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Abstract

The study of the recent crustal movements on the basis of the replicat-
ed terrestrial geodetic measurements from the statistical viewpoint (i.e.,
from the viewpoint of processing measured data) requires to solve the
following two main problems:

(1) to determine the optimum estimators of the parameters of the first
and the second order of the epoch models describing the investigated
process and

(i1) to test the hypothesis whether the change of th= basic parameters
between two epochs is significant or not.

From the mathematical viewpoint the solution of the problem depends
mainly on the structure of the models considered.

The aim of the contribution is to systematize structures suitable for
studying the recent crustal movements and to give optimum estimators .
and test algorithms.
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1 Introduction

An investigation of recent crustal movements (RCM) is a complex problem; its
solution requires to respect several different aspects. Up to date knowledge
on the physical properties of the crust of the earth resulting into an acceptable
model of the process which describes the reality, a choice of measuring techniques
for the investigation of the RMC which involves a design of the measurement
process (number of epochs, number of replications, etc.), estimation procedures
for parameters characterizing the RCM and for parameters characterizing the
accuracy of the measurement and test procedures for verifying hypothesis on
parameters characterizing the RCM have to be mentioned before anything else.

To prepare an experiment respecting all necessary aspects is a task for a
group of experts and it is impossible to describe it in this contribution. The
aim of the contribution is more modest; the aspects of mathematical statistics,
namely on problems of the estimation and the testing are emphasized here.

It will be shown that solutions of the last mentioned problems depend essen-
tially on structures of models used in the course of an evaluating measurement
results.

Two fundamental types of models can be characterized as follows:

(1) Repeated measurements are realized in a separate network especially
constructed for this purpose. It consists of a group of supporting points whose
position is assumed to be stable (this assumption—hypothesis—is verified dur-
ing the measurement) and a group of points whose movements related to the
position of the stable points are investigated (the coordinates of the group of
the stable points are a priori unknown). As far as the processing the measured
results is concerned this means that in the framework of each epoch and af-
ter finishing each epoch both the coordinates of the supporting points and the
coordinates of the investigated points are to be determired. The former serve
for verifying the above mentioned hypothesis on the stableness of the group of
supporting points. !

(i1) The network for studying the dynamism of a locality is joint to the stable
points of a geodetic network (they represent the stable supporting points of the
preceding type of the network, in contradistinction to it, their coordinates are a
priori known). In comparison with the preceding procedure of data processing
either the coordinates of the group of the points studied from the viewpoint of
the dynamism or directly the coefficients of the functional development mod-
elling the time evolution of the changes are being determined (the growth curve
model).

Both of these fundamental types may be of special structures, e.g., [1], [14],
[2], {3], 4], [5] and others.

The aim of the paper is to give explicite formulas of estimators in basic
multiepoch structures linked up with the replicated measurements of recent
crustal movements; in addition to it to give a short survey of these structures.

A comparison of usually used estimators and optimum estimators derived in
the contribution is given in Example 11.
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2 Notations, definitions and basic assertions

In the following Y denotes an observation vector, i.e., a random vector whose
realization y is a vector of results of measurement. If necessary, the dimension is
indicated by the lower index in the square brackets. The class of the probability
distributions connected with the vector Y is F = {F(,,£,9): 8 € V, 9 € 9},
where F(u, 8,9), u € R"™, is a distribution function parametrized by 8 € V and
¥ € ¥; f is a k-dimensional parameter of the first order, V is a linear manifold
of the k-dimensional vector space R* (it characterizes the set of all values of the
vector B which can occur in the experiment), ¢ is an unknown p-dimensional
vector of the second order parameter (variance components) and ¥ is an open
(in the Euclidean topology of the space RP) set. The class F is supposed to
have the following two properties

vigevoes) [ udF(u5,9)= ) (1

(the independence of the parameter ),

vigevoes) [ - f@llu- fO) dFw ) =20) (2

(the independence of the parameter ().

Frequently, either f(8) = X8 or f(Bo)+ X (B — Bo) (a linearized form of the
function f(B)), where X is a known n x k matrix independent of the parameter
B and By is a known sufficiently good approximation of the actual value of the
parameter 3.

