Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Jan Andres; Toméas Tursky
On the method of Esclangon

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 35 (1996), No.
1, 7--20

Persistent URL: http://dml.cz/dmlcz/120336

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1996

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120336
http://project.dml.cz

Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 35 (1996) 7-20

On the Method of Esclangon

JAN ANDRES”®, TomAs TURSKY

) Delpartment of Mathematical Analysis, Faculty of Sciences,
Palacky University, Tomkova 40, 779 00 Olomouc, Czech Republic
e-mail: andres@risc.upol.cz

(Received January 31, 1996)

Abstract

The effective asymptotic estimates of derivatives of solutions to dis-

sipative nonhomogeneous linear ordinary differential equations with con-

" stant coefficients are shown to be available by means of the technique due

to E. Esclangon [E]. Establishing this procedure, we compare the appro-
priate results with those obtained by different methods.

Key words: Esclangon’s method, asymptotic estimates, nonhomo-
geneous equations, comparison of results.
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1 Introduction , &

In 1915, E. Esclangon published the well-know theorem (see e.g. [E], [L],
[KBK]) for the linear ordinary differential equations with constant coefficients
and a bounded (on the half-line) continuous nonhomogenity. This theorem says
that the boundedness of solutions implies the same for their derivatives up to
the order of the given equation. As we will show, the basic idea of the proof
can be used, under the slight modification, as a method for the asymptotic
estimates of such derivatives, provided additionally that the associated charac-
teristic polynomial is asymptotically stable.

Under these assumptions, all the solutions of the nth-order equations, as
well as their derivatives up to the nth-order, are known (see e.g. [Al], [AT],
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8 - Jan ANDRES, Tomas TURSKY

[BVGN]) to be uniformly ultimately bounded by the common constants. Hence,
the problem consists in the estimation of these constants; for the related results
see e.g. [A1], [AT], [AV] and the references therein.

Although the obtained estimates here will be.shown better than their known
analogies in particular situations, they are suitable only for lower-order equa-
tions. The reason consists in a cumbersome calculation of the appropriate re-
current formulas.

Our paper is organized as follows. In Part II; Esclangon’s method is pre-
sented for a general nth-order equation. Part III is devoted to its application
for n < 5. The comparison with the known analogies is done in Part IV. The
last Part V consists of the concludings rernarks Two supplementary sections
are added not to break the context

2 Esclangon’s method

Consider the equation

n
o)+ 3" e~ = p) (1)
i=1
with positive constant coeficients aj, j = 1,...,n, where p(t) is a continuous

function on the positive half-line, by which all solutions of (1), as well as their
derivatives up to the nth-order, exist for all future times (see e.g. [C]).
Assume, furthermore, that the associated characteristic polynomial, namely

/\"-l-zaj/\n—j, . o (2)
j=1" :

is asymptotically stable, i.e. Re); < 0, j = 1,...,m, where A; are the roots
of (2). This is well-known to be expressed explicitly in terms of coefficients by
means of the necessary and sufficient conditions of the Routh-Hurwitz type (see
e.g. [C]).

At last, let a positive constant P exist such that

lim sup [p(¢)| < P. )

Under the above assumptions, all solutions of (1) as well as their derivatives
up to the nth-order are unlformly ultimately bounded (see e.g. [BVGN]) We
also know (see [AT]) that every solution z(t) satisfies

Lo G

Hence, let z(t) be a solution of (1). The followmg identity obv10usly takes
place for an arbitrary positive number a %’ :

hmsup lz(t)] < <. £

;{e—m[z(""l)( 1) + A1z (t) 4 ) st Apne 1f(t)] = (5)
= e 2™ (t) + a;2(V() 4.0 F ane(t) + wi(t)],
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where
A1l = a1 +ay,

/\1,,'.1_1 =/\1,;a1+a,-+1 fori=1,...,n—2,
ui(t) = —(@1A1,n-1 + 24)z(2).
Because of (4) and A; ,_1 being a constant, u;(t) is bounded as well. There-
fore, integrating (5) from T to oo, we get
—e= T [z(=D(T) 4+ A2 =2(T) + ..+ Ayjn12(T)] = (6)

- / " e fp(t) + us (0] dt,
T

when using the identity z(*)(t) + i1 a;z("=9)(t) = p(t) and the fact that
e~1tz()(¢) vanishes at infinity for k = 0,1,...,n — 1.

