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Abstract

The accuracy of geodetic triangulation network is characterized by the
Ferrero estimator of the standard deviation in measurements of angles or
directions and by misclosure histograms. Statistical properties both of
these characteristics are investigated.
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Introduction

The time of large triangulation networks in geodesy is over. However the coor-
dinates of network points have been utilized. The characteristics of accuracy of
triangulation measurements are topical.

Statistical methods developed and applied in geodesy in the time after Fer-
rero formula enable us to make a look back on some statistical properties of
this formula and on a statistical behaviour of the triangle misclosure histogram,
which together with the Ferrero formula had been used for an analysis of the
accuracy of triangulation networks.

*Supported by grant No 201/96/0436 of The Grant Agency of Czech Republic
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100 Lubomir KUBACEK, Ludmila KUBACKOVA

1 Formulation of problems and auxiliary
lemmas

Let in R? (two-dimesional Euclidean space) an n—tuple of triangles be consid-
ered. These triangles must not be crossed by any side of another triangle; only
common sides are admissible. In each triangle all three angles are measured
with an accuracy characterized by a standard deviation ¢ in a single direction.
Thus 3n angles are measured. Let 7;1,7;2,7:,3 be random variables the real-
izations of which give the result of measurement of angles in the ith triangle.
Then U; = n;,1 + ni,2 + Mi,3 — 7 is the misclosure of the ith triangle.

A preliminary analysis (i.e. an analysis performed before the optimum pro-
cessing the measured data within a geodetical network) of a set of triangle
misclosures consists usually of

a) calculating the Ferrero formula and

b) constructing a “histogram” of misclosures of triangles included into the
trigonometric network.

Definition 1.1 The Ferrero estimator (cf. also [2], p. 43 and [9], p. 163) of a
standard deviation ¢ in a measurement of a direction, characterizing the whole
described triangulation network, is

& = Z‘?:l U7,2 .
V 6n

This formula has been used also in cases when the accuracy of measurements of
directions is not the same in different triangles.

The statistical behaviour of the vector U = (Ui,...,U,)" (' denotes the
transposition) depends on the method applied for the measurement of angles.
Therefore the statistical properties of & from Definition 1.1 depends on it as
well.

In the following two methods are considered, i.e., the method of measurement
in sets and the Schreiber method (measurement of angles in all combinations,
cf. also [4]) and also the vertex method is mentioned. The aim, in the case of
normally distributed errors, is

1. to recognize, whether different methods of measurement make the statis-
tical properties of the Ferrero estimator significantly different and

2. to investigate the behaviour of the Pearson statistic used for goodness-of-
fit test in the case of the misclosures histogram.

For solving the first problem the following lemmas are useful.

Lemma 1.2 Let Y ~ N,(1,X) and A be a symmetric n x n matriz. Then
Y'AY + 2b'Y + ¢ has a x2(6)—distribution (r are degrees of freedom and & is
the parameter of non-centrality) if and only if

(i) TALAY = TAS,
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(ii) M[Z(Ap + b)) € M(ZAX), and
(1) (Ap+b)E(Ap+b) = p'Au+2Vu+c.
In this case 1 = Tr(AX) and 6 = (b+ Ap)' TAL(b + Ap).

Proof Cf. [8] p. 171.

Remark 1.3 If the random variable Y'AY + 2b'Y + c satisfies the conditions

from Lemma 1.2, then the parameter of non-centrality § can be written as
§=[EY)AEY) +20'E(Y) +c.

Lemma 1.4 Let Y ~ N,(0,%) and B be a symmetric n x n matriz. Then
Var{Y'BY|%) = 2Tr(BLBX).

Proof Cf. [3], p. 327 (the notation |X means that the variation is determined
for the actual value Var(Y) = X of the observation vector).

Lemma 1.5 Let A be annxn symmetric matriz and let Y be an n—dimensional
random vector such that E(Y) = p and Var(Y) = ¥ (the normal distribution
of it is not assumed). Then

E(Y'AY |p, %) = p' Ap + Tr(AX).

Proof Proof is obvious (the notation |4, Y means that the mean value is
determined at the point p, X, where p and X are the actual values of the mean
value and the variance matrix of the observation vector, respectively). O

Lemma 1.6 LetY ~ N,(0,0%V), where V is positively definite. The uniformly
best unbiased estimator of 0% is

(V) =Y'V7ly/n.
Proof It is based on Theorem 3.1. and Example 3.4 in [5].

