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ON A GENERALIZATION OF NETS 

JAROSLAVA DACHANOVÁ 

(Received April 30, 1987) 

This paper is concerned with the study of nets, where 

groupoids participate in an algebraical expression. These 

problems vere studied by M.A.Taylor, V.D.Belousov, N.I.Pro-

dan, particularly for 3-nets. This paper studies the nets of 

an arbitrary degree. It appears that in general the apparatus 

of groupoids are not sufficient to this purpose and certain 

admissible relations are to be used. Under cartain conditions 

it becomes possible to pass from them over to the groupoids 

or even to quasi-groups with the help of homotopies. These 

problems were investigated by V.Havel, G.£upona, D.Usan, Z. 

Stojakovic in general, and we are investigating them for the 

nets of dimension 2. 

A (general) net is defined as a quadruplet (^PtJtf, 

{*CL) ^v,I), where T is a non-empty set of elements called 

points, *4£ is a non-empty set of elements called lines and 

(j£, ),£"va system of mutually disjoint subsets of dC (called 
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pencils)* the union of which is £6 . J is a set of indices 
JfcsJ ~ 3, I Cjr&^C is a n incidence relation and the follow

ing conditions are satisfied: 

(i) y € e% 3PC*J , PI/ , 

(ii) V P ^ ^ n c ) 3 ^ € < , PI£ 

( i i i ) vL6 J Vk,h€-^; k * h {xerP| Xlk, Xlh} = j3, 

(ii i i) v<x,/3,^€J; oit/h fjh v(lt(2t(3 (^X*, 
i2efyt tze£y# {xe3>\xi(lt(2tfz } * i . 

Lines of the same pencil (distinct pencils) are called pa

rallel (non-parallel) and we write a // b (a)j(b). The points 
A*,A,-,,... are called collinear if there is e line a such that 
1 z 

Aц. We . The lines a*,â  

are called concurrent, if there is a point P such that 

A^I denote it by A.A
?
. 

a
2
IP .. .We denote it by a- ,a«,. . . . 

We denote by [?J: -= {x€^fxi^] for every (£ J£ . 
By a degree of a net the cardinality of the set J is meant. 

Under a homomorphism of neti/rV
>=- ('fe,&£, (J£t )(,£ .7 »* )

 o n t o 

a net / " ^ (J*,^', (Jt[ )uy , I ') we understand a couple (JT.A) 

of surjective mappings 7^: J^ !P , ^: ̂ - > -^'such that 

(i) P I / **> y(P)l'A(/) , 

(ii) (/**£ —a>A(0€-tf/) V t 6 j . 

If y, ̂  are injections, then (/^,A) is called an isomorphism. 

We sayyT= ( J> , -if, (JC L )L& J, I) is solvable if for every 
two lines a,b from distinct pencils jVj/1 [bj / £5. Jfls 
uniquely solvable if there exists one uniquely determined 

point P a fa] tl [b]. The uniquely solvable nets are called 

as classical nets. 

We say jV^ ±s a Cartesian net if there exist two signifi
cant pencils denote °t * , eg 2 1,2 £ J such that 

a£«£lf b€«^2 =->( 3.P6.P Pla , PIb) . 
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Let {SL W v be a family of non-empty sets with the 

index set J , #-J =* 3. A subset fJ'C X SL is called an ad

missible relation if 

C1) proj^CT = $i for every £ £ J, 

(2) for every (st),,* , (
z<,)(,6,7 ^ ̂  i-{: t n e r e exist 04, 

/3 . /** J <X / /3 /*?"/* * such that s^ = z^ , s^ = z^ , 

s^= z^, then (s6)i6j = (*i)i6y • 

Theorem 1. For every admissible relation (5"CXS (where S, 

are mutually disjoint) there exists a net jfT= (ID ,,££ , (̂  ) v, 

I), such that X -(y 

ckJ = Us cfc?t= Sf V, 6. J; 

(sJ,£j iy<*~>y € KL^J. 
(Notation: slfls a net over 6^ )-

T o t h e p r o o f . The condition (i) from the defi

nition of net is'satisfied since proĵ <3T = St for every 

t 6 J , The conditions (ii) and (iii) folow from the fact 

that C^CXS/ and if(l) holds. The condition (iiii) follows 
U 3 

from (2) of the definition of dr* . 

Theorem 2. For every net Jf*= (\P,<>o , (*>ot )/6»7 »*) there 
exists an admissible relation (Ŝ C *X ~ such that (a, ) v 6 0" 
iff all lines of the set £at$ are concurrent. 
(Notation : 0^ is associated to^A ). 