Applying the well-known second mean value theorem to the right-hand side
of (6), we arrive at "

—e~ T (T) 4 A2 =(T) + -+ + A po12(T)] =

-y T
p(&1) + ui(&1)], where &; € (T, 00).

€

a1
Multiplying the last relation by e®*!, we obtain
:c(“‘l)(T) + Aux(ﬂ—z)(T) + ...+ )\l,n—lx(T) = —&.)—Zy_l_(@ .
1

Since this equation holds for each sufficiently big 7', we can rewrite it into the
form
m(ﬂ—l) + Allx(ﬂ—2) + -4 Al,n—lz =p1 (t) s

where p1(t) = ~wGEN+pE )

[+3
Now, repeating the same manner as above to this equation, we can get the

equation of the (n — 2)th order. Hence, starting with the identity

d
Ee“’zt[x("‘z)(t) + A2 @) + -+ Ay gz (t)] =
= e~ [z (1) + A2 D (@) + -+ Ay po12(t) + ua(?)],

where
Az1 = aa+ Agg,

Az,i-f-l :A2,;’a2+/\1,i+1 fol‘i: 1,...,7!—3,
U2(t) = —(az)\z,n—z + /\l,n—l)m(t)’
we come to '

e[0T 4+ Ag12O(T) 4+ Aa32(T)) =

—aT
[p1(&2) + ua(é2)], where &; € (T, 00).

az
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Thus, the desired equation reads

(L‘("—Z) + ...+ /\Z,n—zl' = pz(t) ,
where py(t) = — Y262t (E()

g
Proceeding analogously, we receive after (n — 1) steps the equation

' + An—l,lz :pn-l(t) s

where pn—l(t) — _Un1(ln1 () +Pn—2(€n-1(t)) .

An—1

Applying (4), we have therefore

. . P
limsup |2'(t)| < limsup |pn-1(t)] + An-1,1—,
t—o0 t—o0 Qn

where pn_1(t) and A,_1,1 can be derived recurrently from the above formulas.
One can also obtain recurrently the asymptotic estimates for |z()(t)|, where
l=2,...,n—1, when coming back to the higher-order equations.

The above procedure can be described in form of the following algorithm,
when considering the coeficients a; as a vector (a,

(aij).
Oth step:

...,@n) and A;; as a matrix

1st step:

FOR : FROM 1 TO n—-1 DO
Ain = Ao+ o, ‘
FOR j FROM 2 TO n— i DO A;j := Aijj—1* a; + Xi—1,; OD,

Ui := (0 * Ain—i + Aic1,n—i+1) * Y0,

e (Piitus

pi = =it
OD,

2nd step:

FOR i FROM 1 TO » DO
Yi ‘= Pn—i,

FOR j FROM 1 TO i DO ; := i + An—i,j * ¥i—; OD,
oD, o ' ' '
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In the vector (¥1,--.,¥n), Yk denotes the asymptotic estimate of |z(¥)(t)],
k=1,...,n, obtained by Esclangon’s method.

Since all such estimates depend on the real parameters ay,...,a,_1, it is
very useful to give

Lemma 1 Each component yi(a1,...,an-1) k =1,...,n, in the above vector
attains its minimum on (R¥)"=1.-
Proof Since all the functions yx(a,...,an-1), k = 1,...,n, are obviously

continuous on (R*)"~1, it is enough to show that the values of each yi are
outside some closed parallepiped bigger than the value at a certain point inside
it. This is because of the well-known Weierstrass theorem implying the global
maximum on the compact set.

Hence, let us construct such a parallepiped and find the desired internal

point. For y;, one could see that the term Hufp— is involved in p,_; and that
=1 %
An-1,1 = a1+ E aj,
Jj=1
which yields
Pl ——+ Z o | <.
——1 a2

Since An—k,1%™~%~1) belongs to yx, while A,_x ; includes a;, we have fur-
thermore

*1 _—
F -l ,+Zaj <y, k=1,...,n.

