+1),¢(0,a+1): €(1,a+1)) € T’ (from Condition 1).
Thus we have demonstrated Condition 7 is true.

Condition 8 follows from the fact that there are already three distinct entries in
columns of the form c(g gy (namely, e(g g, €(1,3—1) and e(1 g)) for each 3 € N(m1).
Finally, assume that C(1,a) = €(1,8); for some o < 3. Then,

(r,a) €1,0) €1,a))s (r,8): €(1,0) (= €1,8))-€1,8)) € T and
(r(1L,a—1): €(1a) €(1,0))s (F(1,5-1) €1,0) (= €1,8)) €1,3) €T

As a column may intersect at most three distinct rows, we must have o = g — 1.
Then, in row 71 4):

("(1,0) €(1,0) €(1,0)): (T(1,0)» €(0,a41)+ €(1,8) = (€(1,a4+1))) €T and
(F(1,0)» €(0,041) €(1,0))s (T(1,0) €(1,0) (= C(1,a4+1))s €(1,8) (= €(1,a41))) € T,

which contradicts Lemma 2. O
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Definition 18. Let x be an integer greater than or equal to 1. We say that the
3-homogeneous latin bitrade (7', 7") has the x-property if for each 3, 1 < 8 < z
and for each @ € N(my), there exist a unique row (denoted by T(g,a)), a unique
column (denoted by ¢(3 o)), and a unique entry (denoted by e(g ,)) such that:

L (r(g-1,0) €(8-1,041): €(B,0)) € T2 ("(-1,0): €(5-1,0): €(8,0)) € T",
€(8,a) = €(8',ar) implies that 3 = B and a = o, /
(7(8,0): €(8-1,041): €(B.a+1) € T (7(8,0): €(B-1,0+1): €(8,0)) € "
T(8,0) = (8 ,o') implies that § = B and a = o/,

(F(8,0): €(3,0) €B,0) € T5 (P(B,0) €(B,a+1): €(Brat1)) €T
C(B.0) = €(8,or) plies that 8 = B and a = o,

IR

From Lemma 17, we know already that the 3-homogeneous latin bitrade (7', T")
has the 1-property. The next lemma has a proof similar to that of Lemma 14.

Lemma 19. Suppose that the 3-homogeneous latin bitrade (T,T’) has the z-
property. Let e; be the entry such that (T(LO),C(Ll),ei) € T and suppose that
i = (0, k), for some k € N(my). Then, for each o € N(mq):
- (r0,0) (:c a—k+1):€0,0)) € T"

(r(Oa 1)) ¢(z,a—k)» €(0, a)) eT,

(r(x a—k)r ¢(z,a—k+1) e(O,a)) €T and

(T(x a—k)r C(z,a—k)» e(O,a)) eT".

.chown—n

PRrROOF: We first show the lemma to be true for &« = k. We have

9) (T(@,0)> €(@,1)> €(0,)) € T

(T(2,0)+ ¢(2,0) €(2,0)) € T (T(2,0): C(2,1) €(a,1)) € T’. So the three entries in row
T'(z,0) Must be e, 0y, ;1) and e ). Neither e, ) nor e, 1) may be in cell
("(2,0)+ €(z,0)) Of T' so we must have

(10) (r(2,0)s €(,0)> €(0.k)) € T

Next, as (r(0,k)» ¢(0,k)+ €(0,k)) € T and from (9) above, applying Lemma 4, either
(r(o.k): (. 1) €0.0) € T 08 ((a0), €0k €(0.0) € T+ As (10 k1) €(0.k): €(0.8))
€ T’ we cannot have the latter, so

(11) (T(O,k) 1 C(z,1)> 8(07]{)) € T

Next, (r(0,x—1): €(0,k) €(0,k)) € T’ and equation (10) imply, by Lemma 4, that
either (7o x—1):¢(z,0)>€(0,k)) € T OF (T(2,0):¢(0,k) €(0,k)) € T The latter cannot
be true because (r(g ), c(0,k): €(0,k)) € T Thus,

(12) (T(0,k—1)+ C(2,0)> €(0,k)) € T
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Now, equations (9), (10), (11) and (12) together show our lemma to be true for
a=k.

Next, assume the lemma is true for a particular value of a. We will show it is
then true for o + 1 (modulo my), thus proving the lemma.

