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Abstract

We give some new general results on asymptotic and integral equiva-
lence of multivalued differential systems.
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1 Introduction

The purpose of this paper is to study the asymptotic and integral equivalence
of the systems

v (1) = At)y(t) , (a)
and
z'(t) € A(t)z(t) + F(t, z(t),Sz(t)) , ()

where z,y are n-dimensional vectors, A(t) is an n x n matrix-function defined on
J := [0, +00) whose elements are integrable on compact subsets of J, F(t,u,v)
is a nonempty compact convex subset of R™ for each (¢,u,v) € J x R"* x R"
and S is an operator which maps the set By(J) of continuous and -bounded
functions defined on J (we shall say that a function z(t) is ¥-bounded on the
interval J iff sup,¢; [~ (t)z(t)| < +00) into By(J) and is continuous in the
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22 Jén FUTAK, Alexander HASCAK

following sense: if {z,} € By(J) converges to z uniformly on compact subsets
of J then {(5z,)(t)} converges to (Sz)(t) at each t € J e.g.

Sa(t) = / K(t, 5)a(s) ds,
0

under certain conditions on the function K(t,s). By a solution of (b) we mean an
absolutely continuous function on some nondegenerate subinterval of J which
satisfies (b) almost everywhere (a.e.).

Definition 1.1 Let 1(t) be a positive function on an interval [tg, +o0) C J.
We shall say that two systems (a) and (b) are ¥-asymptotically equivalent iff for
each solution z(t) of (b) there exists a solution y(t) of (a) such that

P (Dle(t) — y(@)] =0 as t— oo (©)

and conversely, for each solution y(t) of (a) there exists a solution z(t) of (b)
such that (¢) holds.

Definition 1.2 Let (t) be a positive function on an interval [to,+00) C J
and let p > 1. We shall say that two systems (a) and (b) are (v, p)-integral
equivalent on [tg,+o0) iff for each solution x(t) of (b) on [tg, +00) there exists a
solution y(t) of (a) on [tg,+0o0) such that

Y7 W)le(t) — y(t)] € Ly(fto, +00)) (d)

and conversely, for each solution y(t) of (a) on [to,+00) there exists a solution
z(t) of (b) on [to,+0o0) such that (d) holds.

By restricted (v, p)-integral (asymptotic) equivalence of (a) and (b) we shall
mean that the relation (d) ((c)) is satisfied for some subsets of solutions of (a)
and (b), e.g. for the 1-bounded solutions.

The problem of asymptotic equivalence has been studied by many authors.
Hallam’s paper [1] treats the asymptotic equivalence of -bounded solutions
of systems of single-valued differential equations. S. V. Seah in [6] studies
y-asymptotical equivalence of the systems of the form (a) and (b) in the case
that S is the identity operator (however the proofs of the theorems of this pa-
per are based on Lemma 2.3 of [6], which is false). A. Hagédk and M. Svec in
[6] gave sufficient conditions for (¢, p)-integral equivalence of two single-valued
systems. Sufficient conditions for (¢, p)-integral equivalence of the systems of
the form (a) and (b) (in the case that S is identity operator) may be found in
[2] and [3]. Our results are supplementary to that from [4].
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2 Preliminary results

In this section we give some notation as well as preliminary results which will
be needed later.

We shall write | - | for any convenient vector (matrix) norm. If A is a subset
of R™, we define

|A]| := sup{la| : a € A}.
Let Y be a topological space. Let us denote by 2¥ the family of all nonempty
subsets of the space Y and let c¢f(Y) be the set of all nonempty convex and
closed subsets of Y. Ly(J) will denote the n-th Cartesian product of L,(J)
and let B(tg) be the space of all continuous functions from [tg,+00) to R™.
The topology on B(to)(= B([to,+00)) will be then introduced by the family of
semi-norms {py } where for each & € B(t()
po(z) = sup |z(t)]. (2.1)
to<t<to4n

A fundamental system of neighbourhoods of the function z(t) = 0,t €

[to, +00) is then given by the sets v,, n = 1,2,... where

vn :={z € B(to) : pn < 1}.

Under this topology B(to) is a complete, locally convex and metrizable vector
space. The topology is equivalent to the topology of uniform convergence on
compact subsets of [tg,+00).

Let ¥(¢) be a positive continuous function on [tg,+00). For z € B(tg) we
denote

|2y == sup [¥~1(t)=(t)] -
t>t0
Let
By (to) := {z € B(to) : |2|y < +o0}.