Taking

c:= min Pa = Pmin(1,a77}),
k=1,.,n

we get

T

Z—: <y, k=1,...,n,

k~v=\
1}
"‘»—-

which leads for
f = Max w(l,...,1)

=1,...,n
to the inequality f > ¢, i.e. ¢ := 'g > 1.

n-—1
Defining the parallepiped as follows: ((;—)"‘1, q) , we will show that for
each external point we arrive at

AN SP NN
P

yk>f, k:l,...,n—l.
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This is indeed true because of the two following implications:

(2) Fe{l,...,n—1}: ai > q= yx > aic > qc=f,
(i1) Yie{l,...,n—1}: a;<yq, Fje{l,...,n—1}:

c

n—1 v
a; < | — Sy>——-—=1F
’ (q) ()t

which completes the proof.

3 Applications for n < 5

Although Lemma 1 affirms the solvability of the minimum problem in (R*)"~1,
it is rather difficult even for n < 5. Letting a := a; = ... = ap—1 (n < b),
the optimality question for o has still some meaning. Since « is positive, yx €
C*(R?*), for k = 1,...,n. Thus, the problem is related to finding the critical
points of yk (a) on (0, 00).

Below, we introduce at first all the possible cases solvable analytically, where
z(t) denotes again the solution of nth-order equation (1); observe that n < 4.

n = 2:

limsup [2'(¢)| < 2P ( 2 + El—) .
t—oo

Va2 az

n = 3:

a1 + a)) + ‘13)P)a—1+

limsup |'(t)] < ((P+ (a, (a2 + o, (
t—r00 as

+

)

(@, (a1 +2,0) + az +a, (a + a))P) oty (@ F20P

as as

where

2
(9,(13 + \/~a§2 + 81,a§) * +a,
a= ,
3,7/9,a3 + \/—a] + 81, a3

P+ (a(ag+a(a;:~a))+as)P

limsup |z ()] < o +
t—o0
a(az+(ala+a a3)P
P 4 «aat( ( a:' N+as) N (a(ar +2a) + a2 + aay + a))P)a_1+
+ar+a) a a3

+(a1 + 2a)P> 4 (az + a(as + @))P
as as
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where

o= —%al + Z%x/ﬁx/ﬁ% (—(—162a§€/2\/§+ 24vBA? + 432v/Balay—

W=

—3744\/"ala3 - 1152\/_\/—(110.2 ~ 2304v3V/Aas + 486V3V/4a}) / (VAVE))’
A = 108a’a2 + 432a1a3a3 + 43242 — 972a3a3 +
: + 6(—162a%a,3 — 1620a%a2as — 59832atazal + 82128a3a) + 324ata) +

+ 2592a3a3as + 7776a2aZa3 + 10368a1aza3 + 518445 + 26244a6a§)

27a3/A + 8A% + 144a2ay — 1248a;1a3
VA '

B =

n =4:

limsup |z'(t)| <
t—o00

< ((P + (a(a”a(a”f,(f‘+a)))+a‘)P 4 (a2 + (a1 + ) + a(a1 + 2a))P)/a+
(07 aq ot
((11 + 3a)P
a4 ’

+((a1 + 3a)a+ az + afa; + a) + afa; + 2a))P/a4) Jo+
where
o = 2-VAOVE + g5 V30(~(~8a,V/AVEIVE 80y VAVIVE +
+/30VBA3 — 720v/30VBay + 4v/30VBa? + 830V Basa; +
+4V/30VBa} — 360V/Aas — 360a; VZ)/(VZ\/E)) '

A = —4320a4a; — 4320a4a; + 54003 + 1080asas + 540a% — 8a3 — 24a3a; —
— 24aa? — 8a® +12 (1728’()0a§aza1 + 2880a402a; + 4320a4a2a,2 +
+ 2880a4a2a1 - 32400a4a2a3 - 64800a4a2a3 - 32400a4a1a3
— 32400a4a;a2 — 180a3a3a; — 180adaza? — 360aza3a; — 360a3a2a§
— 120a3azad + 86400a2a2 + 86400a2a;2 + 720a4a3 + 720asa? +
+ 8100ada; + 1215043 — a? — 60a3a3 — 60a3a:3 + 8100aza3 —
— 120azal + 2025a3 — 32400a4a3 + 259200043 + 202503 — 6045 —