Consider row 7(g ). We have: (r(g.a): C(z,a—k+1): €(0,0)) € 1" from the in-
ductive assumption and (r(g 4), ¢(0,a) €(0,)) € T (7(0,a): €(0,a41): €(0,a+1)) € T’
from Lemma 13. We may deduce that:

(13) (T(O,a) » C(2,a—k+1)» e(O,a—l—l)) eT.
So, entry €(g,q41) must occur somewhere in column ¢, 1) of T'. We have:

(T(z,a—k)> C(z,a—k+1): €(0,a)) € T (from our inductive assumption) and

("(@,a—k+1) C(z,a—k+1): €(z,a—k+1)) € T (from Condition 5 of Definition 18).

But if (r(z,a—k)» C(z,a—k+1): €(0,a+1)) € T’, we have a contradiction, in column
Clz,a—k+1)> from Lemma 3. So we must have

(14) (r(x,a—k+1) » C(2,a—k41) e(O,a—l—l)) eT’.

Next, entry e(g 1) must occur somewhere in row r( o jy1) of 7. From
Condition 5 of Definition 18, (r(3.a—k+1): ¢(z,a—k+2): €(,a—k+2)) € T’ We can
thus infer that there is some entry in cell (r(; o—k41) ¢(z,a—k42)) of T This
entry is neither e o _jy2) DOT €(; o_g41), SO We must have

(15) (T(Z‘,Oz—k-i-l) » C(z,a—k+2)> e(O,oe-l—l)) eT.

Finally, the above element, together with (r( 441),¢(0,a41): €0, a+1)) eT
(from Lemma 13), imply, from Lemma 4, that either ((; o—k+1):¢(0,a41):€(0,a+1))

€T or (T(O,a—i-l) ) C(z,a—k+2) e(O,a—i—l)) €T'. But (r(x,a—k—i-l) C(x,a—k-+1)1€(0 a—i—l))
€ T’ (from (14)) contradicts the former, so we must have

(16) (T(O,a—i-l) ) C(z,a—k+2) e(O,oz—i—l)) eT.

Equations (13), (14), (15) and (16) together prove our inductive step. O

Observe that in Definition 18, if we add a constant integer (modmq) to the
second co-ordinate of the subscripts of all the rows, columns and entries, the z-
property still holds. It follows that we can generalize the previous lemma to the
following:
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Corollary 20. Suppose that the 3-homogeneous latin bitrade (T, T') has the x-
property and let (r(x’ﬁ),c(xﬂ_,_l), e(o7k+5)) € T for some k,(3 € N(my). Then, for
each a € N(my), Conditions 1 through to 4 of Lemma 19 hold. In particular,
(T(2,0)+ (1), €(0,k)) € T

Theorem 21. Suppose that (T,T') is a minimal 3-homogeneous latin bitrade
with the z-property. Let e; be the entry such that (T(x70)70(x,1),6i) € T and
suppose that i = (0, k), for some k € N(m1). Then, T is precisely equivalent to
the latin trade given in Theorem 1 with mg — 1 = x.

PrOOF: We will show that each of the partial latin squares 77 through to Tg
from Theorem 1 are a subset of T. For T} we have Condition 5 of Defini-
tion 18 plus Condition 1 from Lemma 13. For 75 we have Condition 1 of Defini-
tion 18. Next, Condition 3 of Lemma 19 states that (r(; o—k): ¢(z,a—k+1), €(0,a)) €
T. So setting j = a — k gives T3. Condition 2 of Lemma 19 states that
(T(0,a—1)+ ¢(z,a—k)+ €(0,a)) € T- Setting j = a — 1 gives Tj. Finally, Condition 3

of Definition 18 gives T.
Thus T71 UTo UT3 UTy UTs C T. But since T is a minimal latin trade and
Theorem 1 states that T7UTyUT3UT4UT5 is a latin trade, T UToUT3UT,UTs = T.
O

The proof of the following lemma is similar to that of Lemma 17.

Lemma 18. Suppose that the 3-homogeneous latin bitrade (T,T’) has the z-
property. Let e; be the entry such that (T(LO),C(Ll),ei) € T and suppose that

i # (0,k), for all k € N(my). Then (T, T') has the (z + 1)-property.

PrOOF: We know that ¢ # (0, k), for all £ € N(m1). Suppose that i = (3, «), for
some 0 < f < z and @ € N(my). Conditions 1, 3 and 5 from Definition 18
give the three occurrences of €5, in T (T(ﬁ—l,a)vC(ﬁ—l,a+1)7e(ﬁ,a)) e T,
(T(8,a=1): C(B=1,0): €(B,0)) € T and (r(g,a),C(8,0),€(3,a)) € T- By observation,
none of these can be equal to (r(x70), c(x’l),ei). So we can assume that i # (3, ),
for all « € N(my) and 0 < 8 < z.

