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This paper deals with projective nets of the same degree with
singular points on the line. The notion of epimorphism of nets
is studied in consequence with a normal decomposition. It will
be shown that full pre-images of all non-singular points have
a structure of nets and they all are of the same degree.

1. By a projective net (shortly a net) we mean a regular incidence structure (L, P),
where P is a set and L is a set of some at least two-element subsets of P and where
a set s = P is privileged and the following axioms hold:

My sel;

Q) Vlel\{s}, J!Ses, Sel;

By VPeP\s, VSes, I el\{s}, S,Pel;
@Dy I, hel; Lh#L=%Unl)=1

)y P\s #0.

A net is termed non-trivial if
6)y Viel, #I1 > 3.

The elements of the set P are called points, the elements of the set L are called /ines,
the line s is called singular, its points the singular points. The points A, Be P are
called joinable if there exists a line I € L; A, B e, if they are distinct than we shall
write Ay B := [ and | is called the join line of A, B. The common point C of two
distinct lines a, b € L we shall call the point of intersection of a, b and write C =:a mb.
By a degree of a net it is meant the cardinality of the set s. It is obvious that #/;, =
= #/, holds for every two lines I, [, e L\ {s}.!) The common cardinality of all

DLetly, lel\{s}; I} # I, and §; =:sM1;,S; =:sT1,, S;es\ {S;, S,}. We define such
a mapping f: I, — I, that for every point Pel, the points P, Pf, S are carried on the same line.
Obviously the mapping f is bijective.
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non-singular lines of the net we call the order of the net. If N° is a net where ,,°*“ is
an index, than we designate N° := (P9, L9, s0).

Next let all nets be non-trivial and of the same degree ut.

Let N, N’ are nets. By a homomorphism of N into N’ we shall mean a mapping
% : P - P’ for which

() s* =+, /s is a bijection;
Gyviel, 3lel, Ircl;?
(iii) 3P e P, P* ¢s.

If " = s holds then x is called an affine homomorphism. If P* = P’ we speak about
emimorphism of N onto N'. A net N is the subnet of a net N' if s = s’, P < P’ and id,
is a homomorphism of N into N'.

Proposition 1. Let »x be a homomorphism of a net N into N'. If for every line
le L\ {s} there is #1* = 3, then (P*, {I*| | € L}, s*) is a subnet of N'.

Proof. Define: ,
P := P* "= =5

’

L":={I*|lel}, N :=(P"L,s").
We need to verify the conditions (1)N—(6)N for N”.

(Dns O)ns (6)y: trivial.

(2)n: Let € L\ {s} be suchaline that I* # s"and S =: | i s. Then S* € I*. Suppose
there exists a point S € s\ {S} so that also S* € I* is valid. Hence I* < s’ by conditions
(i) and (i) of the definition of homomorphism of nets. By the hypothesis I* 5 s’, it
must be I* < s'. Thus there exists a point S* € s', S* ¢ . Denote {S°} := s N S**™ ",
Let Pe P\ s be an arbitrary non-singular point. Denote T:=PuS®and P:=1n1.
Then P*es’'\ {S*} and thusi* < s/, it follows P* = &', in contradiction to (iii).

(3)y: Let Pe P\ s and P* ¢ s’. Further, let Ses (== S*es’). f we put | =: P u S,
then the I* contains S* as well as P*.

(#)n: Let 17 #1015, for 1,1, e\ {s}, then I, # 1, and (I, nl)y*el; nl, =
= #(IF A 1%) = 1. It remains to prove: #(I* n IZ) = 1. Let I}, I} be the such lines
that I7 = lr, Y >I2, Suppose i; = I‘2 There are two possible cases:

(a) TJ, # s’. As »/sis a bijection, it follows from this that /; m I, is a singular point S.
Choose a singular point S* # S. Let Y = X*el},Xel,,Y # S, Z=SuX)nl,.
Then Z* = X* = Y, therefore I7 < I5. In the same way we obtain I3 < I, hence
I =I5, a contradiction.

