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Abstract 

Conditions under which every finitely generated congruence is prin
cipal and those under which principal congruences or tolerances form a 
lattice are presented. 

Key words: Principal tolerance, principal congruence, finitely gen
erated congruence. 
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By a tolerance on an algebra A we mean a reflexive and symetrical binary 
relation on A which is compatible with operations of A., i.e. it is a subalgebra 
of the direct product Ax A. Thus each congruence on A is a tolerance but not 
vice versa. It is known that the set of all tolerences on A forms an algebraic 
lattice LT(A) with respect to set inclusion, see e.g. [3], [4], Hence, for each two 
elements a,b of A there exists the least tolerance on A containing the pair (a, 6); 
denote it by T(a,b) and call the principal tolerance (generated by (a,b)), see 
[3]. A tolerance T on an algebra A is finitely generated if there exists a finite set 
F — {ai, . . ., an} of elements of A such that T is least tolerance on A containing 
all pairs (a;, a ;) for all a2-, aj £ F\ denote it by T(ai , . . . , an). The aim of this 
note is to describe finitely generated tolerances and joins and meets of principal 
tolerances on lattices. 

1 Finitely generated tolerances 

At first, we try to characterrize varietes of algebras whose every finitely gener
ated tolerance is principal. For varieties of idempotent algebras (i.e. algebras 
satisfying f(a, . . ., a) = a for every n-ary operation / and each element a of A), 
the answer is the following: 
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T h e o r e m 1 Let V be a variety of idempotent algebras. The following condi

tions are equivalent: 

(1) every finitely generated tolerance on each A G V is principal; 

(2) for every integer n > 2, there exist n-ary terms p , q such that 

(xi.Xj) e T(p(x1)...)xn))q(xi). . .,xn)) 

for all i,j £ { 1 , . . . , n } . 

P r o o f (1) => (2): Let F G V be a free algebra wi th free genera tors xu . . . , xn 

and T ( x i , . . . , xn) G LT(F). By (1), there exist elemen ts c, J of F such that 

T ( x i , . . . . , x n ) = T ( c , d ) . 

Since F is freely genera ted by x i , . . . , xn then 

c = p ( x i , . . . , x n ) , d = g ( x i , . . . , xn) 

for some n-ary terms p, g. Since (x,-, Xj) G T ( x i , . . . , x n ) , we have (2). 

(2) => (1): Suppose A G V, a x , . . . , a n G A and T ( a i , . . . , a n ) G L T ( A ) . By 

(2), there exists n-ary terms p, g wi th 

( a ^ - ) G T ( p ( a i , . . . , a n ) , g ( a i , . . . , a n ) ) for ij G { l , . . . , n } . 

Hence 
T ( a i , . . . , an) C T ( p ( a x , . . . , a n ) , g(a x , . . . , a n ) ) . 

Conversely, we have 

( a i , a i ) G T ( a i , . . . , a n ) , . . . , ( a i , a n ) G T ( a i , . . . , a n ) , 

thus 
( g ( a i , . . . , a i ) , g ( a i , . . ., a n ) ) G T ( a i , . . . , a n ) . 

Since A is idempo ten t , it gives 

( a i , g ( a i , . . . , a n ) ) G T ( a i , . . •, a n ) . 

Analogously, we ob tain 

( a 2 , g ( a i , . . . , a n ) ) G T ( a i , . . . , an\ 

( a n , g ( a i , . . . , an)) G T(aX).. . , a n ) , 

hence 

( p ( a i , . . . , a n ) , p ( g ( a i , . . . , a n ) , . . . , q(aX) . . ., an))) G T ( a i , . . . , a n ) . 
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The idempotecy implies 

( p ( a i , . . . , a n ) , g ( a i , . . . , a n ) ) E T(a1,...,an) 

whence 
T ( p ( a i , . . . , a n ) , g ( a i , . . . , a n ) ) C T(aX).. . , a n ) 

finishing the proof. 

Corollary 1 For euen/ lattice L, each finitely generated tolerance on L is prin
cipal. 

Proo f Put 
p(a?i,.. , , x n ) = a?i A . . . Ax n 

g(a?i, . . . ,a?n) = xi V . . . V xn. 

By Lemma 2 in [4], 

(xi,Xj) G T(p(*i, • • . ,ffn),g(a?i, . .. , zn)) 

for each i, j G { 1 , . . . , ft}. Since lattices are idempotent algebras, the assertion 
follows directly from Theorem 1. 