Lemma 1.7 Let n; ~ N1(u,0%), i = 1,...,n, be identically and independently
distributed random variables. The pointsty,...,tx_1 such that —oo < t; <ty <
... < tg—1 < 00, divide the interval (—oo,00) into k disjunctive intervals Ty =
(—00,t1),T; = [ti-1,ti), 1 =2,..., k=1, and T} = [tg—1,00). Ifn; is the number
of realizations of the n-tuple ny, ...,y into the interval T; (ny + ...+ ng =n)
and

pi= / n(z,p,08)de, i=1,...,k,

i

then the random variable R

Z (ni - npi)z (1)

i=1 npi

possesses assymptotically a central chi-square probability distribution with k—1
degrees of freedom.

Proof It is a special case of the statement given, e.g., in [7], p. 330.
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2 Basic statistical properties
of the Ferrero estimator

In the first step the estimator

n 2
~2 zi:l U’i
o= 6n 2

is considered. The statistical properties of (2) are studied within a regular
hexagonal network, starting with its simplest form and ending with its infinite
form, i.e., in a sequence of growing hexagonals, the first, central (p = 1), of
them being composed of 6 triangles rounding the central point Py, the second
(p = 2) being formed by the further 18 triangles rounding the central (p = 1)
hexagon, etc. (Fig. 1)

Definition 2.1 The measurement of angles in sets in the framework of hexag-
onals described is called Scheme 1.
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Lemma 2.2 In Scheme 1
(i) the number of vertices is 1+ 3p(p+1),p=1,2,...;
(ii) the number of triangles is 6p*,p = 1,2,.. ;
(iit) the number of directions is 6[4+ (p — 1)(3p+4)],p=1,2,....

Proof is obvious.

Example 2.3 Let us consider the case p = 1. In this case 24 directions at 7
vertices are to be measured. For the sake of simplicity 1 set in both positions
of the telescope is considered (it is the basic unit of replications in several sets).
Thus the observation vector ;Y modelling the measurements in the ith, i = 1,2,
position of the telescope is of the form

iY2a) = (Yo(e), Yi(s)> i¥a(s), iYs(s)» i¥i(s)» i¥s(a) i¥e(s)s
where
Yo = (Yo, Yoz2,---, iYoe)'s iY@ = Vi1, Y0, i¥55-1)
i=1,2,7=2,...,5,

Yi(3) = (:Y1,2,i V1,0, Y1,6)'

and
iYo(3) = (iY6,1i Y6,00i Yo,5)'
(the first index shows the number of the station, the second the number of the
target, the numbers in parenthesis denote the dimension of the vector, if neces-
sary). The result of the described direction measurements is a 48-dimensional
vector, a realization of a random vector (1Y’,2Y")’ characterized by the covari-
ance matrix
Var((1Y' 2 Y')'|0%] = 20° I (48,45)-
The input for data processing is a 24-dimensional random vector
Y =(4Y +2 Y)/2

characterized by a covariance matrix

Var(Y|o?) = 0%I(24,24)-

6-dimensional vector of triangle misclosures within the central hexagon and
its covariance matrix are

U=TY —nxl, Var(U) = o2V,

where

Ti6,249) =

_0 0 0O o
OO OO - -
OO OO
oop-l-»—loo
O = O OO
-0 000
OO O OO
-0 O O O -
-0 oo oo
OO0 OO
OO O
SO0 OO
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0 00 0 00O O 0O O OO
0-11 0 00 O 00O O OO
-1 10 0-11 0 00 0 OO
0o 00-1 10 0-11 0 00}’
0 00 0 0O0-1 10 O0-11
0 00 0 00O O O0OO0-1 10
1oy = (1,1,1,1,...,1), V = TT' and o? is the actual value of the unit

dispersion (in direction).
The estimator of the unit dispersion according to the Ferrero formula is
3*(Y(24)) = U'U/(6 x 6). This estimator is unbiased because of

E[&Z(Y'(24)|02)] = (1/36)E[U'U|0?] = (1/36)Tr[Var(U|o?)] = o>
Its dispersion under the condition U ~ Ng(0,0%V) is Var[6?(Y(2q)|0] = 20* x
36=2Tr(V2) = (11/27)0%.

