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O N A L G E B R A - L A T T I C E S 

JIRI RACHONEK 
(Received March 31th, 1983) 

0 . STEINFELD in [1] studies absorbents of elements of groupoid-lattices. 
This note generalizes some results of [1] for algebra-lattices. 

1. We say that % = (A, F, :§) is an ordered algebra if 
(1) (A, F) is an algebra with a set F of unitary operations; 

(The set of all n-ary operations of F (n e N) is denoted by Fn.) 
(2) (A, S) is an ordered set; 
(3) at g a[ implies f(al9 ...,ai„1,ai,ai + 1, ...,an) g f(ai, ...9ai„l9a[9at+l9 

...,an) for all neN,feFn, aA, ...,al-1,ai,a[,al + 1, ...,aneA. 

2. An ordered algebra 91 = (A, F, S) is called an algebra-lattice if 
(4) f(a, ...,a) g a for all n ^ \9feFn, aeA; 
(5) (A, g ) is a complete lattice; 

(We shall denote the smallest element of this lattice by o, the greatest element 
bye . ) 

(6) f(e, ..., e, o, e, ..., e) = o for all n ^ 1, feF„, ie {1, ..., «}. 

i — 1 times 
Throughout the paper, $1 = (A, F, g ) always mean an algebra-lattice. 

3. Note, a) It is clear that f(ax, ...,ai__1,o,ai+1, ...,an) = o for all n ^ 1, 
feFn, ie{\, ...,«}, al9 . . . , a h l , ai+l9..., an e A. 

b) If n ^ 1, feF„, al9 ..., a,-i, ai+i, ..., #„, bv e A, y eF, then for any i e 
G { 1 , ...,/*} 

f(ai, . . . , a H 1 , A ^ ? ^ i + i 5 ••,«„) _2 A/( a i> ...,fl|-i,fcy,fl|+i, ...,<0> 

f(ax, . . . ^ i - i , V by9ai + l9 ...9an) ^ \/ f(al9 ..., ai-1,by9 ai + l9 ...9an). 

4. a) Let fe FB, i e {1, ..., «}. Then an element b e A is called an f ^-absorbent 
of an element a e A if b ^ a and f(a, ..., a, b, a, ..., a) ^ 6. 

i - 1 times 

b) b is called an f- absorbent of a if b is anf< '^absorbent of a for each i e {I, ••• > w ) * 



c) b is called sri f-quasiabsorbent of a ifb^a and A f(#> ..., a,b,a, ..., a) ^ b. 

i — 1 times 
5. a) An element b e A is called an absorbent of an element a e A if b is an 

f-absorbent of a for each f e F. 
b) b is called a quasiabsorbent of a if b is an f-quasiabsorbent of a for each 

JeF. 

6. Note. By the definition of an algebra-lattice and by 3, it is clear that o and a 
are absorbents of a for each a e A. 

7. If fe Fn and if bt (i = 1, ..., n) is an f^-absorbent of an element ae A, then 
n 

A b| is an f-quasiabsorbent of a. 
i=-l 

Proof. It is 
n n n n 

Af(a, ...,a, Abt,a, ...,a) % A f(«, .••,«, bj9a, ...,a) g A bj. 

j — 1 times j — 1 times 
8. a) Iffe F„, i e {1, ..., n} and if by (y e F) are f^-absorbents (f absorbents, 

fquasiabsorbents) of an element ae A, then A byis an f^l)-absorbent (an fabsorbent, 
yeT 

an f-quasiabsorbent) of a. 
b) If by (y e F) are absorbents (quasiabsorbents) of an element ae A, then A &* 

yer 

is an absorbent (a quasiabsorbent) of a. 
Proof. It holds 

f(a, ...,a,Aby,a, ...,a) g f(a, ...,a, by,a, ...,a) g bv 

i - 1 times i - 1 times 
for each y e F, hence 

f(a, ...,a,Aby,a, . . . ,a) ^ A by 
' - ^ ' v e T y e r 

i — 1 times 

The remainder parts can be proved analogously. 
9. Iffe Fn and ifbt (i = 1, ..., n) is an f-absorbent of an element a e A, then 

f(h>...,bn)^ A*v 
i = l 

Proof. It holds 

f(bi9 . . . ,b i - i ,bf ,b<+ i , «..,bn) §/((7, ...,a,b(,a, ..., a) £ bt 

i— I times 

for each ie{l , ..., w}, thus f(bl5 ..,&„) ^ A*?.-
- * i 



10. a) Let feFn, ie {1, ...9 n}. We say that an element ae A satisfies the con
dition (P / (o) if for each f(0-absorbent b of a and for each element x g a of A, 
f(b, ..., b, x, b, ..., b) is an f ( 0-absorbent of a. 

