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PLACES OF ALTERNATIVE FIELDS 

A L E N A VANŽUROVÁ 
(Received April 15th, 1980) 

In the following text, the connection between places of alternative fields and its 
total subrings is studied. The results obtained are similar to those derived for places 
and valuation rings of fields. 

Definition. 
An alternative field is an algebraic structure (A, + , . ) with two binary operations 

such that (A, + ) is a group, (A — {0},.) is a loop, both distributive and both alter
native1) laws are satisfied. 

It can be proved, that the additive group is commutative and the left and right 
inverse property is satisfied: 

(IP) for a # 0, a'1 . (a . b) = (b . a) . a'1 = b, 

a. (a'1 .b) = ( b . a - 1 ) . ^ = b. 

Moreover, (x . y)"1 = y"1 . x"1. 

Definition. 
A place of alternative fields2) is a mapping 0 from an alternative field (A, + , . ) 

to an alternative field (A', + ' , . ' ) satisfying: 
(i) For x, y e A, if x& # oo a n d y @ ?- oo, then (x - y)9 = x° - ' y 9 and (x . y)9 = 

= x9.'y&. 
(ii) For x, y e A, if xe ?- 0' and y9 = oo, then (x . yf = (y . xf = oo, 

where oo is a symbol not belonging to A' and the notation a9 ^ oo, b9 = oo means 
that a belongs and b does not belong to the domain of 0. 

It can be verified, that (Im (9, + ' , .') is an alternative field. Therefore it can be 
supposed, that 0 is surjective: 

(hi) A9 = A'. 

1) A left alternative law: for all a, be A, a . (a . b) = (a . a). b; right alternative law: for all 
a, b e A, (a . b). b - a . (b . b). 

2 ) In [1], this mapping is called pseudohomomorphism. 
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It can be easily proved that a place 0 of alternative fields satisfies: 
0* = 0', I0 = V; 
if a9 = oo and b0 * oo, then (a ± bf = (b ± a)e = oo; 
if x ^ 0, then xe = 0' is equivalent to (x~1)0 = oo. 

Definition. 
A subring3) O of the alternative field A is said to be total in A, if either x e O or 

x"1 6 O for every x e A --- {0}. 
In a total ring, there are no zero divisors and every subring of the alternative 

field A, which contains a ring total in A, is also total in A. 
If © is a place of alternative fields, let us denote 

Oe = {XGA/X° ^ oo}. 

If x@ ^ 0', then (x~1)0 # oo and so x"1 e O0. We shall use the following notation: 
Ue = {x e A/x e O0 and x"1 e O0}, so called units; 
I0 — {xe A/xG O0 and x"1 ^ O 0 , or x = 0}, so called non-units; 
JQ = {x G A/x <£ Oe} = {x G A/x0 = GO}. 

It can be seen, that O0 is a disjoint union of U0 and I0 and for every xe. Ue,(x~~1)0 = 
= ix°)-K 

Theorem 1. 
Let 0 be a place of an alternative field (A, + , .) OntO an alternative field (A\ -f', ,')4). 

Then O0 is a total subring in A, IQ being its unique maximal ideal, and the factoning 
Oe/I0 is isomorphic to A'. 

Proof. It is clear, that O0 is a ring. If x<£ O0, then x0 = oo and (x^1)0 = 0', 
which implies x-1 e O0. Hence O0 is total in A. Suppose that x,yeI&. From this 
it follows (x - y)e = x° -'y0 = 0' - 0 ' = 0', and thus x - yel0. If xeI0 and 
z e O 0 ) then (x . z)0 = 0 ' . 'z° = 0' = z° / 0' = (x . z)0. Flence I0 is a both-sided 
ideal. We shall show now, that I0 is maximal. Let xe U0. Then each ideal generated 
by x contains a unite 1 and is equal to the whole ring O0. This implies, that each 
ideal different from O0 is contained in I0. The restriction of 0 to O0 is a homo-
morphism of O0 onto A' with a kernel I^, thus O0/I0 £ A'. 

Note that 6^: A -» A' u {oo} is a place of alternative fields, if and only if it satisfies: 
(a) There exists a subring O in A such that the restriction 0X = 0/O is a homo-

morphism of O onto the ring A'; 
(b) If x G A - O, then x0 = oo, x"1 e O and (x"1)*9 = 0'; 
(c) There exists xeO such that x0 ^ 0r. 

Theorem 2. 
Let O be a total subring in the alternative field A . A set I = {xe A/xe O and 

3) Not necessary associative. 
4) In short, A ~> A' u {oo}. 
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x"1 ^ O, or x = 0} forms a unique maximal ideal in O. Moreover, a factorring O/I 
is an alternative field. 

We shall call I a set of non-units again. Note that each total ring is local. 
Before proving our theorem, we shall establish several lemmas. 

Lemma 1. 
Let O be a total subring in an alternative field A and denote by I a set of non-units 

in O. If x e I and y e O, then x . y and y . x are in I for all x, y from A. Especially, 
I.I g I. 

