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Mapping theorems on RN-spaces

MASAMI SAKAI

Abstract. In this paper we improve some mapping theorems on R-spaces. For instance
we show that an N-space is preserved by a closed and countably bi-quotient map. This
is an improvement of Yun Ziqiu’s theorem: an N-space is preserved by a closed and open
map.
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1. Preliminaries

In this paper all spaces are regular 77 and all maps are continuous onto. For
A C X we denote by JA the boundary of A in X.

Definition 1.1. A cover P of subsets of a space X is a k-network for X [7] if
whenever K C U with K compact and U open in X, there is a finite subfamily
Q C P such that K C UQ C U. A space is an R-space [7] if it has a o-locally
finite k-network.

The notion of a k-network plays an important role in the theory of generalized
metric spaces. For instance, a Fréchet N-space is precisely the closed s-image of
a metric space [2], [4].

Definition 1.2. A family {4y : o € I} of subsets of a space X is hereditarily
closure-preserving (simply, HCP) if | J{Bq : @ € J} = |J{Baq : @ € J}, whenever
J C I and B, C Aq for each o € J.

Every locally finite family is hereditarily closure-preserving.

The space S, is the space obtained from the topological sum of w; many
convergent sequences by identifying all the limit points to a single point. The
following is due to Junnila and Ziqiu [3].

Theorem 1.3. Let X be a space with a 0-HCP k-network. Then X is an R-space
iff X contains no closed copy of S, .
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2. Results

Definition 2.1. A subset A of a space Y is a sequential neighborhood of a point
y € Y if any sequence converging to y is eventually in A. A map p : X — Y
satisfies property (w1) if, whenever y € Y and {U, : @ < wj} is an increasing
open cover of X, then there is « such that (U, ) is a sequential neighborhood of
y. A map ¢ : X — Y satisfies property (w) if, whenever y € Y and {U,, : n € w}
is an increasing open cover of X, then there is n such that ¢(Uy) is a sequential
neighborhood of y.

Lemma 2.2. Let A be a countably infinite subset of a space X such that every
infinite subset of A is not closed in X. If v € A\ A and {z} is a Gg-set, then
there is a sequence in A converging to x.

PRrROOF: Let {Gy, : n € w} be an open family in X satisfying {z} = ({Gp :
n € w} and Gpy1 C Gy. For each n € w, take a point x, € AN Gy. The
set {x} U{zn : n € w} is closed in X. For every open neighborhood U of z,
{zp, :m € w}\ U is closed in X, hence {xn, : n € w} \ U is finite. Therefore
{zpn : n € w} is a convergent sequence to x. (]

Theorem 2.3. The following hold respectively:

(1) an R-space is preserved by a closed map with property (w1);
(2) an N-space is preserved by a closed map with property (w).

PROOF: Let ¢ : X — Y be a closed map with property (w1) (or property (w))
and let X be an N-space. Let P = (J,,c., Pn be a o-locally finite k-network for X.
Without loss of generality, we may assume that each member of P is closed in X
and Py, C Pp41 for n € w. As noted in the proof of [10, Proposition 1.8(3)], the
family {¢(P): P € P} is a o-HCP k-network for Y.

Assume that Y is not an R-space. Then by Theorem 1.3, Y has a closed copy
of Sy, . Let

Sop = {0} U{yan:a<wi,new}CY,

where {ya,n : n € w} is the a-th sequence converging to co.

By induction we show that for each a@ < wi, there are n, € w and a finite
subfamily F, C P such that

(a) Ufe™ (Wan) 1 n 2 na} € UFa,

(b) for each P € Fo, PN (U{¢ " (Wan) : 1 > na}) # 0,

(¢) FanFg =0 for a < < wi.

Fix an arbitrary v < w; and assume that for each o < = we have already
found no € w and a finite subfamily F, C P. For each o < «y take a finite set
F, C U{tp‘l(ya,n) :n > ng} such that Fy, N P # () for any P € F,. The set
F =|J{Fo:a<~}isclosed in X. For each n € w, let

Qn={PePp:PNF=0,PnNn cp_l(y%k) # () for infinitely many k € w}.
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Obviously Qn C Qpi1. Assume P; € Qp, i € w and P; # P; for i # j. Then we
can take a point z; € P; such that ¢({z;}ic.) is a subsequence of {y,, : n € w}.
Since 9, is locally finite, {x;};c, is closed in X. Since ¢ is closed, this is a
contradiction. Therefore each Q,, is finite. Assume for each n € w, there are
infinitely many k € w with ™ (y, %) \ (UQn) # 0. Then there are a sequence
ko < k1 < --- and a point =), € <p_1(y%kn) \ (U ©Qn). Since ¢ is closed, no infinite
subset of {xy, : n € w} is closed in X. Moreover every point of an N-space is a
Gs-set. Hence by Lemma 2.2, {x, : n € w} contains a convergent sequence to
some point in ¢~ 1(c0). Since P is a k-network for X, there is P € P such that
PNF = ( and P contains infinitely many z,,’s. Let P € P; for some | € w.
Then P € Q;. Since P contains only finitely many z,’s, this is a contradiction.
Consequently there is ny € w such that J{p " (yyn) : n > ny} C U Qn., . Let
F+ = Qn,. The y-th step of our induction is complete.