In the following this model will be denoted as

(y, X8, z(v)), Bev, ded. 3)

The covariance matrix X(¥) is assumed to have a linear structure

P P
T(9) = ZﬁiV; or Vo+ 2(19,- NG 4)
i=1 =1

(a linearized form), where Vi, ..., V, are known symmetric matrices and Jy =
(90,1,---,70,p)" is a known sufficiently good approximation of the actual value
of the parameter 9.

The assumptions (1) till (4) are realistic and in practice enable us to solve
relatively difficult problems induced by the non-linearity of the vector/matrix
function f(.)/X(.) if the linearization is possible, i.e., if the vectors Bo/¥, are
known.

Within the framework of the basic structure (3) the ¥o-locally best linear
estimator of un unbiasedly linear function h(f) of the first order parameters and
the YJo-minimum norm quadratic unbiased invariant estimator of un unbiasedly
and invariantly estimable function g(¥) of the second order parameters will be
considered. o :
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Definition 1 The 9o-LBLUE (locally best linear unbiased estimator) of an
unbiasedly linear function h(8) = ho + k'8, B € V, is a statistic L'Y +l with
the properties o

(i) (unbiasedness) V{8 € V} E(L’Y + llﬁ) hg +hB e
and N g
(i)  V{Ly,l; satisfying (i)} Var(L'Y +1|9) < Var(L}Y + 1;]90).

Definition 2 The ¥o-MINQUE (minimum norm quadratic unbiased invariant
estimator) of an unbiasedly and invariantly estimable function g(¥) = go + ¢'9,
¥ € ¥, is a statistic (Y — XB0)'T(Y — X o), where f is any fixed element from
V, w1th the properties

(1) (unbiasedness)
V{iBeVv,ded} E[Y - Xp)T(Y —Xp)|B, 9] =g0+9'9,
(ii) (invariance)
V{k €V} (Y =Xk —XBo)T(Y — X& — XBo) = (Y — XBo)'T(Y — XPo),
(ii1) V{T1 n x n symmetric matrix satisfying (i) and (ii)}
TY[TS(90) TE(90)] < Tr[T1 5 (90)T1 £(V0)].

Remark 3 If Y is supposed to be normally distributed (Y ~ N,[X3, 2(9)]),
then

Var[(Y — X Bo)'T(Y — X50)|9] = 2TX[TT(9)TE(9)],

where (Y — X 30)'T(Y — X ) satisfies (i) and (ii) from Definition 2. It means
that ¥o-MINQUE in this case is a Jo-locally minimum variance quadratic un-
biased estimator. If V = R*, then By can be chosen as the zero vector.

Remark 4 Let the linear manifold V be defined by the relationship
V:{u:uE’R", b+Bu:0};

the assumptions on the unbiased estimability of the functions h(.) and g(.)
from Definitions 1 and 2, respectively, aré equivalent to the requirements h €

M(X',B') and g € M(Cg{l)(a), where
{CxkyYis = Te(Mxx, ViMxksV,), 63 =1,...,p.
Here
M(Ap ) = {Au:u €RY),  Mxxgy = Ijnn — XKp(KpX'XKp) KpX'

and Kp is a matrix with the property M(B',Kp) = R*, BKp = 0. The
symbol A~ denotes a g-inverse of the matrix A (in more detail see [12]).
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The more complicated case of the basic model (3) with
ﬁ = (ﬁfkl])ﬂsz])l € v:

= { ( ey ) Lufk,) € R, upeg) € R¥2,b+ Buge) + Fuge,) = 0}
2

and E(Y|B8) = Xf,], is investigated in [4].
Remark 5 Other kinds of estimators are not considered here because of

(1) the estimators defined in Definitions 1 and 2, respectively, are commonly
used since they are simple and reasonable and

(i1) the limited extend of the contribution.