Then By (to) with the norm |- |y is a Banach space.
For p > 0 we denote

By,p(to) := {2 € By(to) : |2ly < p}.

Further, let ¢(s) be a positive continuous function defined on J = [0, +c0). By
L, ,(J), 1 < p < 400 we shall denote the set of all real-valued measurable
functions y(t) defined on J such that

ly()lp, = <+/Ools0’1(8)y(8)|”d5)% < +00.
0

Lp,o(J) with the norm |- |, is also a Banach space. Let ¢(t) = 1, then
u € Ly(J,K), K > 0 will denote the fact that

+o0
/ lu(s)|Pds < K .
0
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In the sequel we shall need the following lemmas:

Lemma 2.1 (Hélder’s inequalily). Let S be a Lebesgue measurable subset of
R, let functions ap satisfy ap(s) € L, (S), k=1,...,m and

1 1
—+- 4+ —=1.
Y41 Pm

Then

/a](s) ...ap(s)ds| < i];(/ Iak(s)]”"ds> i

5

Lemma 2.2 (Ky Fan’s fized point theorem ([6] Corollary 2.8)). Let A be a
‘closed, bounded and convex subset of a locally convex topological vector space
B. IfT: A — cf(A) is upper semicontinuous and T(A) is compact, then there
exists ¢ € A such that z € T'(z).

3 Main Results

Let Y (¢,s) be the Cauchy matrix for the system (@) such that Y (¢,¢) is the
identity matrix. Let a,b,p, ¢ be real numbers such that

b 11 b
l<p<g<+4oo, 0<b<yq, l--<a -4+-(1--)=1. (3.1)
q p a q

Denote now
11

1 .
TP g
it 1 ’ 1,11
(it is easy to see that a, 3,7 € (1,400) and = + Ft5= 1).
Further throughout this paper we shall assume that
(Ho) the functions 9(t) and ¢(t) are positive continuous functions on J:=[0, +oc0)

and that the mapping F': J X R* x R* — cf(R") and the operator S : By (J) —
By (J) satisfy the following hypotheses:

(Hy) F(t,u,v) is a nonempty, compact and convex subset of R" for each
(t,u,v) € J x R* x R";
(Ha) for every fixed ¢ € J, the function F(t,u,v) is upper semicontinuous;

(H3) for each ¢ € By(J) there exists a measurable function f; : J — R” such

that
f=(t) € F(t,z(t),Sz(t)) ae. onJ;

(H,4) there is a constant k € (0, +00) such that

1Szl < kel
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Given a function z € By(J) denote by M(z) the set of all measurable
functions y : J — R" such that

y(t) € F(t,z(t), Sz(t)) a.e. onJ.

Further we shall need the following lemmas. The proof of Lemma 3.1 is
analogous to that of Theorem 4 (Theorem 5) of [4].

Lemma 3.1 Let the hypotheses (Ho)-(Hy4) be salisfied and moreover suppose
that there exists g : J x J x J — J such that

i) g(t,u,v) is monotone nondecreasing in u for fizedt € J,v € J and mono-
tone nondecreasing in v for each firedt € J, u € J;
i) g(t,c,c) € Ly(J) for any constant ¢ > 0 and some p € [1,+00);

iti) for each u,v € R"
Pt 0,0)] < o0l b= Olul, g O ace. on J.

Then the correspondence x — M (z) defines a bounded and weakly upper semi-
continuous mapping of By, ,(J) into cf(Ly ,(])).

Lemma 3.2 Let the hypotheses of Lemma 3.1 be satisfied. Moreover suppose
that for some a,b € R (a,b € (3,1)) the following inequalities hold

-1 a %
sup / OV (o)) < < oo, (3:2)
?615)(0/]¢_1(t)Y(t,.s)(p(s)|bg”(s,c, c)ds) <my < 400. (3.3)

Then the operator TM defined by the formula
, .
T™ z = {z 2 :/Y(i,s)fx(s) ds and f; € M(:c)} (3.4)
0

maps By, ,(J) into 2B+ and is upper semicontinuous.

Proof For each z € TM z, z € By,p(J) we have

v @zl < | (lw—l(tw(t,s)w(s)ﬁw-l(s)fx(s)tf)
0

1
a(;~;b;

x (Iw‘l(t)w,s)sa(s)i) g (w-l(s)f,(s)"(%—é)ds.