To show that (7,7”) has the = + 1-property, we must show that for each o €
N(m1), there exist a unique row (denoted by 7(; 11 4)), @ unique column (denoted
by ¢(341,)), and a unique entry (denoted by €(,41 o)) such that:

(r(w,a)vc(x,a—i-l)v e(m—i—l,a)) €T, (r(x,a)vc(x,a)v e(m—i—l,a)) € T/7

€(z+1,a) = €(3,a’) implies that =z + 1 and a = o/,

(r(x—l-l,a)vc(x,a—i-l)v e(m—i—l,a—l—l)) er, (T(m—i-l,a)v C(x,a—i—l)ve(x—l—l,a)) €T,
T(@+1,0) = '(8,a/) implies that 3 =2 +1 and o = o,

(r(x—l—l,a)vc(x—l-l,a)? e(m—i—l,a)) er, (r(x—l—l,a)?C(x—l—l,a—i—l)ve(x—l—l,a—i-l)) er,
C(z+1,0) = C(B,o’) implies that § =z +1 and o = o

=EHD QW
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Letting 8 = x in Condition 5 of Definition 18, there must be an entry in cell
(T(z,0)+ C(a,)) OF T’ and an entry in cell (" (2,0)» €(8,a+1)) of T Neither entry can
be equal to €, o) OF €(; o41), SO We must have the same entry in both cells (as
there are exactly three entries per row); we define this entry to be €(, 1 o). Thus
Condition A is verified.

Suppose that €(, 11 4) = €(g,q7) for some § <z +1 and o'. Let 3 =0. Then,
from Corollary 20, (r(;,0), ¢(z,1): €(0,k)) € T, for some integer k, a contradiction.
Thus we cannot have g = 0.

Next let 0 < 8 < x + 1. But, as observed in the first paragraph of this proof,
Conditions 1, 3 and 5 from Definition 18 give the three occurrences of e(g ) in T'.

Finally let 3 = 2+ 1 and a < o/. If @ = a + 1, then we have, from (A) and
Definition 18:

(T(w,a)’c(m,a—l—l)v e(m—i—l,a)) €T, (T(x,a—i-l)’c(m,a—l—l)v €(z+1,a) (= e(m—i—l,a—l—l))) € T/’
(T(x,a—i-l) s C(z,a41)s e(m,a—l—l)) €T, (r(x,a) s C(z,a41)s e(m,a—l—l)) eT.

So we get a contradiction in column ¢(; 1) from Lemma 3. Otherwise assume
that o/ ¢ {a,a + 1}. Then we have:

(T(x,oz) » C(z,a+1)s e(x-i—l,oz)) €T, (T(:c,a)v C(z,a) e(:c—i—l,oe)) € T/’

(T(x,oz’)v C(z,a/+1)> e(x-i—l,oz)) €T, (T(:c,oe’) » C(z,a’)s e(:c—i—l,oe)) eT.

Thus entry e, 41 4) occurs in at least 4 columns, a contradiction to 7" being
3-homogeneous. So we have verified Condition B.
By observation of column ¢, 1) and from (A) and Definition 18,

(r(x,a) s C(z,a41)s e(m—i—l,a)) €T, (r(x,a—i-l) s C(z,a41)s e(m—i—l,a—l—l)) € T/v

(r(x,a—i-l) ) Clz,a+1)s e(m,a—l—l)) e, (r(x,a) ' C(z,a41)s e(m,a—l—l)) eT’.

So there must exist a row 7(;11 ) such that Condition C holds. Suppose that
T(z4+1,a) = T(8,a'), for some 0 < f <z +1 and «, o €my.

Let 3 = 0. Then the distinct entries e(g o), €(0,a/41) (from Lemma 13) and
€(z41,a+1)s E(at1,a) (from (C)) all occur in row r(g o), a contradiction. We
cannot have 0 < 8 < z + 1, as all occurrences of such rows T(B,a) ar€ given in
Definition 18.