Assertion 6 Let, within the model (Y[n,l]n Xin, k18,11 Zle %Vi), B € R¥,
¥ € ¥ C RP, in which the observation vector Y is normally distributed, the rank
r(X) of the matriz X be r(X) = k < n and X9 = E(Jo) = Y .5_; Yo,:Vi be
positively definite. Then
(i) the ¥o-LBLUE of B 1s
B(Y) = (X' X) 1 X'S5 'Y

and its covariance matriz at N is Var[B(Y)|%] = (X'5171 X)L
Let, further, the matriz Sy, somx)+s whose i, jth element is

{Smxzonx)+ Hij = Tel(Mx o Mx ) Vi(Mx T Mx ) * Vi),
i,j = 1,...,p, be regular (+ means the Moore-Penrose inverse of a matriz).
Then
(i) the 9o-MINQUE of 9 is

@(Y) = S(—I‘,}xgﬂMxﬁ:Y(Y)a

¥
)

where 5(Y) = (31(Y), ..., %(Y))
%(Y) = Y (MxSoMx)TVi(MxZoMx)*Y, i=1,...,p,
and its covariance matriz at Lo 1S
Var [19(Y)‘20] = 2S(A}XEUMX)+'

Proof Cf. [13], p. 93. ' o
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3 Estimation in m-epochs model with the same
design in each epoch and with the stable and
non-stable points

Let the recent crustal movements be investigated in m epochs. Each epoch is of
the same design. (This simple version of multiepoch models is considered from
didactical reason. The methods demonstrated in the following can be used for
models with more complicated structures). The network used in this experiment
involves a group of points which are stable and are characterized by a vector
parameter $; and a group of non-stable pomts (in the investigated area) which
are characterized by a vector parameter ﬂz in the ¢th epoch.
The model of the described experiment is

B
o,
2
Yinm, 1] (Lim, 1] ® X1fn k] fim,m) © Xofn ka)) : ,Zﬂif[m,m]@)Vn ,(5)
my | =
2

where 1p, 1) = (1,...,1)’, I is an identity matrix, Y = (Y{,...,Y2), Yi,..., Y,

"y tm
are stochastically independent n-dimensional random vectors, X, X5 are given

design matrices such that r(X1) = k1, r(X2) = k2, k1 + ks <nand V4,...,V,
are given symmetric matrices. The characteristics of the accuracy of the mea-
surement (the variance components) ¥ = (91,...,9,)" € ¥ (an open set in the
Euclidean topology) C RP, are supposed to be unknown. The matrix P 0Vi
is supposed to be posmvely definite.

Assertion 7 The ¥o-LBLUE of the vector (ﬁ’l,ﬂgl)’
is

s By = (8, 88y

(ff(l)) ([Xl(Mx,zoMmeﬂ IX'(MXZEOsz)Jr?)
a+b ’

where
Y, -V
a = I® (X555 X)) ' X585t :
Yn-Y
b = 1®[X2(Mx120MX1)+X2] 1X2(MX120Mx)
Ag) — (ﬂ(l) B ,ﬂ(m) Y,
Mx, = Ijnn) — Xa(X3X2) "1 X3,

I

P
Yo = 2‘90,1"/:'; Yo = (Jo,1,-..,0,),

(1fm) 3,

=
Il



Estimation in Muliiepoch Regression Models with Different Structures ... 89

w[(4)1-]- (B 1B).

(1/m)[X{(Mx,ZoMx,)t X,] 7

1 _ -
——® (X{2g X1) T XITg Xo[X5(Mx, Do Mx, )* Xo] ™!

and

here

Il

)

..».. ..s.
| |~
I

1/
- ® (X1 (Mx,ZoMx,)* Xi] 7 X157 X (X585 Xa) 7,
21] = '

= My ® (X455 X)) + P ® [X}(Mx, BoMx, )+ Xa] !

I
|

where Pp, = 1[m»1]1(m,1]/m’ My = Iimm) — P

Proof With respect to Assertion 6,

(ﬂ"ﬁ(l.)):[U@leI@Xz) ([®20 1®X1,I®X2)]
2

x(19 X1, 10 X5)' (I®%7}) ( )

m /

- Y;
- ( m® (X[571X1), '@ (X{%7 %) \ 7 (1 © (Xi57) ) ;
TIN5, 1 (Xz le) 1® (X355
It can be easily verified that
me (Xi1T;1x:), e (Xi2 ng) 11 12
1® (X355 X1), 1® (X35 le 22
Taking into account the formula
Y, Y, -Y
(M ® Apn)+ Pn®Bpn)) | 1 | =T ®A) : +1® (BY)
Ym Ym—-Y

(which can be easily verified) we can finish the proof in a straightforward way.
(]