26 Jin FUTAK, Alexander HASCAK

Using the Holder’s inequality, (3.2), (3.3) and Lemma 3.1 we have

™ (1)z()] < (/ |"/)_1(t)Y(trS)‘P(S)P|<P_1(3)fx(3)lpd3> )

UW) (9 lads) (/lso“l (s)fal s)lpdsf

. </ ™I OY (2, 8)p()I' g (s, 1) d8>ﬁ
0

t 1 t
K ;
<([rurtarwasores)” ([l @nors)
0 0
<my® i |f,l3, < +oo. (3.5)
Thus z(t) is a ¥-bounded function on J. To prove that TM maps By, ,(J)

into 28+(7) it suffices to prove that z(t) is continuous. Let 0 < t1, 1o =1 + h,
|h] < 1 and %+;%= 1. Then

Jtta) = 2(t0)] < | [ 1¥ (t2,9) = Y(t2,9)l(s) 1o~ ()0 ds
44

+ ‘ / [V (22, )¢ ()|l ™" (5) fu(5)] ds‘

< / 0V ,5) = Y (t, ) o)F || / (5,0, k) |
0

l/ sp,kp)ds

< OO/ (Y (t2, ) —Y(tl,s))so(s)lf“'lJr l/ Y (ts, 5)e(s)]P" ds

+o0 1
X (/ g”(s,c,c)ds) , ¢ = max(p, kp).

0

+| / ¥ (22, ) o) |

b
P)

This inequality implies the continuity of z(t) at ¢;.

Now we shall show that 7'M is an upper semicontinuous operator. To show
this it suffices to prove that the operator T'M is upper semicompact. Let z, — ©
(in the topology induced by the family of seminorm (2.1)), 2,,z € By ,(J) and
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zn € TM z,,. We have to show that there is a subsequence {z1,} of {z,} which
converges to some z € TM z (in the topology of B(J)) as n — +o0.

Let
t

zi = ]Y(t,s)yi(s) ds, yi€ M(z;), 1=1,2,....
0

Since M (z) is weakly upper semicompact, there is a subsequence {y;;} of the
sequence {y;} which converges weakly to some y € M(z), i.e.

t t

z15(t) == /Y(t,s)yli(s) ds — /Y(t,s)y(s) ds=:z(t) e TM x

0
on [0,+00) as i — +o00.
Further since M(x) is bounded, there is a constant K(p) such that |yl , <
K(p) for every y € By ,(J). Using this fact and the inequality (3.5) we get
-1 L 5 -2
= (OO < m§ - mf K3 (p).

Thus the functions 215, ¢ = 1,2, ... are uniformly -bounded. By virtue of

[~ (t2) z16(t2) — ¥~ H(E1) 20 (t)] <

t1

< /’1'/’_1@2)3’(%8)—¢‘1(i1)Y(t118)|‘P(5)'iw“l(é‘)yu(S)’ldS
0

4 / W (E2)Y (22, 9)¢(5)] - [~ (5)1i(5)] ds

- (07 I(I/)—l(tz)y(tz’S)_¢_1(t1)Y(t1,8)<P(S),|p'ds) ;1',<(:]|<P'1(S)yli(s)'|pd5>%
+ (7I!ﬁ_l(tz)Y(t?,5)<P(8)Ip'ds> : (/2 Iw-l(s)y”(s),p@)%

1 + o0

< ( / [ (12)Y (t2,5) - w*(tlwl,s))sa(sw’ds)'7- (/ g”(s,c,c)ds>%

* (7Iw-1(t2)y(t2’S)W(S)]‘p’ds) . (Jr/mgp(s,c,c)ds)%,

where 0 < #1 < t5, ¢ = max(p,kp) and %—4— 1% = 1, p > 1 the functions

P~ (#)z1:(t), 1 = 1,2, ... are equicontinuous on every compact subinterval of J.
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By the Ascoli theorem as well as by Cantor’s diagonalization process the se-
quence {z;} contains a subsequence {zy; } such that {1=1(¢)zo;(¢)} is uniformly
convergent on every compact subinterval of .J. m]

Theorem 3.1 Let the hypotheses of Lemma 3.2 hold and let the function
g(t,u,v) be locally integrable on J for every fized u,v € R". Suppose further

g(t,c,c) € Lp(J,m3) (3.6)

J 157 @Y )6 (5,6, c)ds € Ly(Tma) (3.7)
[}

for any constant ¢ > 0. Then the systems (a) and (b) are restricted (,p)-
integral equivalent (the sets of Y-bounded solutions of (a) and of (b) are (¥, p)-
wntegral equivalent).