i — 1 times 
b) Let fGF„. We say that aeA satisfies the condition (Pf) if a satisfies the 

condition (P / ( l )) for each i e {1, ... , n}. 
c) We say that aeA satisfies the condition (P) if a satisfies the condition (Pf) 

for e a c h f e F . 

11. Iffe Fn and if an element aeA satisfies the condition (Pf), then the following 
conditions are equivalent: 

(1) a has exactly the trivial fquasiabsorbents (i.e. o and a) and f(a, ..., a) ?- o. 
(2) a has exactly the trivialf{i)-absorbentsfor each ie{l, ..., n} andf(a, ..., a) # o. 
(3) f(a, ..., a, x, a, ..., a) = a for each o =£ x ^ a and for each ie {I, . . . , n}. 

i— 1 times 
(4) FOr each i e {I, ...,n}, any f{i)-absorbent x of a is fidempotent (i.e. 

f(x, ..., x) = x) and for each fl)-absorbents b(0 # 0, bf * o, bf * o of a, 

f(b(0, ..., b(0, b(0, ..., bf) = f(bf, ..., bf b(0, bf, ..., b2°) 

i - 1 times i - 1 times 

implies bf = b(
2°. 

Proof. 1 => 2: Trivial. 
2 => 3: Since a satisfies the condition (Pf), f(a, ...,a,x,a, ...,a) is an f ( 0 -ab-

i— 1 times 
sorbent of a, hence it is equal to o or a. Letf(a, ..., a, x, a, ..., a) = o. 

i- 1 times 
Then x is anf (0-absorbent of a, and sof(O, ..., a) = o, a contradiction. There

fore f(a, ..., a, x, a, ...,a) = a. 

i— 1 times 
3 => 1: Let O ^ b be an f-quasiabsorbent of a. Then 

n 

« = A / ( f l 5 • • , « , 6- <*> — , a ) ^ *>> 

i — 1 times 

hence b = a. 

2 => 4: Trivial. 
4 => 2: Let O ^ b be anf(l*>-absorbent of a. Thenf(b, ..., b) = b and 

f(b, ..., b) ^ f(a9...9a9b9 a, - » «) £ *• 

i— 1 times 



Consequently 

f(t^lb bi b> - ' b) = f ( ^ l Z ^ *' "' "" ̂  
i— 1 times /— 1 times 

hence b = a. 

12. LetfeF,,, / e { l , . . . ,«}. Then anf(°-absorbent (anf-quasiabsorbent) b of 
an element a e A is called minimal if b is a minimal element in the ordered set of 
all non-zero f(i)-absorbents (f-quasiabsorbents) of a. 

13. Letf e Fn, let an element aeA satisfy the condition (Pf) andletb^i^ 1, ..., n) 
n 

be a minimal f{i)-absorbent of a. Then b = A **is either equal to o or it is a minimal 
i=i 

f-quasiabsorbent of a. 
Proof. Let b ?- o. Then by 7, b is an f-quasiabsorbent of a. Let o < b' < b 

be an f-quasiabsorbent of a. Since a satisfies (Pf)9 f(a, ..., a, b'9 ..., a) is an 
/—1 times 

f(i)-absorbent of a and f(a, ..., a,b', a, ..., a) £f(a, ..., a, bi9 a, ..., a) < bt. 

i-\ times /—1 times 
Hencef(a, ..., a, b1, a, ..., a) is equal to o o r i , . In the first case, b' is anf(0-ab-

i — 1 times 
sorbent of a and o < V < H 4 j 5 a contradiction. Thusf(a, ..., a, V, a, ..., a) = 

/—I times 
= bf. This implies 

« n 

b = A ^ =7 A / (« , • . . ,« , b', a,..., a) ^ b', 

i — 1 times 
a contradiction. 