Remark 8 Assertion 7 implies the following conclusions:
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(i) The ¥o—LBLUE ffl(Yl, ..., Y;) of the parameter 3 (the coordinates of
the stable points) based on the results of measurement after j epochs equals the
arithmetic mean of the corresponding estimators within each separate epoch

J
ﬁl(Yl’ .- )YJ) = (I/J)ZBI(Y)
i=1
where
Bi(Yi) = [X1(Mx, SoMx,)* X1] ™' X1 (Mx, ZoMx, ) *Y;,

i=1,...,7,1is the 9o—LBLUE of #; within the ith epoch, i.e., within the model

()5

Furthermore, if
B
YNN[mn] (1®X1)I®X2) ﬁ() )I®20
2
and the parameter §; can be assumed to be stable

Bi(%) = Bi(Ya, -, Yima) ~ Niy (0,1/G = DIIXG (M, Bo Mo ) * X))

Thus the stability of these points in each epoch can be tested. The test of the
null hypothesis Hy : E[$1(Y;)] = E[B1(Y1, ..., Yj-1)] is based on the statistic

1r- . ’
[8:0%) = B (%1, .., Y5-0)]
x [ X1 (Mx, 2o Mx,) X | (B1(%) = BV, Y5m1)) ~ o, (6);
here X,ch (6) denotes the random variable with non-central chi-square probability

distribution and k; degrees of freedom.
If the points are stable, then § = 0; if not, then the parameter of noncen-

trality is

J

x [Xi (Mx,ZoMx,)* Xl] ( P Zﬁf ) ;

g

{i) , t=1,...,7—1,1is the coordinate vector of an actual position of the stable
points in the ith epoch. Here Xy is-supposed to be an actual covariance matrix.
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(i1) Any linear hypothesis on the m-tuple of the non-stable points ﬁ(l), e
(m) (i.e., the hypothesis concerning the recent crustal movements)

2
Ho: Higkamy | ¢ | +hig11 = Oy, r(H) =14,
g™
can be tested using the statistic
. 1 .
M (Ya, ..., Ym) MY, V)
wen| oy he|
B (Y4, ..., Vi) B (Y1, ., Yom)

which (under the condition that the null hypothesis Hy is true) possesses the
central chi-square distribution with ¢ degrees of freedom. Here ¥g in the matrix
ﬂ is supposed to be an actual covariance matrix.
(iii) As
85 (%) = [X5(Mx, ZoMx, ) * X] ™ X3(Mx, BoMx,) Y
and simultaneously
B (Y, Ym) = [X5(Mx,ZoMx,)* Xa] ™ X5 (Mx, BoMx, )Y
+ (X350 X)) T X8 (Y, - V)
there holds
B (Y, ..., Ym) = B9 (V) + { (X425 X)) X525~
— [X5(Mx, ZoMx, ) Xs] " X5 (Mx, Do Mx, )} x
x(Y;-Y)= ,@g’ )(YJ) + a correction term.
‘In‘order to an.élyse the correction term, let us consider the stochastical model
=Y X - (/m) >0 69), (- /m)S (o))
i=1

within Whiéh the 9o—LBLUE of the unknown parameter ﬂ;j) -Liynr, ﬁ&” is

j 1 S i 2 - —1yig— .
(ﬂé’) o )) (% = V) = (X325 5)™ X355 (% - 7;
furthermore

—_Zﬂ (¥i) = XZ(MxxzoMX1)+X2] 1X2(MX120MX1) Y
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therefore the correction term is of the form

(ﬁé“ izﬂ“)( v)- [“’(Y)—-Zﬂ"( )}

Jj=1 Jj-1
(iv) If the null-hypothesis from (ii) reads
(1)
2

Ho : (Inm) ® Hajgr) | 0 |+ Lpm,11 © hagg,11 = Opma,1),
(m)
2.

where r(h2) = ¢, the test statistic is

Tr { Hy[Ho (X550 X2) L HY " Ho A} +

—
sy

(ks + 80 { Ha[X}(Mx, SoMx,) " Xa] " Ha } 7 (ho+ H4BS)) ~ Xy,

where
A(J) ~)
B —ﬂz M, Ym), :-—Zﬂ (Y1,...,Ym)

n 20 S a6 =S
and A=377" (8, —B57°) (B, —6y).