Otherwise let 3 =z + 1. Then, considering row ;41 o), from (C), we have:

(T(x-i—l,oz) » C(z,a+1)s e(z—l—l,a—i—l))v (T(:c—i-l,oc) (= T(:L‘—i—l,oc’))v C(z,a/+1)> e(:(;—i—l,oc’-i—l)) S

(T(x—l—l,a) » C(z,a+1)s e(w—l—l,a))v (T(m—i-l,a) (= T(m—i—l,a’))v Clz,a/41)> e(m—i—l,a’)) eT.
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As we can have at most three distinct entries in a row, this implies, without loss
of generality, that o = o/ + 1. Thus

(r(x-i—l,a) 1 C(z,00) e(:c—i—l,oa)) = (T(x+1,a’)7 C(z,a'+1) e(x—l—l,o/-l—l))

and

(r(w,a)vc(m,a—l—l)v e(m—i—l,a)) e, (r(x,a)vc(m,a)v e(x—l—l,a)) eT’ (from (A))v

(r(x—l-l,a)vc(x,a—i-l)v e(m—i—l,a)) € Tlv (r(w+1,a)7c(m,a)7 e(m—i—l,a)) eT (from (C))
together contradict Lemma 4. This proves Condition D.

Next, from Condition C, we can conclude that e, 1 o) occurs somewhere in

TOW T'(y41,q) Of T So for each v € N(my), we let ¢(,11 o) be the unique column
such that (r(x_i_lﬂ),c(x_i_lﬂ), €(z+1,a)) € T- Then, applying Lemma 4 to

(T(:c—i-l,oa-l—l)v C(x+1,a+1)> e(x—l—l,oz—i—l))’ (T(x-i—l,oz) ) C(z+1,a+1)> e(:c—i—l,oe-‘,—l)) € T'(by (C))

we get (r(x-l—l,a—i-l) s C(z,a41)s e(m—i—l,a—l—l)) €T or (T(m—i-l,a) » C(z4-1,041) e(x-l—l,a—i—l))
€ T'. The former contradicts ("(@,041) C(z,0+1)7 E(a+1,0+1)) € T’ (from Condi-
tion A). Thus we have demonstrated Condition E.

Finally suppose that Clz+1,0) = C(B,a) for some 3,0 < < x+1and o, €
N(m1). We cannot have § < z + 1, as from Lemma 13 and Definition 18, there
are already three distinct entries in columns of the form c(g o) (namely, e(g 41y,
(B+1,a'—1) and e(g 1 o)) for each o’ € N(mq). So assume that c(zi1q) =
C(a+1,a7), for some a < o/. Then, from (E),

(r(x—l—l,a) » Clz+1,a)0 e(w—l—l,a))v (T(m—i-l,a’)v c(m—i—l,a)(: c(m—i—l,a’))v e(m—i—l,a’)) €T and
/
(r(x—l—l,oz—l) 1 C(z4+1,a) e(x-i—l,oz))? (T(:L‘—i-l,oc’—l)? C(z+1,a) (: C(:c—i—l,oc’))? e(:c—i—l,oc’)) €T
As a column may intersect at most three distinct rows, we have @ = o/ — 1. Then,
in row T(z+1,a)"
(T(x-i—l,oz)vC(z—l—l,a)ve(x-‘rl,a)) €T, (T(:L‘—i-l,oc)v C(z+1,0) e(:(;—i—l,oc-‘,—l)) er’ (from (E)),
(F(a+1,0): C(@a+1): C@+1,a41)) € Ts (M@41,0)s C(mat1) €at1,a) € T (from (C)),
which contradicts Lemma 2. (|

Theorem 23. Suppose that (T, T') is a finite, minimal 3-homogeneous latin
bitrade. Then, T is precisely equivalent to the latin trade given in Theorem 1,
where m1 is given as in Definition 12 and mo is the greatest integer such that
(T, T") has the ma-property (see Definition 18).

PROOF: We know that (7,7’) always has the 1-property. As (7,7T") is finite,
there must exist an integer x such that (7, T’) does not have the x + 1-property.
Lemma 22 then implies that the entry in cell (r(, ), c(z,1)) is equal to e ) for
some k. Thus we may apply Theorem 21 (if z > 1) or Theorem 16 (if z =1). O
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5. Classification

In [4] it is shown that if T is a latin trade given by Theorem 1, then T' cannot
be expressed as the union of two, disjoint latin trades. The following lemma leads
to the classification of all 3-homogeneous latin trades.

Lemma 24. Let T be a non-minimal 3-homogeneous latin trade. Suppose fur-
thermore that T cannot be written as the union of two, non-empty, disjoint latin
trades. Then |T| =9, and T is isotopic to a latin square of order 3.

PROOF: Suppose that 77 C T, where 77 is a minimal latin trade. If 77 is 3-
homogeneous, then T\ T7 must also be a 3-homogeneous latin trade, contradicting
the conditions of this lemma. So we may assume that 77 is not 3-homogeneous.

