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Abstract

Sufficient conditions for the existence of a solution to periodic
and anti-periodic boundary value problems associated to nonlinear
second-order differential equations are given by means of the Schau-
der fixed point theorem. The apporopriate Green functions are given

explicitly.
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Introduction

This paper was stimulated by an earlier note [1] by G. G. Hamedani and B.
Mehri, where the explicit construction of the appropriate Green function has
been employed for the solution of the second-order periodic boundary value

problem (BVP)
"+ ke = f(t,z,2'), 290)=200T), j=0,1,7>0,

k > 0 is a suitable constant.
Here, we would like to do the same for & < 0 at first, and then for an

arbitrary real k, when

29)(0) = —2U)(T) for j=0,1.

The latter is called an anti-periodic (or half-periodic) BVP.



Observe that if
f(t,l‘,y) = f(t +T:3,y) or f(t)z)y) = —f(t +T7 "-'L',—y),

then the existence of T-periodic or 2T-periodic solutions is obtained at the same
time as well.

We are, unfortunately, not very familiar with the results concerning anti-
periodic BVPs except those considered in abstract spaces (see e.g. [2], [3], [4]) or
those which can be deduced from the criteria to more general problems like semi-
periodic BVPs (see e.g. [5], [6]) or BVPs with nonlinear boundary conditions (see
e.g. [8], [9]). Nevertheless, our related statements cannot be trivially deduced
from the above quoted papers, either.

Preliminaries
Consider the BVP

¢ +kz = f(t,z,z'), feC[0,T)xR?, (1
z(0) + pz(T) =0, =z'(0)+ ¢qz'(T) =0, (2)

where p,q € {—1,1}, k € R'. Besides (1)~(2), consider still the linear homoge-
neous BVP (3)~(2), where

" +kx=0, keR 3)

and p,q € {-1,1}.
It is well-known (see e.g. [10]) that the solution of (1)-(2) is the same as the
one of

T
z(t) = /0 G(t,s)fls,z(s),z'(s)])ds := Flz(t))] 4)

as far as Green’s function G(t, s) to (3)—(2) exists. This is true if problem (3)-
(2) has only the trivial solution (see e. g. [10] again). Applying the Schauder
fixed-point theorem (see e.g. [11, p.322]), it is sufficient to show that a closed
convex subset S of Banach space B of all continuously differentiable functions
on (0,T), with the norm

Il z(t) II:= t&lg%ﬂﬁ(t)l + '@, -
exists such that

F(S) CS. (5)

Indeed, it is namely well-known (see [11, p.123]) that the integral operator
F[z(t)] in (4) is completely continuous.
Hence, our problem reduces, in this way, to two following questions:



I. nonexistence of any nontrivial solution to (3)-(2),
II. validity of (5).

Let us begin with I. Substituting
z(t) = ) cosh vV—kt + Cysinh vV/—kt,

where k < 0 and C; € R' (j = 1,2), into (2), we obtain the system the deter-
minant of which differs from zero iff

pq+(p+q)coshV—kT +1#0

Le.
(p + cosh V=kT)(q + cosh V/=kT) # sinh> V/=kT'.
Therefore,
p # Asinh V—kT — cosh vV—kT
and

1.
q# X sinh V—kT — cosh vV —kT

must be simultaneously satisfied for all real A # 0.

Lemma 1 Problem (3)-(2), where p,q € {—1,1}, admits for £ < 0 only the
trivial solution iff

p=¢q=1 or p=q=-1.

Remark 1 Forp=1, ¢ = —1(orp= —1, ¢ = 1) problem (3)-(2) has infinitely
many nontrivial solutions.

Substituting
() =Cit+Cy,  C;eR(j=1,2),
into (2), we obtain the system the determinant of which differs from zero iff
(p+ 1)(g+1) #0.
Hence, we can give
Lemma 2 Problem (3)-(2) has for £ = 0 only the trivial solution iff

p#—1 and ¢q# -1

Remark 2 For p = —1, ¢ € R! arbitrary (or g = =1, p € KR! arbitrary)
problem (3)-(2) has infinitely many nontrivial solutions.



Substituting
z(t) = Cj cos Vkt + Cysin \/Ei-, C; € R

(7 =1,2) and k > 0, into (2), we obtain the system the determinant of which
differs from zero iff

pg+ (P+q)cosVkT +1#0

ie.
(p + cos VkT)(q + cos VkT) + sin?’VkT # 0.
Therefore,
p # Asin VT — cos VKT
and

-1
qF# —/\~sin kT — cos VkT
must be simultaneously satisfied for all real A # 0.

Lemma 3 Problem (3)-(2), where p,q € {—1,1}, admits for ¥ > 0 only the

trivial solution iff
@2m+ )

N

p=¢g=1 and T #
or 9
mm
=q=-1 and T # —
P=q 76 \/I_c_
where m =0,+1,42, ...

Remark 3 Forp=1, ¢ = —1(or p= —1, ¢ = 1) problem (3)-(2) has infinitely
many nontrivial solutions.

Let us go on to the verification of II. Defining (see above)

S:={z(t)eB: | z(t)||<D, DeR"%},

it is clear that S is closed and convex. Therefore, it is enough to show that [see

@] |
| Flz@®)] 1< D,

where D is a suitable positive constant, in order to prove (5).