1

~ 64800a4a,azaz — 180ada; — 180ata; — 180ada? — 60a§a?) :

B = (4a2\3/Z+ 4oy VA + A5 — 12004 + 4a2 + 8aza; + 4a§)/\3//_1.
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Now, let us complete the remaining estimates for n = 4,5, when putting
a=1.
n = 4:

2(3a4 + 18a1 + 18 + 6as + 3az + a1as + 4a? + 2a;a2 + aja3) p
a4

lim sup|z” ()| <
t—o0

llmsup]a:"'(t)| < 2(5as + 48a; + 16as + Saz + 264 + aZay + 4a3 + azaq + 2a2+
+ 26 + 2a1a2 + a1a3 + 5aia4 + 14a1a2 + Sajas + azas)Play .

n =2>5:

2(as + 8ay + 15 + 4ay + 2a3 + a4) P
as

limsup|z’(2)]| £
t—=o00

hm suplx”(t)l < 2(4as + 46a;, + 56 + 16a, + 8as + 4as+
+ ajas + 8(11 + 4aias + 2a1a3 + a1a4)P/a5 s

limsup|z"’(t)| < 2(4(1%112 + 12a4 + 12a5 + 2afa3 + a%a4 + 8aias + 40aias+
tee + 16aya3 + 8ajas + 2aza3 + azays + 162 4+ 206a; + 62a,+
+ 24a3 + 78a? + alas + 843 + azas + 4a3) P/as,

hmsup|:c(“’v)(t)| < 2(18as + 4a3ay + 2a3a3 + alas + 10a%as + 56aas+
+ 20(1103 + 10a2a4 + 16aza3 + 6azas + 26a1a4 + 26a;1a5+
+ 180a;as + 60ayas + 2ajazas + 8alaz + 6asas + azaq + 24a§+
+ azas + 2a3 + 4ayaza3 + 2a1aza4 + 494a; + 154a; + 50az+
+ 18a4 + 346a? + 94a3 + adas + 8a} + 234)P/as .

4 Comparison with the analogies

The folloving analogical theorems have been obtained, under the above assump-
tions, for the asymptotic estimates of solutions of (1) and thier derivatives up
to the (n — 1)th order.

Theorem 1 [A1l] Ewvery solution z(t) of (1) satisfies

hmsupz e @) < P Z > ZJAF (7

A1+1

with ||A|| = max(1+ai,...,1+ an_1,an) and A= minj=, . n»|Rel;j|, where X;
are the roots of (2).
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Theorem 2 [AT] Every solution z(t) of (1) safistfies

lxmsup]z(k)(t)l < 2 PA , k=0,1,...,n—-1, (8)
t

n

with A = max;j=1, . |\j|, where \; are the roots of (2).

Remark 1 The spectral radius A in (8) satisfies (see [P, pp. 30-33]) A <
min[max(a; +1,...,ap-1+1,a,), max(1,a; + - - -+ an), max(ay, R —-n—)]

Van_y

Theorem 3 [AT] Assume additionally that all the roots Aj, j =1,...,n, of
(2) are real (and subsequently negative). Then every solution z(t) of (1) satisfies

(a0=1)

2 a, P
(t)an
Theorem 4 [AT] For n > 5, assume additionally that the coefficients a; in
the polynomaals

limsup |2*)(¢)| < k=0,1,...,n—1. 9)
t—oco

n—p
A"‘P+ZajA"‘j‘P, wherep=1,...,n—4, (10)
ji=1

obey successively the Routh-Hurwitz conditions. Then every solution x(t) of (1)

satisfies

2kp SRR
limsup |z®) ()| < , k=0,1,...,n—1. (11)

t—00 An -k

Lemma 2 [AT] If all the roots of (2) are negative, then (cf. (9) and (11)
(30 =1))
2kp 2’°akP
An—k — (k)

In view of Lemma 2, Theorem 3 becomes actual only for n > 5, because
then the Routh-Hurwitz structure of coefficients in polynomials (10) is not
anymore invariant, in general (see Appendix I and [A2]), under the “shift” for
p=1,...,n—4.

fork=0,1,...,n—1.