Let 77 and T” be disjoint mates of T and T', respectively. (Note that 77 C T
does not necessarily imply Tl/ C T'.) Without loss of generality (and con-
sidering conjugacies), let r; be a row with exactly two entries in 77. So let
(r1,c1,e1), (r1,c2,e2) € Ty C T and (r1,c1,€2), (11, c2,€1) € T} Let (r1,c3,€e3) €
T \ Ty be the third element in row r; of T. Without loss of generality, let
(r1,c1,e32), (r1,co,e3), (r1,c3,e1) € T'. Let ro be the row such that (re,co,e1) €
Ty C T and r3 the row such that (r3,cs3,e1) € T. Analysing T'and T”, we can infer
that (r2, c2,e2), (r3,c2,e1), (ro,c1,e1) € T' and (r3,co,e3) € T. If (19, c1,e2) € T,
then we have a contradiction in row rg from Lemma 2. Thus (rg,c1,e2) ¢ T.

Let z be the entry such that (rg,c2,z) € Tj. What we know so far about T,
T and T is illustrated below:

c1 co c3 c1 Cc2 Cc3
T1 €1 €2 €3 1 €2 €3 €1
(D) el T2 €1 €2
T3 €3 €1 T3 €1
T T’
c1 c2 c3 C1 c2 c3
1 el () T1 €2 €1
T2 el ro x
3 T3
/
Ty T

Case 1: = = e3. Then entry e3 is in row ro of 77 (and thus also T'). As
(ro,c1,e2) ¢ T, we must have (ro,c1,e3) € Ty C T. By applying Lemma 4,
we can show that (re,cs,e3) € T' and (r3,c1,e3) € T'. Thus, analysing row ra,
(ro,c3,e2) € T, implying (73, c3,e2) € T', implying furthermore that (r3, c1,e2) €
T. Thus T contains a 3-homogeneous latin trade of size 9, which is isotopic
to a latin square of order 3. Since we assumed that 7' contains no smaller 3-
homogeneous latin trades, T" must be exactly equal to this latin trade, and m = 3,
a contradiction.
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Case 2: ¥ = e3. We know from T” that cell (72, c1) is non-empty in 7.

Case 2a: (rg,c1) is empty in T7. Now e; must occur somewhere in row ro of Tl'
and by observation of T, e; can only occur in columns ¢1, ¢ and cg of T} (and
hence T7). So we have (rg,c3,e1) € Ty. It follows that (r2,c3) is non-empty in
T1, and thus non-empty in 7.

Now entry es must occur somewhere in row 79 of T. But (re,c1,e2) ¢ T, so
(ro,c3,e2) € T. Next, analysing column c3, (r2,c3,€3), (13,c3,e2) € T'. We may
further infer that (rg,c1,e3) € T. Applying Lemma 4 to (r1,c1,e2), (r3,c3,e2) €
T' gives (r3,c1,e2) € T. So we have the same conclusion as in Case 1.

Case 2b:. (r9,c1) is non-empty in 7). Since (rg,c1,e2) ¢ T1, we must have
(ro,c1,e) € T for some entry e, ¢ {e1,e2}. Thus the three distinct entries in
row 12 of T} are e, eg and e;. We may infer that (ro,cy,e1) € Tl'. Now, let

U=T1\{(r1,c1,e1),(r1,c2,e2),(ra,ca,e1)},
V= T{ \ {({(r1,c1,€2), (r1,co,e1), (r2, ca,e2), (ra,c1,e1)}) U {(re, c1,e2)}.

Clearly U and V are disjoint and have the same shape. Also,

Ry =Ry \{ere2} =Ry, R =RE \{er} =Ry,
Ct =Cpy \er} =, C7 =Cp \{er,ea} = Cf7.

Thus (U, V) is a latin bitrade (see the Definitions section). But U C T}, contra-
dicting the fact that 77 is minimal. O

Corollary 25. If T is a 3-homogeneous latin trade, T may be written as a
disjoint sum of latin trades isotopic to those given in Theorem 1.

Corollary 26. If T is a 3-homogeneous latin trade, T' may be partitioned into
three, disjoint partial transversals.

PrOOF: The latin trade from Theorem 1 may be partitioned into three, disjoint
partial transversals: T7, To U T3 and T4 U T5. O

We finally note that Theorem 1 will, in certain cases, give isotopic latin trades
for different values of m1, mg and k. However, given the results in this paper, the
enumeration of all non-isotopic 3-homogeneous latin trades is certainly a possible
task.
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