Let us denote U = {x e Ajx e O and x_1 e O}. Obviously, U=O---LIfx = 0 
or y = 0, the proof is trivial. Thus suppose x . y ^ 0. In the first step, let x e I — {0}, 
y e U. Thus x, y e O, x~x $ O and y'1 e O. Suppose that z = x . y $ I. This implies 
zeO and z~1<£0. Further, x_1 = (z . y " 1 ) - 1 = y. z"1. We obtain x~1eO, 
a contradiction. Hence x .y el. Similarly for y . x. In the second step, let x,y e 
el — {0}. Suppose z = x.y$I. Then z"1 = y'1 . x_1 and y'1 = z"1 . xe O, 
which is a contradiction. Thus x . y e I. 

Lemma 2. 
Under the same assumptions as above, let J = A --- O. Then 
(i) a'1 e I o ae J for every ae A --- {0}, 
(ii) J.Jg J, 

(iii) tfx e J and ye U, then x . y e J and y . x e J, 
(iv) U. Ug U. 

The proof is easy. 
Now let us return to the p r o o f of T h e o r e m 2. We shall show first that (I, + ) 

is a subgroup of (O, +) . For every a, b e I we have a — b e O. Suppose (a — b)~1 e 
G O. Since O is total in 4 , it must be either a~x . b e O, or (a~1 . b)~1 = b~x . a e O. 
If a-1 . b e O, we shall use the relation 

(a_ 1 . (a - b)). (a - ЬУ1 = (1 - a'1 . b). (a \~l 

Obviously, 1 e O and 1 — a'1 . b e O. Further (a — b)_1 e O, thus the right side 
belongs to O, in contrary to the assumption a-1 $ O. The case b-1 . a is symmetric. 
Therefore (a. — b)-1 $. O and a — bel.By Lemma 1., I is an ideal. The same argu
ments as in the proof of Theorem 1. shows that I is maximal. We observe that a de
composition of O modulo I is compatible with addition and multiplication. 

It remains to prove that (O/I — {0},.) is a loop. The coset [1] is obviously a unit 
element. Suppose [a], [b] ^ [0]. Thus a, b e U and further a-1 e U, b . a'1 e U. 
Since [b] = [(b . a'1). a\ = [b . a-1] . [a], the coset [b . a-1] is a solution of the 
equation [b] = [a] . [x] in O/I — {0}. It can be checked that the solution is unique 
and that both distributive and alternative laws holds. 
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Theorem 3. 

Let O be a total subring in the alternative field A. Then there exists a place O of A 
such that O0 = O.5) 

Proof. Let % : O -> O/I denotes a canonical homomorphism, I being a maximal 
ideal. Define V9

 : =. x* for x e O, x0 : = oo for x 6 A --- O, A' : = O/I. 
It can be verified that 0 has the properties (i)-(iii) from the definition of a place. 
The following theorem shows that a place has no proper extension. 

Theorem 4. 
Let 0 : A -> A' u {0} be a place and cp a homomorphism of the subring R g A 

to an alternative field. Let O0 g R and suppose that the equality cp = 0 is true on O0. 
Then OQ = R. 

Proof. Let xeR. Suppose x$ OQ. Then x"1 e Oe and (x""1)^ = (x"1)9 = 0', 
Since I e O0 and 1® = Y e A', we have 

1' = 1 = (x. x-1)* = x«>. (x"1)* = x*. 0' = 0', 

which is impossible, since we suppose that A' contains at least two different elements. 
Thus x-e Oe and therefore R g O0. 

A place is said to be trivial, if it is an isomorphism, i.e. A = Oe and Ie = {0}. 
Every place of the alternative field A induces a place of each alternative field AX 

contained in A. If AX g O 0 , the place is trivial. 
The set of all places of the given alternative field A can be decomposed into equi

valence classes as so: two places 0 : A -> AX u {oo}, cp : A -> A2 u {oo} are said 
to be equivalent (0 ~ (p), if there exists an isomorphism X : Ax -> A2 of alternative 
fields such that cp = 0 0 2. As in the associative commutative case, 0 ~ cp if and 
only if O0 = O^. 

Also a notion of specialisation can be introduced as in the classical case. 

Definition. 
Let 0, 0' be places of an alternative field A. We say that 0' is a specialisation of 0 

(and we write 0 -> 0'), if O0 , g O 0 . 

It can be verified, that 0 -* 0' if and only if one of the following equivalent condi
tions holds: 

(i) x0, ?-• oo => x@ 7̂  oo; 
(ii) x* = 0' => x0' = 0". 

In the other words, 0 -> 0 ' if and only if 

I0gI(9' and O 0 , s O 0 . . . ( B ) . 

Note that each place is a specialisation of a trivial place. Further, cp and 0 are equi
valent, if and only if cp -> 0 and 0 -^ cp. This assertion is generalized in the following: 

5) Such place is unique up to an equivalence relation, defined later on. 
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Theorem 5. 
Let 0X : A -> Ax u {co}, <92 : A -> A2 u {co} are places of the alternative field A. 