T o t h e p r o o f . Property (1) of the admissible re

lation follows from condition (i) of the definition of a net. 

Property (2) follows from condition (iiii). 

Under a homotopy (an isotopy) of an admissible relation 
we mear 

s. - * s; 
&C X S, onto an admissible relationC^'C X S . we mean a 

system of surjective (bijective) mappings & 
such that 

( s O t 6 j g < r ^ > ( # < 8 . > W * e ' 
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The isotopy of admissible relations with the same index set 

is an equivalence relation; two admissible relations from 

the same equivalence class are said to be isotopic. 

Theorem 3. Let ^/T - (fti°£ #(e6t ) , , y * I) D© a net« Then the 
net JT* over the admissible relation associated t o / is 
isomorphic to y/f . Let <5TC X S, be an admissible relation. 

Then the admissible relation &1 associated to the net over 

& is isotopic to <5" . 

T o t h e p r o o f . The isomorphism of nets is (5T,id^), 

where ^ maps every point A6.fi onto the point (at)t6y # 

where Ala^ for every I £. J. The isotopy of admissible re

lations is (ids ) / j . 

Let C c X S, be an admissible relation. We say O"' is 
16 J 

solvable (uniquely solvable) if for every two elements s^ , 
s/b ' soC ̂  ^*t • s/b ** ̂V* there exist (uniquely determined) 
elements st L£ J

r\{oC t>} such that (s^ )L y G <-T . 

Clearly the solvable (uniquely solvable) admissible re

lation is associated to a solvable (uniquely solvable) net. 

And coversely: every solvable (uniquely solvable) net is a 

net over a solvable (uniquely solvable) admissible relation. 

Let (ycxSt be an admissible relation, **sL an equiva-

lence relation on SL tfiJ. We denote S 4 / ^ = SL and define 

the relation <p C X S. as follows: 

V X t6 SA (Xt)t4 y £ <T <-*>Vt6Jr 3s t6 Xt6 Sc (st )tCr>
6^-

Then jy is an admissible relation called a factor relation, 

written as 9 = ® V ( ~ , ) t £ > > -

One example of the equivalence relation: Let CJ'cxS, 

be an admissible relation. For everyo<£ J we define the 

relation ^-^ on S^ as : a ̂ b means that for every/3 , O* €. J 
<*/ /3 / p ? oC (xt ) t 6 J6©', where ^ - - a , x^=x, x ^ = y if 
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and only if (VL ) t 4 j ^ ' where y^ = b, y^ = x, yp = y . 

LetCC ^ v S t be an admissible relation. We put 

^/yp (x*'x/*>) = {xy,eSy,J(xl)l£^£e'J for every triple 

(oC , fi , 7») € 2T5 and for every x^e. S^, x^€ S^. If (̂  is 

a solvable relation then (5^ A-/, ( X ^ X A) /- P for every 

(<*./$ ,'p)e J5 and for every x ^ S ^ , x ^ S ^ . 

The solvable relation <3" is called regular if for every 

triple (CX./S ,<7»)6 jj5 the set { ^ ^ (x^, x^) J x ^ S* , X/>£ S^} 

is a decomposition of the set Ŝ u, (corresponding to some 

equivalence relation /^,y^ on S'V-*). 

Theorem 4. L e t ^ C X S, be a regular admissible relation. 

^0 
Then OV/- x is a uniquely solvable admissible relation. 

T o t h e p r o o f . Since ^ i s a solvable admissible 

relation, then with respect to the definition of regularity, 

<& SB <s* /( .x* ) *w is solvable, too. 

Analogously to the set G^|.-y,(x^, XA) for ^ w e now define the 

sets O^A/*. (X^/X^j) for the relation ^ = ^ / ( ' v j ^ v * W i t n 

regard to the definition of a regular relation it becomes 

evident that # §U^<*,(V*X/*) = 1 f o r e v e rY (<**/*. 7*) ̂  J5 

and for every X^CS^, X A C S ^ . 

Hence it follows that the relation <3* is uniquely soly<ib»ie. 

Corollary : Any regular admissible relation can be mapped 

onto a uniquely solvable admissible relation by a homotopy. 

T o t h e p r o o f . *We d e f i n e a system of s u r j e c t i o n s 

CPi : SL ->S6 such t h a t 

f ( x l . > = Xt, % Q X ^ 

Xi C5 o . * X . €& O/ . 

There may be found to all properties of the admissible re

lation corresponding properties and corresponding theorems 

for nets. The most important of them are considered below. 
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Theorem 5. Let JT= ( 0^^ * ( *£L )L 6 J>" ) D e a regular net. 