Remark 8 demonstrates that all inferences concerning the recent crustal
movements can be drawn from calculations performed within the framework of
the separate epochs only, where the matrices of the types k; x k1 and kg X ko
instead of the “large matrices” (mk1) x (mki) and (mksy) x (mks), respectively,
are used. This has at least two advantages: within each epoch it is possible
to compare easily a result from this separate epoch with results from all the
preceding epochs, which is important from the point of view of the statistical
analysis of measurement results and furthermore it creates a basis for equiva-
lent algorithms of estimation. The last fact enables us to check the numerical
stability of the calculation and to verify the correctness of numerical results.

In addition to this an analysis of estimation procedures represents a basis
for understanding the influence of the results of the ith epoch on the estimation
based on the results of the jth (i # j) epoch. The epistemological aspect of this
analysis leads to an inside of the m-epochs model which is not a simple sum of
single epochs but a qualitative new entity.

In what follows we shall deal with variances of the estimators applied in-
cluding the estimators of the second order parameters.

Assertion 9 [t holds

Var [ﬁ(J)(yj)pjo] = [XQ(MX,EoMxl)*'Xz]‘l =
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= (X3E5 Xa) 7t 4+ (X525 X2) T X525 1 Xy x A
X (X125 X1 — X155 X2 (X585 1 X0) " X485 X )7t x
X X1T5 Xy (X585 X,) 7t

and

Var [Agj)(Yl, : ..,Ym)|20] =

1 1 -
(1= —) (X355 Xa) ™" + — [X3(Mx, Do Mx, ) * Xo] P

(X455 X0) ™ 4 (X355 X)X 55 X
x [X1251 X1 — X155 X (X525 Xa) 1 X585 1 X, 7 x

X X125 Xo (X585 1 X,) 7t
Proof If the relationships
(Mx, ZoMx,)* = 55" - 5 X0 (X1 271 X)) 71 X{ 25
and
(X355 X2 — X355 X1 (X125 X)X 57 X ™ =
= (X355 X2) ™ + (X325 X2) T X B Xy X
x [X1551 X, — X125 X (X585 X2) T X455 0] 7 %
X X125 X (X555 X)) ™t

are taken into account, the first part of the assertion is proved.
As

Bél)(yly .- ;Ym)

: - {Mm ® (X351 X) "1 Xpug 1+

B§M)(Y11 .. :Ym)

Y1

+ Pm® [XQ(MXIEoMxl)+X2]_1X§(MXIEOMX1)+} :

Ym
we can write

Var [,égf)(yl, . Ym)mo] -

= ( !

L- )5 ) +

1
E[X;(M}(l E01\4‘)(1)4»)(2]—1
(here the equality

(Mx,ZoMx,)* So(Mx,ZoMx, )t = (Mx, ZoMx, )t
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was taken into account).
The proof can be easily finished by applying the first part of the assertion.
O

Assertion 10 (i} In the model (5) the 9o-MINQUE of the vector ¥ is

~ -1
IYy,...,.Yn) = [(m - 1)S(szEosz)+ + S(M(xl,xz)EoM(xl,xz))*‘] F(Y),

where

{Srw,money+ } o= T [(Mx, Zo My, ) Vi (Mx, ZoMx,) Vi,

i
i?j:]‘!"'?pl

{S(M(xl,x.‘,)zoM(xl,xz))"'}i’j =

= Tr [(Mx,,x;)ZoM(x, x)) TVi(M(x, x,)ZoM(x, x,)) T V5],
L,j=1,...,p,
3(Y) = 1Y), ., %)),

%(Y) = Tr |(Mx,DoMx,)tVi(Mx,ZoMx,)t > (V; =Y)(Y; =YY | +

j=1
+mY (M(x,, x2) ZoM(x,, x2) Vi(M(x, x,)SoM(x,,x2)) Y,
i=1,...,p, and
M(thz) =] - Xl(XiMXer)_'lX{sz — Xz(XéMXIXQ)—lXéMxl.

(i) In the jth epoch we have

- 1 .
ﬂ(YJ) = S(M(Xxvxz)EQM(Xlrxz))+n(},j)’

&(Y;) = (Ri(Y5), -, &p(Y5))'s
&:(Y;) = Y(Mx, x2)Z0Mx, x.)) P Vi(M(x, x2)ZoM(x,,x2)) 1 Y;,
i=1,...,p.