Lemma 3 [K] The whole family of necessary and sufficient conditions for the
negativity of all the roots of the polynomial

5
A4 a X
i=1

reads as follows:

ajaq — 25a5 > 0, 4a? — 10a, >0,

(12)
AOZO: A2207 BOEO) BIZO; 00201

where the constants Ag, Az, Bo, By, Cy are defined in Appendiz II.
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For higher-degree polynomials, the situation becomes much worse.
Theorem 5 [C, Chapter II, Th. 3.11.1] Assuming additionally that

lim p(t) = P,

t—00
every solution z(t) of (1) satisfies

P
1 = — 1 ® = = —
thm z(t) = o and th_glo:b =0 forl=1,...,n-1.

Remark 2 In view of Theorem 5, the estimates (8), (9) and (11) are sharpest
for k = 0.

Now, let us demonstrate the power of the foregoing theorems in two exam-
ples.

Example 1 Consider
eV 4+ 152TY) 4 852" + 225" + 274z’ + 120z = p(t) (13)

where p(t) fulfils (3). The roots of the associated characteristic polynomial
are: —1,—2,—3,—~4,—5. One can check (see Appendix I) that the additional
assumptions of Theorem 4 are satisfied.

Denoting the constants estimating the kth-order derivatives of solutions to
(1) by Di, k=0,1,...,4, respectively, we have the following table:

[ without factor P “ Do ’ Dy Do | D3 L Dy l
(11) in Th. 4 le_o 0.00730 | 0.01778 | 0.09412 | 1.06667
(9) in Th. 3 1—;—5 0.05000 | 0.28333 | 1.50000 | 7.30667
(8) in Th. 2 -5 | 0.08333 | 0.83333 | 8.33333 | 83.33333
Chapter 3 *) ﬁ 4.6748 | 149.84 | 4340.9 | 100682
(7) in Th. 1 Dy + D; + Dy + D3 + Dy = 9.1673 10'°
*) a:=aj; =...= as has been optimalized numerically

Although the results obtained by means of the Esclangon method are for
(13) the second worst,the next example says something different.

Example 2 Consider
z” +0.2z' + 9.01z = p(t), (14)

where p(t) again fulfils (3). The roots of the associated characteristic polynomial
are: —0.1+ 3¢, —0.1 — 3i. The following table shows that the Esclangon method
gives here the second best estimates.
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{ without factor P Dy D,
(11) in Th. 4 0.11098 10
(8) in Th. 2 0.11098 | 0.66962
Chapter 3 0.11098 | 1.37699
(7)in Th. 1 Do+ Dy = 1812

Without an explicit knowlege of the spectral radius A (i.e. when applying the
inequalities in Remark 1), the result obtained by means of Esclangon’s method
is, however, the best of all.

5 Conclusion

In spite of difficulties related to applications of Esclangon’s method, we could
see that it can give comparatively very good estimates, especially at presence
of complex roots of (2). The algorithm presented in the second chapter can be
employed numerically in general, when putting e.g. (as in the original paper [E])
@1 :=...= ap-1 = 1. Thus, we have to our disposal at least the complementary
tool to those introduced in form of theorems in Part IV.

Appendix I

The Routh-Hurwitz conditions for the coefficients of (2) take the following form,
when n = 3,4,5.

n = 3:
a1a2~a3>01
n=4
2 2
alagas—a1a4—a3>0,
n=3=5

azayq — asas > 0, (14(112(13 +as — a1a4) - agas >0,
2 2 2
as(arazas + aras — ajas — a3) — as(aias — azas + a5 — ajaq) > 0.

One can therefore easily check that the asymptotic stability of the associated
characterictic polynomial to (13) in Example 1 implies the same for the “shifted”
one, namely

At 4 1523 4+ 8502 4 225X + 274 (15)

Indeed. The appropriate inequalities for (15) read 15015 > 0 and 174600 > 0.
One the other hand, the asymptotic stability of, for example, the polynomial

A%+ 4X% 4307 +35A+ 1 (16)
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does not imply the same for
MAX 4402430435, : (17)
Indeed. The appropriate inequalities for (16) are
6.5>0, 17.25> 0, 0.25 > 0,

while the one for (17), —0.5 > 0, is false.
For n < 4, the Routh~Hurwitz structure of coefficients in polynomials (10)
can be shown invariant under the “shift” forp=1,...,n — 1 (see [A2]).