14. Let feFn9 / e { l , . . . ,»}, a, b1? ..., b^l9 bi+l9 ...,bneA. We shall denote 
by (a : bl9 ..., b^l9 bi+l9 ..., bn)f{i) such element of A that x <i (a : b1? ..., 
bi-ubi+l9 . . . ,bn) / {0 if and only if f(bl9 ...9bi_1,x9 bi+i, ...9bn) ^ a for each 
element xe A. 

(a :bl9 ..., 6 | - i , 6|+j» -..-6„)/<D is called an f{i)-division of a and bx, . • M 6 | . 1 > 

*.+ l A -

15. a) LetfeF„, /e {1, . . . ,«}. Then 91 is called anf(iJ^-division algebra-lattice 
if there exists anf(i)-division of any a and b1? ..., b^l5 bi+i, ..., b„ of .A. 

b) 91 is called an f division algebra-lattice if 91 is anf(itdivision algebra-lattice 
for each / = 1, ..., n. 

c) 91 is called a division algebra-lattice if 91 is an f-division algebra-lattice for 
eachfeF. 



16. a) Letfe Fn9 i e {1, ..., n). Then we say that 21 is zxif^-complete distributive 
algebra-lattice if 

f(al9 . . . , a £ - i , \f by9ai+l9 . . . ,_„) = V f(al9 ...9a^l9 by9 ai+l9 ..., an) 
y e T y e T 

foi each al9 ..., ai-1? af+1, ..., a„, by (y 6 F) of A. 

b) I f feF n , then we say that 21 is an f-complete distributive algebra-lattice if 21 
is anf(f)-complete distributive algebra-lattice for each i = J5 . . . , n. 

c) We say that 2t is a complete distributive algebra-lattice if 21 is an f-complete 
distributive algebra-lattice for each fe F. 

17. 21 is a division algebra-lattice if and only tf2I is a complete distributive algebra-
lattice. 

Proof. "==>": Let 21 be a division algebra-lattice, fe Fn, ie{l, . . . , n } , a l s ..., 
fli-i, ai+1, . . , #„, bv (y e F) of A. Let us suppose that c is an element of A such 
that f(al9 . . . , ai-1? bv, ai+i, ..., an) g c for each y e F. Then bv ^ (c : ax, ..., 
ai_!, aJ+1, ..., an)/(o for each y e F. This means that 

V by <^(c :al9 . . . ? a i _ 1 , a i + 1 , . . . ,a n ) / ( i ) 

hence we obtain 

f(al9 ...9at-l9yby9ai+l9 . . . ,a„) g c, 
y e T 

therefore 21 is f('^-complete distributive. Since f is an arbitrary operation of F, 
21 is a complete distributive algebra-lattice. 

"<=": Let 21 be a complete distributive algebra-lattice, fe Fn, ie{\, . . . ,w}, 
a, i j , ..., bi_.1? bi + 1 , ..., bn e A. Let cv (yeF ) be all elements of A such that 
f(bj, ..., bi_l5 cv, bI+1, ..., b„) <; a. 
Then 

f(b1? ...9b^l9y cy9 bi+1, ..., bn) = W f(bl9 ...9bi-l9cy9 bi+1, ..., bn) g a, 
y e T y e T 

hence 

f(b1? . . . , b i - ! , y cy9bi+l9 . . . ,bn) = (a : bl9 ..., b,-!, bi+1, . . . ,bn)/(o. 
y e r 

This means that 21 is a division algebra-lattice. 
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Souhrn 

O SVAZOVÝCH ALGEBRÁCH 

JIŘÍ RACHŮNEK 

V článku jsou studovány absorbenty prvků ve svazových algebrách. Je tím 
dosaženo zobecnění výsledků získaných O. S t e i n f e l d e m pro svazové grupoidy. 
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Pe3ioMe 

K PEIUETOMHWM AJ1TEEPAM 

M. PAXVHEK 

B CTaTte paccMaTpHBaioTOt aGcopóeiYra 3JieMeHT0B B pemeTOHHJbix ajireSpax. 
3THM AocTHraeTCH o6o6in,eHHii pe3yjií>TaTOB nojiyneHHbix O. IIlTeHH^ejibAOM AJTH 
pemeTOHHbix rpynnoM/TOB. 
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