Proof With respect to Assertion 6, the Jo-MINQUE of the vector ¥ = (¢9,,.. .,
¥,)’ of variance components is

(Y1, -, Yim) = SiMgx, 10x) 1850 Mugx, roxplt T (Y):
where
Y) = (), %)),
F(Y) = (Y, Yo)[Maex, 10x,) (I ® o) Mugx,, rex,)]* (1 ® Vi) x

Y

X [Mugx, 19x,)(I ® Zo)Mugx, rex))t |
. Y,
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It can be verified that

[Muex,,rex:) (I ® Zo)Mugx, 19x,)]" =
= M,® (szzoMx2)+ +Pn® (M(Xl,Xg)EOM(Xl,Xg))+-
Further

{S[M(1®X1>I®X2)(I®ED)M(1®XI,1®x2)}+}i,j =
= Tr{[Mm ® (1\{()(25301\/1)(,)+ +
+ P ® (M(x,,x2) Z0M(x,,5,)) TI(I ® Vi) [Mim ® (Mx, ZoMx,)* +
+ P ® (M(x,,x:) o Mx,,x,) 11T @ V;)} =
= (m— 1) Tr[(Mx,ZoMx,)  Vi(Mx, ZoMx, )t Vi] +
+ Te[(M(x,,x,) ZoM(x,, x,)) T VilM(x, %) EoM(x,,x2)) T Vj].

Taking into account the relationship (valid for any n x n matrices A and B)

Y
(Y, Y0} (Mm ® Aoy + Pm ® Bpm)) | 1 | =
Ym

=Tr |AY (Vi - V)(Yi - V)| + mY BY

=1

we can easily finish the proof. : B

Example 11 Let us compare variances (i.e., efficiences) of estimators of the
unit dispersion within the special case of the stochastical model (5) for p = 1,

ie., ¥ = 0%, 02 € (0,00) within separate epochs and after all epochs. The
normality of the observation vector is assumed.

In accordance with Assertion 10, the 62-MINQUE of o2 (it represents in our

case the uniformly minimum variance unbiased estimator of the unit dispersion)
18

67 =62(Y1,. -, Ym) = [(m — 1) Sy, + Smix, x)) (),
where

YY1, Ym) = T(Mx, Y (% = V)Y = V) +mY Mix, x,)Y],
i=1
SMx; v Tr(Mxe) =n— ko,
SMix, xy = TH(Mix,,x5)) =1 — k1= ks,

thus, with respect to Assertion 6,

. 20

VrlsT s Yoo = (m—1)(n—kz) +n—k —ky
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Another unbiased estimator of ¢2 is of the form

’n[Mx,E (Y =YY - Y)]

o = (m—1)(n— k)
since
{ lng (Y; = Y)(¥; - ?)’] 02} =
= (m-1) Tr(c’Mx,) = (m — 1)(n — k2)o?,

(here the relation

ol s}

= (m—1)Tr(A%) + Z(ﬂg"’ — B9y x54%, (85 — 690)

j=1
was utilized). The dispersion of this estimator is
Var(62|o?) = 20 /[(m — 1)(n — k2)].

Further let us consider the unbiased estimator c"rg of the form

1 m
:;:;

where
- . _ 1
635 = 02 (Y3) = Shre, ey Y1 Mo x0) Vi = m%’M(xl.x»Yj,
N 202
Varo3(¥)lo%) = s § =1, m
its dispersion is
Var(62|o?) = .___..._2_0'_4_.____
8 m(n — k1 — k2)’
For comparing the given estimators following ratios are used:
Var(6}]o?) 1
2|52) —ki—kz
Var(G5|a?) 1+ (—mﬂ:ﬁ%n—ifc;_)

Var(63]0?)  m(n — k1 — k)
Var(63]o2) ~ (m— 1)(n — k1)
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and
Var(6?|0?) 1

Var(@3lo) ~ 14

For different m, n, k1, ko the values of these ratios are in the following Table

Var(6?|0?) Var(é2|o?) Var(s?|o>
5 25 6 8 68/79 55/68 55/79
10 30 6 8 198/214 160/198 160/214
50 30 6 8 1078/1094 800/1078 800/1094
10 300 60 80 1980/2140 1600/1980 1600/2140
20 300 60 80 4180/4340 3200/4180 3200/4340