Then 0t -> &2 if and only if there exists a place cp : Ax -> A2 u {00} such that 02 = 
= 0X o 9 is lrue On O 0 2 . 

Proof. Let 0X -> 02. Then R = (O02)
01 is,a subring in Ax. Let us define a map

ping <p : Ax -> A2 u {00} in this way: 

x* : = 00 for xeAx ~ R, 

x* : = £02, where f e O0 2 and £01 = x, for x e R. 

We must show that this definition is correct. Suppose that £01 = \fl = x for some 
£ , n £ O 0 2 . Thus 0/ - O0 1 = ^ 0 i " , ^ 1 = 0'- This implies ri-£eI0L. Since 
I01 g I02, we have 0' = (n - £)02 = r/02 - '£02. Therefore n02 = £02. It can be 
verified that q> is a demanded place. Moreover, 9 is uniquely determined by <9l5 02. 

Conversely, let G2 = 0X o cp is true on O02, cp : Ax -> A2 u {00} being a place. 
If x e O02, i.e. x02 # 00, then (x6iY 7- 00 and therefore x01 e O^ g AX. This implies 
that x01 # 00 and xe O 0 I . Thus O0 2 cz O0l, hence OX -> 0 2 . 

The mappings 02 and 0X o cp are identical on the whole O 0 i in the following 
sence: if xe 0&i -*- O02, then x02 = (x 0 1 f = 00. Really, if x<£ O 0 2 , then ( x ' 1 ) 0 2 = 
= 0, thus x""1 e O02 and (x" 1 ) 0 1 0 ^ = ((x - 1)0 1)^ = 0, which yealds the previous 
result. 

If 0, 0' are equivalent, then cp is trivial. The following theorem solves a problem 
of finding ail places <p such that the given place 0 is a specialisation of cp (<p ~> <9). 

Theorem 6. 
Let A be an alternative field containing a total subring O. Each subring R in A such 

that O g R, c#n be expressed in the form 

R = {xe A/x ea .b'1 for some a,beO,b$ SM}, 

where 931 is a prime-ideal in O. 
Proof. R is total in A, for it contains a total ring O. By Theorem 3, there exist 

places 0 and <p of A such that O 0 = O, O^ = R and cp -> 6>. Since I^ g I0, I^ is 
a prime-ideal in O 0 . Let Z = {x e A/x = a . b~x; a, b e O0, b $ 1^}. Since a e Oip, 
be O0 g O^ and b^I^, we have b e U^ and b"1 e U9 Q O^. Thus the product 
a. b"1 e O^ and Z g Or/>. Now we shall prove, that the converse inclusion is also 
true. Suppose i e O r If xe O0, then xeZ, since x = x. I " 1 and I " 1 = 1 ^ I^. 
Let x$ O0; then x"1 e O0 and x^I^. Thus x, x~! e U^. The element y = x"1 

satisfies y"1 e U^, and y~x <£ 1^. Now we can write x = 1 . y"1 e Z. HenceZ = 0(p = 
= R. 

Similarly, it can be proved that 

R = {x e A/x = b"1 . a; a e O, b e O - 851} 

for a certain ideal 9K in O. 
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Theorem 8. 
Let Wl1 andsJR2 be left ideals in a total ring O of the alternative field A. Then either 

9^1 g9K2,Or2ft2 g 9 ^ . 
Proof. Suppose mx £ 2R2. Then there exists xeS^ - 2R2. Let ye$)l2, y ?- 0. 

Then x . y~* $ O. In fact, the assumption x . y~i e O would imply x -= (x . y~*) . y e 
6 9P12,

 a contradiction. From this follows y . x~l = (x . j - 1 ) " 1 e O. Further, y = 
= (y.x""1) .xeSDli and thus SR2 gaRX. 

Remark. 
An analogous theorem holds for right and for both-sided ideals, too. 

Corollary. 
A set of all subrings in an alternative field, containing the given total ring, is fully 

ordered by the set inclusion. 
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S O U H R N 

U M Í S T Ě N Í ALTERNATIVNÍCH TĚLES 

A L E N A VANŽUROVÁ 

V článku se studuje vztah mezi umístěními a totálními okruhy alternativních 
těles. Dokázané výsledky jsou obdobné větám platným pro umístění a valuační 
okruhy komutativních těles. 

PE3IOME 

T O ^ K H AJIbTEPHATHBHMX TEJ1 

AJIEHA BAH^CyPOBA 

B CTaTbe H3yHaexc$í CB5BI> Meayiy TOTOMI* H TOTajibHtiMH KoJibii.aMH ajibTep-
HaTHBHLix TCJI. flocTHrHyTLie pe3yjn>TaTH aiiajiorHHHbi TeopeMajvr H3BecTHbiM RJXK 
ToneK H Kojieii HopMHpoBairaa nojieii. 
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