(b) "lil = s". If I1 $ s, then there exists a (singular) point S* € s such, that S** e
es’\ I*. Let P\ s be an arbitrary non-singular point. If we put P = |, i (S* u P),

2) If »: M—M' is a mapping then for every N € M we define N*; = {X*]1X e N}.
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then Pe S* U P = P*es’. Therefore P* = s’ which gives a contradiction to (iii).
Thus, we get I7 = s’. We can obtain in the same way that I} = s’. It follows IT = I
contradicting the assumption about I, IZ. Tt means, that | # I}, and the unequality
#(IT n15) £ 1 is obvious.

Proposition 2. Let % be an epimorphism of N onto N'. Let A, B be two distinct
points such that A*, B* are distinct too. If A, B are joinable, then A*, B* are joinable
and » mapps A u B onto A* L B*.

Proof. Let p := A 1 B. We can omit the trivial case p = s and suppose p # s.
Clearly, p* contains A*, B* so that A* B* are joinable. It remains to prove that
p* = A* 1 B*. Two following cases will be distinguished:

(a) A*uB* # s". Let X’e A* L B* and let S* be a singular point of P, S* ¢ p.
If X' es’, then, evidently, X' = (prmis)*. Let X' be a non-singular point. Then
there exists a non-singular point X € P such that X* = X’. Denoting by P the point
pri(S*u X) we get P* = (A*u B (S*™ uX*) =X

(b) A*u B* =s". Let S be the singular point of p, X" es’, X’ # S*. Then there
exists a unique singular point X € P whose image under s is X'. Let P be a point of P
such that P* ¢ s’. If we put Y = p (X 1 P), we obtain Y* = s' i (X* u P*) = X'.

Corollary. Let x be an epimorphism of N onto N'. Then
lel=I*e N’

II. Let N be a net. A decomposition P of the set P is termed normal if the following
axioms hold:

(1)p every class of the decomposition contains at most one singular point.

(2)p There exists a class with no singular point.

(3)p If two lines intersect two distinct classes then every class is intersected either
by both of them or by none.

(4)p Every line intersects at least three distinct classes.

Theorem 1. Let N = (P, L, s) be a net and P be a normal decomposition of the set P.
Define: L:={{PeP|Pnl#6}lel}, s:={SeP|Sns#0}. Then N:=
:= (P, L, 5) is a net and there exists an epimorphism x of the net N onto the net N.

Proof. We need to verify axioms of a net for N.

(1): It is trivial by definition of s.

(2)n: LetTe L\ {s},1:={PeP|P I+ 0} for somele L\ {s}. Since #(/ns) =
= 1 there exists exactly one common class of the decomposition for the lines I and s.

(3)n: Let Pe P\ s be a fixed arbitrary class of the decomposition. For every P € P
and every S € s there exists exactly one | € L\ {s} where S, P € | (by axiom (3), of the
definition of a net). Hence for P and for every S € s there must exist at least one line
le L where S, Pel. By axiom (3), there exists exactly one line of these properties.
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(4)y Let I,,1, be two distinct lines from L\ {s}. Then either I, M I, = Ses or
there exist two distinct classes S,, S, es such that S, el,, S,el,. Hence there
exist lines I;, 1, € L\ {s} such that I, = {P,eP|P, nl, #0}, I, = {P,eP|P,n
N1, # @}, Since I, 1, e L\ {s} then there exists a point P = I, m [, and therefore
there exists Pe Pe P where P n I, @ and P n |, # @, too. Hence Pel;, I,. Sup-
pose that there exists a point Q # P, Qe l,, I,. Then there exist points Q,, Q, € P;
Q,,Q,eQ and the lines p, := PuQ, and p, := P uQ,. Therefore I, = I, by
(3)p, a contradiction.

Axioms (5)y and (6)y hold for N by (2), and (4),. Sine I = P by definition |,
#/ =3 by (4)p and #(I, n I,) = 1 by this proof it is ibvious that N is a regular
incidence structure. The mapping x:

PP,
P»P<PecP

is obviously surjective. Axioms (i) and (ii) of the definition of homomorphism hold
by definition L and by axiom (1)p. Axiom (iii) by (4)p. Hence x is an epimorphism
of N onto N.

Theorem 2. Let N, N’ be nets and let there exists an epimorphism » of N onto N'.
Denote P such a decomposition of the set P that the classes of this decomposition are
full pre-images of all points from P under an epimorphism x. Then P is a normal de-
composition.

