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A study of differential equations and systems admitting 

some solutions of the prescribed properties is very important 

from the physical point of view /4/ # The mathematical meaning 

of this problem consists of their finding to the given solu

tions. Thus, such a problem can be regarded as an inverse to 

the usual ones. Although nonconstructive approaches allowing to 

omit certain alternatives only are considered sometimes in this 

field, a "power" of sufficient conditions with respect to their 

necessity may be judged at that time at least. 

Consider a system of first order differential equations 

(1) X' » F(t,X) /* H -2- / , 
dt 

тrг The author gave a lecture on its applications at the Collo
quium on the Qualitative Theory of Differential Equations 
(Szeged, August, 1984) 
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where F £ C : R1 x Rn -* Rn and assume that all solutions 

X(t) are uniquely determined by the Cauchy's initial values 

(2) X(O) - XQ 

and continuously depend on them* Our aim is to secure the 

existence of a solution X(t) of (1) with 

( 3 ) l im sup | ( X ( t ) - i l ( t ) | | < o o ( 
I t ! - * - * 

where Al (t) is an everywhere continuous function of the 

prescribed asymptotic behaviour* 

The following intuitively clear lemma which if only a 

slightly modified assertion from /5, pp*178-180/ allows us to 
realize it* 

Lemma * L ^ j ^ ( t ) } ^^tJie^se^o^uejjcjB .o^ssljut^ons^of ±1^ such 

SfiSKPXP£y~PiP3PD& *k(x) iP-flSfiPSfl^PIL S^S iP&PSySk ^*"Tk'Tk ^ * 
where l im T. • <x=> and 

k-*oo * 

( 4 ) X k ( t ) - j Q ( t ) £ l t ^ < - T k ' T k > ' 

snJLrA * &esp£ps» & k°spiei SPizPSt-Pl* R° sn& -^ ( t ) ip^hp a ° ° v e 

iySPSJ-SPj. JfiSPmmtiJ^PSPSPSPSPmPi* i 8 S 8 i -£n-S £°Auti5!l x ( t ) with K-
P r o p o s i t i o n . The, *y2.tS.m~(i.)ja!Lmkt2. a s o l u t i o n X ( t ) 2i-£hJL3)A 

S^.fln.»tJle.«*£-.i^-ii9«t.S0»c.2n.i-ii.5n.fL .tr.S sat is f ied . 

, . F(O.X) F(O.-X) 
( i ) \ ' / - • - • • ' /F(O.X) f 0/ 

(F(O.X)f (F(O.-X)I 
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for II X ([ ^ R > 0 # # # jjreaj^ ^n^u^h^niurobie^r, 

( i i ) a fir^o^i^urii^o^ro^b^uridedjies^s^o^f j * l l Sfiluttop^ X ( t ) 

o f_the_P£ob»1e ro^ (1) (] ( 1 ^ ) , where 

( 1 ^ ) X( i^T k ) -- X(0) *jJ-& (- Tk) ^ € ( 0 . 1 ) . 

| T k | e ( 0 , o o ) /*?£. Lemroa/ nand 1 -d i*««#
c.°ilsi« 

P r o o f # Let us consider the sequence of the boundary value 

problems ( 1 ) 0 (1^) for k « 1 , 2 , # # # and define in a correspon

ding way the modified t rans la t ion operator T /see / 5 / / as 

t [ x ( i ^ T k f X 0 ) - X ( 0 ) - ^ 1 i l ( i T k ) 3 / ( i ^ T k ) for ^ € ( 0 , 1 ' 

T ^ ( X 0 ) , -

* F ( °» X
0 ) f°r ^ » 0, 

where X(t,XQ) - X(t,X(0)) is the solution X(t) of (1) with (2), 

It is obvious that the problem (l)fi(l,) is solvable for 

a fixed k if and only if 

(5) T ^ X Q ) = 0 # 

But since we assume on a priori uniform boundedness of the 
expressions from (ii), which implies 

Y-(X0> * 0 ^€(0,1) 

for l(X0H> R###great enough number, the satisfying 

(6) TQ(X0) * 0 for !|X0!I . R 
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±8 enough instead of (5) (see /3, p4 20/, for more details see 

also /!/) and consequently, we may only assume 

To<xo> " ( 1 •* )To(-xo> * ° f o r VC(0 #1). 

because the topological degree 

d [To<xo)-To<-xo)> Hxo" ̂  R'°] * ° for '|xo" " R 

with respect to the Borsuk theorem (see /3, p. 24/)„ That is, 

however, (i) for F(0,X) j* 0. 