Then there exists a homomorphism which maps the net to a 

classical net. 

Under a three-basic groupoid we understand a quadruplet 

(A^.Ap.A^, . ), where A^ApjA- are non-empty sets and • is a 

mapping « : A^ X Ao — * A3 (a»D) f—> a.b 

Theorem 6. Let ,/f"* be a Cartesian net, <5̂  an admissible 

relation associated to JT'. Then there exists a system of 

three-basic groupoids ((S,. tS0,S„, . .. ) ^ , . ) canonically 

determined by <fr . * I J 

T o t h e p r o o f . With regard to the definition of 

a Cartesian net a 6. oC^ . b £ o£ - ^ B i P C ^ Pla, PIb and to 

the axiom (ii) of the definition of net (exactly one line 

from every pencil is incident with P) for relation & there 

must hold S
1 ^ S 1 I

 S
2 £ S 2 - ^ 3 - S ^ S ^ °< € !}\{lf2} ( s< ) L & y && 

and the mappings .̂  : S.XS^ —-> S^ o( 6 ̂  a r e given. 

Let C £-* XS« be an admissible relation associated to 

a Cartesian net such that | St = constant for every t & J 

Then (? determines a system of three-basic groupoids and 

let S be any set the cardinality of which is # SL . The 

system of bijections CfLi st —> S for every. 6 .!? maps our 

system of three-basic groupoids by isotopism onto a system 

groupoids ((S, . ^ ) ^ € y \/i,2} ) # Hence it holds : 

If ^JT ±s a Cartesian net for which f ^ = constant for 

every L £ J , then the corresponding algebraical system is 

a family of groupoids. If the net jf^ls a solvable Cartesian 

net, then the equations s. .^ x = s©c * Y <K s? ~ S*K a r e 

solvable for every s*€ S,, , s2 £ S 2 , s^fS^ for every 

&* & *JNjl,2j and we obtain the family of D-groupoids 

(PRODAN) called also solvable groupoids, or groupoids with 

division. If the net v/r is a uniquely solvable (obviously 

it is a Cartesian net and #*W = constant), i.e. a clas

sical net, then.all groupoids are uniquely solvable and we 

obtain the family of quasigroups. 
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Conclusion : Let .yr be a regular net and <5̂  an admissible 

relation associated to Jf . Then the system of three-basic 
groupoids determined by Q^ is nomotopic to a system of 

quasigroups. 

Thus we have found an important class of regular 

solvable nets. The fact that they can pass from the epi-

morphism to the classical nets guarantees that this gene

ralization is reasonable and is worth of investigating 

their properties. 

Example of a regular solvable admissible relation ; 

Let S, be the sets of complex numbers having absolute value 

equal to k for k ̂ {2,3,6,12,18,36,72,108,216,432,648, 

1296,...} =. D where k = 2 m.3 n , |m-nj = 1 m,n£Nu{ol . 

(N is a set of natural numbers.) 

! * ' ( • > put 6" = { ( 9 t ) Ł € N Js t = s™.s£ ,. Ł = m+2n j«,-nj = l ] C 

C s 2 x s 3 x s 6 x . . . x s k X . . . 

Then & has all sequested properties. 

The corresponding equivalence relation A / , k 6 J are the 

relations of diametrally opposite points on S.. The factor 

relation 6̂ /(*%*•. ). x* i s isotopic to 

{ ( X t ) 6 C N | \\\ . 2 , |X2J -- 3,..., !XJ = 2
m.3 n .... 

X t - X™.Xn i f I =• m+2n Jra-nJ = 1 m,n € NU (o ] , 

Now we make a system of three-basic groupoids. 

( (S 2 ,S 3 ,S , , •• ), \< ). *k i s defined the fo l low ing way: 

S t = s l * |<s2 <SS3r> sfc- = s l® s2 ' S l ^ S2 * S2 ^ S3 * s t ^ Sk * 

6 = m+2n jm-n| = 1 , * i s product of complex numbers. 
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0 JEDNOM ZOBECNĚNÍ TKÁNÍ 

Souhrn 

V článku se zavádí pojem obecné tkáně a k ní příslušné
ho algebraického protějšku - přípustné relace. Specielně 
kartézským tkáním odpovídají tzv. tříbázové grupoidy. Uka
zuje se, že třída regulárních řešitelných tkání je významná 
tím, že každou její tkáň je možno epimorfně zobrazit na 
klasickou tkáň. 
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Резюме 
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