Proof. We verify axioms (1)p—(4)p.

(1)p: This axiom follows from (i) of definition of epimorphism.

(2)p: Suppose that every class of the decomposition contains a singular point.
Then »x maps every point from P onto some point of the line s’, a contradiction to
hypotheses that N is non-trivial and that x is surjective.

(3)p: Let A’, B’ e P’ be two distinct points. Then A" and B"*™" are distinct,
too. Let I,, 1, € L be such distinct lines which both intersect A”** as well as B’ .
Further let |, n C”*"" # 0 where C’ is a point from P’ distinct from A’, B". By (ii)
C’ e A’ 1 B’ and since C’ € I3 there exists a point N € T by proposition 2; which
was to be proved.

(4)p: Let | be some line from L and I*e L’. 4#/* > 3 because N’ is a non-trivial
net. Let A’, B’, C’ be three mutually distinct points from /". Since x is an epimorphism,
then A", B'*"", C’*"" are necessarily mutually distinct. The definition of epimor-
phism and proposition 3 follow: A* ' A1 % 6, B* ' Al # 0, C* "'l 0.

Theorem 3. Let N, N’ be nets and let » be an epimorphism of N onto N'. Let P’ €
€ P'\ 's'. Define:
Po:={X|XeP,XeP* "} uUs,
Lpc={I*|1¥#6,1*:=(1AP*HuS,lel,S=Ins}u{s}h

Then (Pp., Lp:, s) =: Np. is a net.
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Proof. It is obvious that P’*™" # @. If P™* "' = | then N,. is a trivial net. Sup-
pose that #P’*"" > 2. Then the axioms (1), (5, (6)y hold. Axioms (2), and (3)y
are cosequences of the definition I* € L.

(4)y: Let I7, I3 be two distinct lines from Ly \ {s} and S; = [T ns, S, =5 N s,
Denote by I, I, such two distinct lines from L\ {s} for which I} = (I, n P* ) u
ui{S;}, L=(U;n P* U {S,}. There exists a point ReP, R =1, [, (by (4)n
of the definition of a net N). Since the epimorphism »x makes a normal decomposition
on P and P*"' is one of the classes of this decomposition (by theorem 2) then by
(3)p either
— lines I, I, simultaneously intersect the same classes of the decomposition; hence
S,elynly, =17 A%, a contradiction, or
— lines I, I, simultaneously intersect one class of the decomposition, class P™* "
and we have I, n I, = ReP* ' and consequently R = I3 I} € P, which was to
be proved.

Proposition 3. Let N and N’ be nets and let x be an epimorphism of N onto N'. Then

1

#A* "= #B* for every A’, B' e P'\ 5.

Proof. The epimorphism » makes a decomposition P of the set P. Since A" has
the structure of a net, then for every A’ e P'\ s it holds:

#A"" = (ord N,.)?,
and it is sufficient to prove the following statement:
The order of a net Ny is constant for every point P’ € P’ \ s'.
If A’ # B, then A*' A B*' = 0.

a) Let A’, B’, S| be points on the same line. Let A’ u B’ = I"and S, €5, S, ¢ s,
Then there exist two distinct lines /, , [, € L throught a point S, such that[; n A’™*™" =:
=: If #0 and I, N B> =:15 # 0; IT, I3 are lines from L,., Ly, respectively.
Since I n A" # @ if and only if | A B'*™" # @ for every line | € L throught a point
Ses, S* = S (by (3)p) and since N, and Ny are nets, there exists a bijective mapping
n:{X|Xe I’f} - {Y | Y €3}, where X" =Y, if the points X, Y, S lie on the line.
Hence #/} = #/5 and ord N, = ord Ng..

b) Consider the points A’, B’ not joinable. Denote I] := A’ 1S}, 5 := B'uS],
I3 := A’uS, where S}, S,es’; S| # S). According to axiom (4)y, there exists
a point C’ € P, C’ := I ml. Then the points A’, C’, S} lie on the same line, as well
as the points B’, C’, S}, and consequently by a)

ord N,. = ord No. = ord Ng..
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Shrnuti
CHARAKTERIZACE EPIMORFISMU TKANI NORMALNIMI ROZKLADY
JAROSLAVA JACHANOVA