2 Joins and meets of principal tolerances 

An algebra A is congruence principal if for each a\)..., an , &i , . . . , bn G A there 
exist a , & G i such that 

0(a i ,&i )V. . .V0(a n , 6 n ) = 0(a,6) 

in Con A. Varieties of such algebras were investigeted in [2], [5], [6], [7]. A 
similar concept was introduced also for tolerances, see [3]: 

An algebra A is tolerance principal if for every ai, &i,. . . , an, 6n G A there 
exist elements a,b £ A such that 

T ( a 1 , b i ) V . . . V T ( a n , 6 n ) = T(a,6) 

in LT(A). Varieties of tolerance principal algebras were characterized in [3]. 
This concept can be modified for algebra with a constant element: An algebra 
A with a constant 0 is O-tolerance principal if for every a i , . . . , an G A there 
exists an element a £ A such that 

T ( 0 , a i ) V . . . V T ( 0 , a n ) = T(0,a) 

in LT(A). It was proven in [3] that every lattice L with 0 is O-tolerance principal. 
On the contrary, it is an easy excercise to show that tolerance principality is an 
exceptional property on lattices. 
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The dual property is the so call intersection property: An algebra A has 
congruence intersection property if every meet of finite number of principal 
congruences is principal, i.e. if for each a i , . . . , an, 61; .. ., bn E A there exist 
a, b E A such that 

0(ai,6i) A . . . A 0 ( a n , 6 n ) = 0(a,b). 

An algebra A with a constant 0 has O-congruence intersection property if for 
each ai, . . ., an £ A there exists a £ A with 

0(0, ai) A . . .A0(O,a n ) = 0(0, a). 

We will investigate lattices having analogous property for tolerances: An algebra 
A has the tolerance intersection property if for each a\) . . ., an , b1? . .. , bn E 4̂ 
there exist a, b E 4 such that 

T ( a 1 , b 1 ) A . . . A T ( a n , b n ) = T(a,b). 

An algebra A with a constant 0 has Q-tolerance intersection property if for each 
a i , . . . , a n E A there exists a E A such that 

T(0, ai) A . .. A T(0, an) = T(0, a). 

The starting point is the result of K. A. Baker [1]: 

Proposit ion 1 ([1], Theorems 2.8, 2.9) Let V be a congruence distributive va
riety. The following conditions are equivalent: 

\ (1) algebras ofV have congruence intersection property; 

(2) there exist li-ary terms d0) d\ such that d0(x, y) u) v) = d\(x) y, u) v) if x = y 
or u = v hold on any SI member of V. 

Theorem 2 Every distributive lattice has the tolerance intersection property. 

Proo f (A) Let V be the variety of all distributive lattices. Clearly V is con
gruence distributive. Put 

d0(x) y) u) v) = (x V u) A (x V v) A (u V v) 

d\(x) y) u, v) = (y\/ u) A (y V v) A (uV v). 

In any lattice L we have: x = y or u = v imply 

d0(xiy,u,v) = di(x)y)u,v). 

Conversely, the only subdirectly irreducible distributive lattices are the one 
element lattice and the two element chain. It is easy to show in two element 
chain, the implication 

d0(x, y) u) v) = d\(x) y) u) v) => x = y or u = v 
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holds. For one element lattice it is trivial. Thus distributive lattices have 
congruence intersection property. 

(B) By [4], we have 6(a)b) = T(a,b) on every distributive lattice L and for 
each a,b £ L. Since the operation meet is the same in Con L as well as in 
LT(L), (A) implies that L has also the tolerance intersection property. 

In the way similar to that of [1], we can prove: 

Proposition 2 Let V be a variety with a nullary operation 0 having distributive 
congruences. The following conditions are equivalent: 

(1) algebras ofV have the Q-congruence intersection property; 

(2) there exists a binary terms b(x, y) such that b(x, y) = 0 if and only if x = 0 
or y = 0 holds on any SI m,ember of V. 

Corollary 2 Every distributive lattice with the least element 0 has the Q-tole-
rance intersection property. 

Proof Put b(x, y) = xAy. The rest of the proof is similar to that of Theorem 2. 

Remark 1 The congruence (or tolerance) intersection property on an algebra 
A with 0 does not imply the O-congruence (or O-tolerance) intersection property: 
Let L = {0, x, y, a, 1} be a non-modular lattice N5, see Fig. 1 

a o; 

Fig. 1 

The only principal congruences on L are w = 0(0,0), 9(x,y), 9(0, a), 6(0, x), 
9(0,1) = L x L. Clearly 9 A LO = u and 9 A 0(0,1) = 9 for each 9 G ConL . 
Moreover, 

9(x,y)A9(0,a) = 9(x,y), 

9(x,y)/\6(0,x) = 9(x,y), 

9(0, a) A 9(0, x) = 9(x,y), 
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thus L has the congruence intersection property. On the other hand, there does 
not exist an element c E L with 

0(0, a) A 0(0, x) = 0(O,c), 

thus L has not the 0-congruence intersection property. 

T h e o r e m 3 Let D be a distributive lattice with the least element 0. The set of 
all principal tolerances of the form T(0,x) forms a sublattice of the tolerance 
lattice LT(D). 

Proo f Corollary 2 gives that the set S = {T(0, x)\ x E D} is closed under meet 
of LT(D). By [3], S is closed also under the operation join of LT(D)) whence 
the assertion follows. 
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