Appendix IT

For n=5, the negativity (and so reality) of all the roots of the characteristic
polynomial (2) can be obtained (see e.g. (12) in Lemma 3), on the basis of the
well-known Sturm theorem (see e.g. [HM]), by means of the following Sturmian
functions: '

Fo(/\) /\5 +111A4 +a2)\3+a3)\2 +a4,\+a5,

Fi(A) = 5X* +4a:0% + 3a5)% + 2a3) + a4,

F>(A) = (4a? — 10a2)A% + (3a1az — 15a3)A? + (2a1a3 — 20aq) X +

+ajaq4 — 25(15 ,

F3(/\) = Ao/\z + A1 A+ Ay R

F4(X) = BoA+ By,

F5(/\) = CO )

I

where
Ao = 3a%a2 — 12a3 — 8a3a3 + 38a;aza3 — 4543 — 16a%ay + 40aza, ,

A= 2a%a2a3 - 8a§“3 + 6a; a§ — 12a?a4 + 42a1a5a4 — 60azas—
— 20aZas + 50azas ,

Aj = alayaq — 4alas + 3a1a3aq — 1643 4 55a1aza5 — THagas

By = 2(—2a? + 5ay)?(ala3a3 — 4a3a3 — 4adad + 18a;a503 — 27ad—
- 3afaga4 + 12a3a4 + 14a?a2a3a4 — 62a1a§a3a4 - 6afa§a4+
+ 117aa2a4 — 18a}a2 + 97a%aza? — 88a§az — 132a;a3a2+
+ 160a3 — 66alazaszas — 40a3asas + 120a;aas — 28a3asas+
+ 130a;aza4as — 300azasas — 50a2a2 + 125a5a2),
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2 3
By = (—2a? + 5az)?(ala3azas — 4a3azay — 4adadas + 18ayaza3a4 — 27aza4+

+ 3a3aa? — 12a;a2a2 — Talazal + 48agazal — 16a,a3 — 9a%adas+
+ 36a§a5 + 32a?a2a3a5 — 146a1a§a3a5 + 4a%a§a5 + 195a2a§a5——

- 48a'1*a4a5 + 266afa2a4a5 - 260a§a4a5 —290a;azaqas + 400a§a5—
— 80aa? + 275a;a2a2 — 375a3a?),

Co = (—2a? + 5az)*(3a2a2 — 1243 — 8alas + 38aiaza3 — 45a3—

3,2
— 16a2ay + 40a3a4)? (a}ada2a? — 4a3adal — 4a3a3a] + 18a1aza3ai—

— 27a3a4 — 4a§aga2 + 16a2a4 + 18a1a2(13a4 — 80a1a2a3a4 6a1a3a4+

+ 144aza3a3 — 27a1a4 + 144a%aqaf — 128a%a} — 192a;a3a3+

+ 25645 — 4a2a2adas + 16a3adas + 16ala3as — 72a1aza3as + 108a3as+
+18a1a2a3a4a5——72a2a3a4a5—80a1a2a§a4a5+356a1a2a3a4a5+24a1a3a4a5—
- 630a2a§a4a5 - 6a3a§a§as e 24a1a§aia5 + 144a'11a3aﬁa5 - 746a%a2a3aia5+
+ 560a2azaZas + 1020a;a2a%as — 36a3adas + 160aiazaias — 1600azadas—
—27a%a%a? + 108a5a2 + 144a3a2asa? — 630a;1a3a3a2 — 128atadal+

+ 560a2aza3a? + 825a2a3a5 —900a,a3a? — 192a}azasa? + 1020a%a3aqa2—

- 900a2a4a5 +160a3 a3a4a5 - 2050a1a2a3a4a5 + 2250a3a4a5 SOafaﬁa?,—l-
+ 2000a2a2a2 + 256a5ad — 1600a3azad + 2250a;a2ad + 2000a?azal—

- 3750(12(13(15 - 2500(1104(15 + 3125(15) .
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