Since each F, is finite, there are m € w and an uncountable set I C wy such
that Fo, C Py, for any o € I. For each a € I, let B, = |J Fy. Since Py, is locally
finite, {Ey : o € I'} is a locally finite closed family in X.

The case of property (wi1). Consider the increasing open cover

{(X\ |J Es:a<w,Bel}
B>a

of X. By property (w1), there is a such that p(X \ Ugs, Ep) is a sequential
neighborhood of co. But the set obviously fails to be a sequential neighborhood
of co. As a result, Y does not have any closed copy of S,,, therefore Y is an
N-space.

The case of property (w). The idea is the same as property (w1). Take an
infinite subset J = {ay, : n € w} C I, and consider the increasing open cover
{( X\ Upmsn Fam :n €w} of X. O

Definition 2.4. A map ¢ : X — Y is countably bi-quotient [9] if for each y € Y
and each countable increasing open family {U,, : n € w} covering cp_l(y), there
is n € w such that ¢(Up) is a neighborhood of y.

S. Lin asked the author whether an R-space is preserved by a closed and count-
ably bi-quotient map. Since a countably bi-quotient map trivially satisfies prop-
erty (w), we have a positive answer to the question.

Corollary 2.5. An N-space is preserved by a closed and countably bi-quotient
map.

Corollary 2.6. (1) An N-space is preserved by a closed map satisfying that
Do~ Y(y) is Lindelof for any y € Y [1], [4];
(2) An N-space is preserved by a closed and open map [11].
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PrOOF: (1) Let ¢ : X — Y be a closed map satisfying that ¢~ !(y) is Lindel6f

for any y € Y. For each y € Y, we define a set Ay as follows: if y is isolated

in Y, take an arbitrary point x, € ¢ !(y) and let Ay = {zy}; otherwise let

Ay = 9p~(y). Let A = Uyey Ay- Then the restricted map {4 : A — Y is

closed onto and each fiber of this map is Lindelof. Since @|A satisfies property

(w1), Y is an N-space by Theorem 2.3.

(2) Every open map is obviously countably bi-quotient. Apply Corollary 2.5.

O

Definition 2.7. A map ¢ : X — Y is sequence-covering in the sense of Siwiec [8]
if, whenever {yn }new is a sequence in Y converging to a point y € Y, there are a
point = € ¢~ (y) and points z,, € " (yn), n € w, such that {z,}ne, converges
to x.

C. Liu noted in [5] that an R-space is preserved by a closed and sequence-
covering map. This result follows from our theorem.

Proposition 2.8. Let ¢ : X — Y be a closed and sequence-covering map. If X
has a o-HCP k-network, then ¢ satisfies property (w1).

PRrOOF: Let P = (., Pn be a 0-HCP k-network for X. For each n € w, the
family {P : P € P,} is also hereditarily closure-preserving. Therefore we may
assume that each member of P is closed in X.

Assume that ¢ does not satisfy property (w1). Then there are a point y € YV
and an increasing open cover {Uqy : @ < wi} of X such that each ¢(Uy,) fails to
be a sequential neighborhood of y. For each a < wj, take a sequence L, in Y
such that L, converges to y and L, N o(Uy) = 0. Since ¢ is sequence-covering,
for each a > 1, there are a sequence K, in X and a point z € w_l(y) such that
K, converges to xq and ¢(Ky) = Lo U Ly. Let {Aq, Ba} be a decomposition
of Ko with ¢(Aq) = Lo and ¢(By) = Lo. For each o > 1, take v, < wy with
{za} U Ko C Uy,, and take P, € P such that zo € Py C U,, and P, contains
infinitely many points in A,.

We note that the family {P, : o > 1} is uncountable. Since each P, is
contained in some member of the open cover, if the family is countable, | J{ Py :
a > 1} C Ug for some § < wy. Because of Ls N p(Us) = 0, x5 ¢ Us. This is a
contradiction. Thus the family is uncountable. Hence there are m € w and an
uncountable set I C wy with {Py : @ € I'} C Pp,. Take a sequence ag < ag < - -
in I, and take a point xy, € Py, NAq,, such that {¢(zn)}new converges to y. Since
{Pa,, : n € w} is hereditarily closure-preserving, {Zn, } new is closed in X. This is a
contradiction, because ¢ is a closed map. Consequently ¢ satisfies property (w1).

O

By the above proposition and Theorem 2.3, we have the following.

Corollary 2.9 ([5]). An R-space is preserved by a closed and sequence-covering
map.
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It was proved in [6] that a topological group is an N-space if it is the closed
image of an N-space.
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