This guarantees the existence of solutions X. (t) of 

(1)0(1}) with (4) on the interval <- T
k-T k> for k - l,2,#*e 

and that is why at least one solution X(t) of (1) with (3) 

must exist with respect to Lemma, too* 

R e m a r k» If there exist such a function Y(t) and such a 

constant co that 

(7) F(t • OJ . Y(t + G) )) - F(t,Y(t)), 

the existence problem of a solution X(t) of (1), which is par

tially periodic (i*e« in one its component at least), is rea

sonable* 

Since (7) yields for such solutions X(t) that X*(t+ cu ) s 

• X*(t), it is necessary to rsplace condition (3) by 

X(kco) - X(0) « il(kcAj) /Tk « ko?/ 

with one component of the vector XL (to) not equal to zero at 
least and Lemma by the assumption of an "X I (k&>)-periodicity" 
of the function F(t,X) in X allowing to provide an cw -partial 

periodic prolongation of solutions X(t) on the whole interval 

(- o o , o o )• 
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E x a m p l e . Coneider the e p e c i e l eyetem ( 1 ) f o r n • 2» 

( 1 * ) X* - AX + F 0 ( t , X ) , 

Г X 

V 
, A -

гo ť 

,y] C 0 
. F o ( t . X ) 

f ( x ) + Є ( t ) + C ^ t 

and f ( x + 1 1 ) - f ( x ) , e ( t + w ) • e ( t ) . 

I n view of Proposition and Remark, i t can be proved i n an 

analogous way to /Z/ that ( 1 * ) admits for 0 /• |c| L 1/yj 

a s o l u t i o n X ( t ) with y ( t + 6u ) a y ( t ) and x ( t + (g ) i x ( t ) . 

Following the idea o f R . R e i s e i g / 6 / , we can 

furthermore specify this solut ion X ( t ) to be j u s t one under 

the hypotheses 

0 ^ c(x - y ) 2 + [ f ( x ) - f (y)] (x - y) < (x - y ) 2 , 

resp. 0 > [ f ( x ) - f ( y ) ] (x - y) + c(x - y ) 2 , 

holding for a l l r e a l x , y . 

f_ _H L

ri_ £m h A etLee A "* R.. T-°- L*!. Sm i8„ JL JL*m £m & "* 8 £m JS * T ^ i n g intO 
account the boundedness of solutions of (1) /_Q(t) s 0/» it 

can be seen by stepwise critical reading the proofs in /!/ 
that the criteria, obtained there for the so called D#-diver-

gent solutions via the Liapunov's direct method, guarantee 

simultaneously the uniform a priori boundedness of those to 

(1)0(1/1) for ̂ e (0,1̂ >, and consequently a bounded solution 

is admitedd under (i)* 
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SOUHRN 

OISTÁ UŽITEČNÁ PROPOZICE PRO NELINEÁRNÍ DIFERENCIÁLNÍ SYSTÉMY 

S ŘE5ENÍM PŘEDEPSANÝCH ASYMPTOTICKÝCH VLASTNOSTI 

3AN ANDRES 

V práci je vyslovena propozice, umožňující studium obec

ných diferenciálnich systémů vzhledem k existenci jejich ře

šeni, majicich předem zadané vlastnosti* S využitím modifiko

vaného Krasnoselského lemmatu a výsledků teorie topologického 

stupně zobrazeni je tento problém převeden na otázku a prior-

nich odhadů řeéení jisté posloupnosti okrajových úloh a li

chosti normovaného operátoru pravých stran. 

.-
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ОДНО ПОЛЕЗНОЕ ПРЕДПОЛОЖЕНИЕ ДЛЯ НЕЛИНЕЙНЫХ ДИФФЕРЕНЦИАЛЬНЫХ 

СИСТЕМ РЕШЕНИЕ КОТОРЫХ ОБЛАДАЕТ ЗАДАННЫМИ 

АСИМПТОТИЧЕСКИМИ СВОЙСТВАМИ 

ЯН АНДРЕС 

В работе сформулировано предложение, удобное для изучения 

общих дифференциальных систем по отношению к существованию их 

решений с заданными свойствами. При помощи обработанной леммы 

Красносельского и результатов теории топологической степени 

отображения приводят эту проблему к вопросу об априорных оцен

ках решений одной серии краевых задач и нечетности нормирован

ного оператора правых частей. 

AUPO- F a c , r . , n a t # 8 5 , Mathematica XXV, (1986) 
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