It is quite clear that the efficiency of the unit dispersion estimator 62 based
on the results from the whole experiment is substantially greater than the effi-
ciency of the unit dispersion estimator 6% obtained by averaging the estimators
based on the separate epochs. Moreover, the efficiency of the unit dispersion
estimator 6% which is based on the matrix v (¥; — Y)(Y; — Y)’ gets near
the efficiency of the estimator 7 based on the hypervector Y = (Y{,...,Yz).
Asymptotically, for m — oo, the efficiences of the estimators 2 and 6% become
equivalent. The estimator 6%, commonly used in practice, is significantly worse.

4 A systemization of basic structures and their
combination

Two basic classes of structures will be considered:

(i) The A-structure: a structure with a group of stable and with a group of
non-stable points.

(ii) The B-structure: a structure with non-stable points only.

A typical representant of the A-structure is the model investigated partly in
the preceding section.

A typical representant of the B-structure is the growth-curve model.

Let (B1,1,82,1,- - -, Bk,1)’ be the vector of the unknown values of the network
parameters (e.g. horizontal coordinates of points of the geodetic network) at
the time ¢t = t1, (the beginning of the investigation of the RCM) and let

ﬁl(ti):ﬁl,l'f'Zﬂf,j‘ﬁj(ti)y I=1,...,k v(6)

j=2

i=1,...,m, be the value of the [th parameter at the time ¢;.

The functions ¢1(.)(= 1), ¢2(.),...,s(.) suitably chosen for a good ap-
proximation of the time course of variations of the parameters §(t), ¢t > 1,
1=1,...,k, fulfil the conditions ¢;(t1) =0, j =2,...,s. If none explanatory
model of the character of the RCM in the investigated region is available, then
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we can choose ¢;(t) = (t —t1)7~1, j =2,...,s. If the observation vector of the
rth epoch is Yjn,1)(tr), then

BlY(t)IA(t,)] = XBé(tr),
where X is a design matrix (in each epoch it is the same),

ﬁl,ly IBI,Z’ ey ﬂ;,s

B= : : : :
,Bk,ly ﬂ]:‘zy R ﬂ:‘s
and
¢1Etr§
$alts
st =] .
és(tr)
Thus
E(Y|B)= XBZ,

where Y = (Y(t1),...,Y(tm)), Z = (é(t1),.-.,6(tm)). In the case with the
same design in each epoch the covariance matrix of the random vector vec(Y) =
(Y., ) is

1

P
Var [vec(Y)|5(9)] = Jim,m] ® ZﬂiVi-

i=1

Some natural conditions on s and m must be fulfilled in order the matrix B be
unbiasedly estimable (for further detail cf. [5]).

Let X be the design matrix of the first epoch (i.e., in the A-structure X =

(X1, X3)). Several typical situations are to be distinguished in the model of the
first epoch

i) (Y, XB,2(¥), BeV=rRF,

G (v.e £(9)), BEV={u€R":diy+ Digmu =g},

(i) (v.6,50), = (gl ) cy=

2
Uy
= {( us ) sy € R™,up € R¥, dig1] + Dignjua + Flgxue = O[q,l]} ,
) (v.x8, £(9), BEV={ueR", dig+ Diguu = O},

v) (Y>Xﬁ1,2(v)), B = (g;) ev=

u :
= {( u: ) Tup € RF uy € szyd[q.l] + Dig,k,1¢1 + Fig ks u2 = O[q,l]}
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(for more detail cf. [9]).

It is to be remarked that a decomposition of the vector 3 to'3; and B, in the
A-structure need not correspond to a decomposition of the vector # in the cases
(i11) and (v). If an A-structure is considered, then in the case (v) the following
structure can occur in the first epoch

v, %) [ 2) 20),
62

where the stable/non-stable points are connected with the parameter

B (1) §12)
ﬂl = ( ’ ) / = H
B2,1 2 ,3%’12)
ﬁl Ui k1 ko
(1 JeEV= s tup € R upy € R,
2

a4 01,0 (101 ) 2 (207 =0

»

and

The structures (i) till (v) are basic. Sometimes these basic structures must
be generalized at least in the three following directions:

(a) Instead of the parameter 3 a parameter (f:) must be considered. Here 8

is a useful vector parameter connecter with the RCM and « is a nuisance vector
parameter which has no importance for the researcher; e.g., the vector « is a
vector of coefficients of a polynomial which models a drift of a measurement
device. Then X = (A, S) and the problem of an optimum elimination of the
parameter « has to be solved (in more detail cf. [8] and [2]).