Assuming the existence of a piece-wise continuous function H (¢, r) (with the
finite number of the discontinuity points) on (0,7"), r > 0, which is nondecrea-
sing in r for each fixed { €< 0,7 > and such that

ft,z,y) < H(t, |z|+ |y]) fort € (0,T), [z,y] € R?, ke R (6)

is satisfied, we can give
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Lemma 4 Let the assumptions of Lemma 1 or Lemma 2 or Lemma 3 be sa-
tisfied. If there is still a constant D > 0 such that

max H(t,D) < — D

te(0,T) TG’ @
where 8G(t )
G= tg(xoa}) {sér(xgx)[l("(t )+ | ——= ]} (>0) (8)

G(t, s) is Green’s function associated to (3)-(2), then

|| Fle@)) I D forall z(t) €S.
For the proof see [12] (cf. also [13]).
Remark 4 Conditions (6), (7) are obviously fulfilled, when constants My > 0,
M > 0 exist such that

|f(t, 2, 9)| < Mo+ M(Jz| + |y]) forallt e (0,T), [z,y] € R?, (9)
where M < Gl—T

Main results

Now, let us define the appropriate Green functions to (3)-(2).
l.p=¢=-1and
a) k> 0:

cosx/z(t—s—%)
VTP E) e 0<s<t<T,
2Wksin kL SRS
G(t,s) = Vi
cos Ic(t——s—{-%)
S T for0<t<s<T,
2Vk sin k:.rz— risises
where T € (0, 7"-;),
b) k < 0:

cosh /—k(t — s — %) for 0 < s <t <
2v/=ksinhv/~k or0<s <t <7,

osh vV —k(t — z
L _( st 3) for0<t<s<T,
2V —k smh\/——_l?% - -

G(t,s) =

11



2.p=q=1and
c) k=0:
%(t—-s—-—’g) for0<s<t<T,
G(t,s) =
1 T
—(s—t — — < £
2(.5 t 2) for0<t<s<T,
d) k> 0:
sin\/E(i—S—%)
——F>%= for0<s<t<T,
2\/ECOS\/E% or0<s<t<
G(t,s) = Vi
sinvk(s —t— L)
——F=*" for0<t<s<T,
2Vkcos vk L rhsrses
where T € (0, ér;),
e) k<O0:
inh vV—k(t —s— L
sin ( S Tz) fOI‘OSSStST,
2v/—k coshvV—k 5
G(t,s) = -
inhv/—k(s —t — L
_sn (s Tz) for0<t<s<T,
2v/—k cosh v~k 3

Thus, we can give the principal result of the paper.

Theorem Problem (1)-(2) admits a solution, provided (9) with M < T-1G~1!
[see (8)], where ,

() Ggé—;r—T(l+\/E) (G < f(1+\/']
forp:q:—-landlc>0,T€(0,7"E),(cf.[]),

» 1 coshv=kZT , 1

(i) GSg—Tz) [G<m(1+‘/—_k)]
forp=¢gq=-1and k <0,

GD) ~ G< %(T+ 2)
forp=¢g=1and k=0,

. 1 . 1

(iv) _2(ﬂ_fT(1+f) [Gsm(HW?H
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forp:q:iandk>0,T€(0,7”;),
or

(v) G< 2"\/1?15(1+ﬂ)

forp=¢g=1and k< 0.

Proof — follows immediately from Lemma 4 and Remark 4, when taking into
account the following inequalities:

ad (i)
1 1 b 1
G(t,8)| < —~ <5 = %7 | 2vk)”
IG(t,5)] < 2\/55111\/—%— 2k 2V L 2kT["‘2 k]
'6G(ts) S S S .[>1
ot 2s1\/_%_2%‘/7“-% avkr 1™ 21
ad (i)
cosh\/—— T coshv—k L coshv/=k L 1
1G(t,5)] < < T = < sm)
2vV—k lnh\/_T WV-kV-kF kT 2v—k
aG(t,s)| _ sinhv=FZ 1
ot - 2sinh\/——k% T2
ad (iii)
1T _ T 0G(t,s)| _ 1
ad (iv)

1 1 T 1
1G9l < e Vh T S WA= IR D) ~ aVh (= vAT) [> 2712] :

, 0G(t, 5)
Y

1 1 g 1
< =S > =1,
~ 2cosvkL T 201-2vk 1) 2(7r—\/ET)[ 2]
ad (v)
IG(t, )| < sinh \/—k% 1 coshv— T 1
s =
"= 9v/=k cosh V—k % z 2\/ k coshv/— T W —k’

< cosh\/—kg 1

~ cosh \/——k% T2

’6G(t, 5)
ot
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Corollary 1 If f(t,z,y) = f(t,z) or f(t,z,y) = f(t,y), then the assertion of
Theorem can be obviously improved with respect to G as follows:

T 1 T 1
j < |l<— -
ad (1) G_2lc [SQ\/E] or GSZ\/IETSQ’
hv-k T
ad (i) G<-22 . 2[ 2\/1:;] or Gs%,
ad (iif) Gg% or G=<,

1

i) 0t o ot il

ad (v) G

sinhv/-k L 1
< 2 < or G
= 2v/—k coshv—k L 2

respectively.

Concluding remarks

Remark 5 Under the slight modifications of the assumptions in Theorem, one
can easily extend the above conclusions with respect to the nonhomogeneous
boundary conditions, namely

z(0) + pz(T) = A4, z'(0) + ¢z'(T) = B,
where p,g € {—1,1} and A, B € R!.

Remark 6 Another possible approach consists in the application of the a priori
estimate technique. In this case the explicite construction of the appropriate
Green functions is not necessary.

Example The pendulum equation
z"” + az’ + bsinz = p(t)
possesses, according to Theorem (iii), a 2T-periodic solution, provided b is an

arbitrary real, a is a constant with |a| < 47~1(T + 2)~! and p(t) = —p(t + T)
is a continuous function.
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