Proof Let y(t) be a ¥-bounded solution of (a) on J. Then there is p >
my - mg’_ -my such that y € By ,(J). Define for ¢ € By 2,(J) the operator

TM z ={z: z(t) = y(t) +/Y(t,s)fx(5) ds and f, € M(z)}.

0

By Lemma 3.1 and Lemma 3.2 the operator 7'M maps By, 2,(J) into cf(By(J))
and is upper semicontinuous. Further, for each z € TM z, x € By 2,(J) we
have

=l (1)z(8)] < (/ W)—l(t)Y(t,s)gp(s)lbl<p'1(s)fx(s)|p(ls)E

X (j W_l(t)Y(t,S)SD(s)Pds)% . (/t ‘90—1(8)fz(s)]1’ds>%

p+ (/ [~ @)Y (8, 5)e(s) "9 (s, c, C)ds)é
0

IN

t

: (/ w_l(t)y(t’SW(S)I“ds) ’ ( / Plse %y

0
1 o 1
< ptmiomfom]
<

2p,  c¢=max(p,kp)

i.e. TM maps By 2,(J) into ¢f (By 2,(J)). Now we shall show that TM (By 2,(J))
is a compact set. Since TM(By 2,(J)) C By,2,(J), it follows that the functions
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of TM(By,2,(J)) are uniformly bounded. Further, for z € TM , & € By 2,(J)
there is f, € M(x) such that

Z(t) = A({t)z(t) + f-(t) ae.on J.
Thus for t; < 15, 1,15 € J we have

/wa)n )|d3+/|fx )l ds

2 / A($)b(s) ds + / o(s)9(s,c,0)ds, ¢ = max(p, kp).

ty

[2(t2) = z(t1)]

IA

IN

Since A(s) and g(s,c,c) are locally integrable functions and ¥(s), ¢(s) are con-
tinuous it follows that the functions in TM(By 2,(J)) are equicontinuous on

every compact subinterval of J. Thus T'M(By 2,(J)) is compact (in the topolo-
gy of B(tp)). By Lemma 2.2 there is @ € By 2,(J) such that € TM . Clearly
this fixed point x(t) is a ¥-bounded solution of (b). It remains to prove that
(d) holds. We have

N OICIORSTON S {/W)‘l(t)y(t,S)sO(S)l% g% (s,¢,0)

P
x |¢-1(t)>’<t,s)so(,s)l"(%—i—e)g“%-%)(s,c,c>ds} , = max(2p, 2kp).

By Holder’s inequality, (3.1) and (3.5) we get following inequality

W (1) (2(0) - v < ( [ 0y sp@te e, c)ds>
0

t "

([ ron)’

«( / OV @l ds)

<mf m</ W Y (L, 5) (s)lbgws,c,c)ds)%

by which (since (3.6)) (d) holds. Conversely, let z(t) be a 1-bounded solution
of (b). Define

y(t) == z(t) — /Y(t, s)fz(s)ds,

where
f=(t) =2 (t) — A(t)z(t) € F(t,z(t),Sz(t)) ae. on J.
Now the proof will be proceeds in the similar way as that of the first part. O
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Lemma 3.3 Assume that the hypotheses of Lemma 3.2 are satisfied except
(3.3) and let instead (3.3) holds

sup (sup [ 147 ()Y (1,5)p(s)|%) <
teJ rEJO (33/)

sulj)gp(t,c, c) <ms, foranyc>0.
te

Then the assertion of Lemma 3.2 holds.
Proof The proof of Lemma 3.3 proceeds analogically as that of Lemma 3.2.
Theorem 3.2 Let the hypotheses of Lemma 3.3 hold. Moreover, let
. » _
t_{leg (t,¢,¢) =0, foranye>0
and
r
tim [ [ 0Y @, 9)p(e) s =0,
t—+400
0

for any r > 0 and 0 < s < t. Then the systems (a) and (b) are restricted
p-asymptotically equivalent (the sets of 1 -bounded solutions of (a) and of (b)
are Y-asymptotically equivalent.

Proof The proof of Theorem 3.2 is essentially the same as that of Theorem
3.1.
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