(b) Sometimes a time varying position of an investigated point cannot be
adequately expressed by the deterministic part of the model: a process noise
must be involved in the model. In the simplest case th/ observation vector ¥
can be expressed as (in more detail cf. [9])

Y=XB+v+e

where v is a process noise vector and ¢ is a measurement noise vector. It leads
to the model (v and ¢ are independent)

P1 P2
(Y= XB,5(d1,92) =Y ViVii+ D 192,in,.')
i=1

i=1

which is a generalization of the basic model, which enable us to solve new
problems, e.g., to find the best approximation of the random variable {X};, 8+
vi, where {X};. = €;X, e; is the ith row of the matrix I[n,n] (2 collocation
problem of Moritz [11], see also [7]).
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(c) In many cases the measurement in a geodetic network is performed by
a group of measurement devices (e.g., gravimeters) simultaneously. Then the
basic model (ii) can be established, e.g., in the form

Y1
,(1® X)B, Diag(0?,...,02) ® Ijnmy|
Yy
where Diag(o?,.. ., og) is a g x g diagonal matrix and o? is a dispersion of the

ith device (in more detail cf. [10]).

Till now the first epoch was considered only; if different designs are used in
different epochs a new class of models occurs. For example in the case of the
A-structure

v x® x® 0, .., 0 B

! X§2)1 Ov X§2)) RS 0 gl)

) . . ’2("9) bl

Ym m m ;
JoA\xt™, 0, 0, o, xiM )\

where X(9) is, e.g., if the same measurement devices are used in each epoch, of

the form
P Viy, 0, ..., O
DW= 0| .. :

i=1

0; 07 )-")Vm,i
Another case occurs if e.g., ﬂg} in model (5) is of the form
) = (81, B)O), L) = [@1(t:), .., B ()],

(i.e., the time courses of changes of the nonstable points are modelled using the

known functions ®;(-),...,®,(-)), then the corresponding model is
B
Yy ®'(t1) L
] rexn |t Jex| | P [ Y vew)
Yo (D/(tm) : i=1

e
El

Now it is quite clear that a combination of structures A, B, cases (i), (i), (iii),
(iv), (v) and generalizations (a), (b), (¢) creates a huge class of models for the
RCM,; only a few of them are already analyzed.

5 Conclusion

Estimation problems in linear regression models suitable for studying RCM do
not stay always and sufficiently in centre of attention of experts. Usually the



Estimation in Multiepoch Regression Models with Different Structures ... 101

phase of collecting data is emphasized, where measurements are performed using
expensive devices and exacting procedures to the detriment of an application of
optimum statistical procedures for processing them. However an analysis of ad-
equate models (mainly multiepoch models with variance components) in more
detail shows the amount of the work expended in the first phase deteriorated
when efficient estimators are not used (cf Example 11); the percentage of the
deteriorated work is given by the ratio (difference between the actual dispersion
of the estimator and the dispersion of the efficient estimator)/(the actual disper-
sion of the estimator). This simple and well known fact represents sometimes a
nonnegligible loss of finance and labour and still it is frequently not taken into
account in practice.

The main aim of the paper was to attract attention of experts to statis-
tical problems of processing data obtained by measurements of RCM and to
emphasize the possibilities they offer.

From didactical reasons the models, within which the algorithms for opti-
mum estimation of the first and second order parameters are developed, are
relatively simple. It is no problem to apply ideas explained for them in more
complicated models more adequately describing the concrete situation (e.g. in
multiepoch models with different design matrices in each epoch, in a combina-
tions of epoch and multistage models, etc). Authors tried to apply the described
approach to other models summed up in the monograph [6]. Nevertheless, re-
sults obtained till now represent only the first steps in developing the estimation
theory in models linked up to the RCM.
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