Clanek se zabyva projektivnimi tkanémi téhoZ stupné, jejichz singularni body jsou kolinearni.
Pojem epimorfismu tkéni je studovan v souvislosti s normalnimi rozklady. Rozklad P mnoziny P
(mnoZina bodd tkdn€) nazveme normélnim, plati-li: (1), Kazd4 tfida rozkladu obsahuje nejvyse
jeden singularni bod. (2)p, Existuje t¥ida, kterd neobsahuje zidny singuldrni bod. (3)p Protinaji-li
dvé primky dvé razné tridy, pak kazda tfida je protata souc¢asné ob€ma nebo zddnou z nich.
(4)p Kazdd ptimka protind alespoi t¥i riizné t¥idy rozkladu. Necht N = (P, L, s) je tkdii a P normalni
rozklad mnoziny P, pak N: = (P, {{PeP|P I+ 0} |leL}, {SeP|S N s+ 0}) je tkad a existuje
epimorfismus tkané N na tkan N.

Necht N, N’ jsou tkané a x je epimorfismus prvé na druhou. Pak uplné vzory viech boda z P’ pfi »
jsou tfidami normalniho rozkladu mnoziny P.

Necht N, N’ jsou tkané, » epimorfismus N na N’ a necht P’ je nesingularni bod tkdn& N’. Pak
Np:: = (Pp:, Lpr, 5) je tkai, kde Ppr: = {X | XeP, XeP* '} Us

Lpr={I*|I* £0,1*: = (I AP* ) U (S}, lel,Sel} U sk

Rad tkané Np- je tyz pro ka?dy nesingularni bod P’ tkdné N’.

Pesztome

XAPAKTEPU3AYUSA DIIUMOPO®U3IMOB CETEN
HOPMAJIBHBIMU PA3JIOXKEHUAMU

SIpocnaBa SIxaHoBa

CTaTbsi OTIMCHBAET IPOEKTHBHBIE CETH TOTO XK€ POJa, CUHIYSIPHBIE TOYKH KOTOPBIX HaXOAATCS
Ha onHo¥M nuHuu. TToHsATHE 3TUMOPGU3MA CeTe! U3Yy4YaeTCsl B CBS3M C HOPMAJIBHBIMH PA3JIOXKEHUSMU.
Pa3noxenne P MHOXecTBa P (MHOXECTBA BCEX TOYEK CETH) HA3BIBAETCS HOPMANILHBIM KOTIA: Mp
B Ka)/10M CMEXHOM KJiacce He GoJible OMHOM CHHIYJIAPHOR TOYKH. (2)p CyecTByeT TaKo# Kinacc
KOTOPbLA HE CONEPIKUT HU OLHOMN CUHTYIIAPHOM TOYKH. (3)p Eciiu nBE JIMHUM NIEPECEKatOT ABa PO3HBIX
Knacca, To KaAbli KJacc nepeceyeH Mbo oBermu, b0 Hukakoit. (4)p Besikas miHus nepecekaer
1O KpaiiHeil Mepe TPU CMEXHBIE Kilacca.

Ilycte N = (P, L, s) cetb 1 P HOpMaJIbHOE pa3ilokeHne MHOXecTBa P, To

N:= (P, {{PeP|PAI+0}|leL}, (SEPISAs+0)

TaKXKe CeTh M CyIIeCTBYET 3TMMOopdu3m cetu N Ha ceth N.
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TIycts N, N’ ces 1 % amumopduam N Ha N’. To ronsbie mpooGpasa Bces Touek P’ B smumopdusme
% SIBIIIOTCSL CME)XHBIMH KJIACCAMM HOPMAJIBHOTO pas3iioxenuss MHoxectsa P. Ilycte N, N’ cetn

u » snumopdusm N Ha N’ u mycte P’ Hecunryisipuas touka cetd N. To Np: ¢ = (Pps,Lp/, s) ceTh, B
KOTOPOit Pp:={X|XeP, XeP* '} ~s
Lp:={*|1* %6, 1*:=(U~P*")YU(S},leL, Sel}u s}

Ilopsinok cetn Npr TOT ke aiis BCskyro Touky P’ cetn N,
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