The unbiased invariant and uniformly best estimator of the unit dispersion is
6%(Y(24)) = U'V"'U/6 and its dispersion under the condition U ~ Ng(0,02V)
reads Var[6?(Y)|o?] = (20*/6%)Tr(I(56)) = 0*/3.

The efficiency of the Ferrero formula is

Var[62(Y)|o?)

The Ferrero estimator 6v/2 = /252 of the standard deviation v/2¢ in the
measurement of an angle is obviously biased; with respect to the Jensen inequal-

ity, cf. [7], p. 46,
VE(&) > E(|¢]) >0
for any regular random variable £.
If £2 = U'U/(6 x 3), then obviously E(v/25|0) < v20.
In the case of normality of the random vector U the efficient estimator 202 =
U'V-1U/3 is distributed as follows 202 ~ 202x2/6.
LY = 2/;2, then the probability density of Y is

27 3y
2\ _ 2 _
f(yla )‘ 1606y eXP( 202)7 y>0v
and the probability density of Z = VY =462 is
27 322
g(ZiU) = %EZ exp (—%—2-) , 22> 0.

Thus

E(6V?2|0) = / zg(z|o)dz = 20%%\@ = 0.959v/20.
0

For the estimator of ¢ it is obviously E(d|o) = 0.959¢. For greater degrees of
freedom the bias will be even smaller.
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Theorem 2.4 The efficiency of the Ferrero estimator of o* for a given p in
the Scheme 1 is

Var(3%|o?) _
Var(52|o?)

_ Var {[U'VU/6p)]|e?*}  9p

T Var{[U'U/(36p?)]|02} ~ 12p-1’

p=12,....

Proof Let p =2. The input observation vector is of the form
Yisa) = (Yo(e)s- - Yo(e) Ya(a) Ya(ays - - -» Yar(3) Yisa)s Var(Y) = 0 L(s4,84)

(the observation vectors at stations with serial numbers 0-6 are 6-dimensional,
at stations with serial numbers 2k — 1 are 3-dimensional and at stations with
serial numbers 2k are 4-dimensional, k = 4,5, ...,9. The 24-dimensional vector
U of triangle misclosures is U24) = T(24,84)Y(84) — T1(84) and T'T" =V is of the
form

6 -2 0 0 0-2
-2 6-2 0 0 O
0 -2 6 -2
0 0-2 6

(o]
o

|

|
ONOOO0OO0OO0OODOODODOODOOAIND

|
|

|
l

OO0 OOOND
|
|
CO0C00O0OOODODOODOOCNOINODODOOON
| |
OO0 NIAINDODODODOO
|
|

QOO OO OO OO0 OOONODOOO

|

OO COODOOOODOODODOOONIINODOOTCOOOO

OO0 ODOOODOODOOOONOANOODOODODOODONO
|
DO OO0 DODOOONAINODODODODOODOODO OO

OO OO OO0 OO NVNODOOODOOO

OO O0OODOOONODOOOOODOOOC OO

OO ONWMNOOOODODOD O OO OONON

NOOODODOOOODOD OO0 OO0

~
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0 0 00000000 0 0)
0 0000 O0O0O0O0O0O0 O
0-2 0 0 0 00 00 0 0 0
0 0 0 0-2 0000 0 0 0
0 0 0000 0-22020 00
0 0 0000 O0O0O0 0-2 0
0 0 0000000 0 0-2
00 000 0O0UO0O0O0 0 O
0 0 000 O0O0UO0O0O0O0 0
0 0 000 O0O0O0O0O0O0 0
0 0 000 O0O0O0O0O0O0 0
-2 0 0 0 0 00 00 0 0 0
6-2 0 0 0 00 0 0 0 0 0
-2 6-2 0 0 0 0 0 0 0 0 0
0-2 6-2 0 0 0 0 0 0 0 0
0 0-2 6-2 0 0 0 0 0 0 0
0 0 0-2 6-2 0 0 0 0 0 0
0 00 0-2 6-20 0 0 0 0
0 0 00 0-26-200 0 0
00000 0-26-20 00
0 00000 0-26-20 0
0 0 00000 0-2 6-2 0
0 0 000000 0-2 6-2
00 00 0O0TO0UO0O0O0-26

This matrix can be writen directly using Scheme 1 by the help of the rule: each
diagonal element equals 6, elements outside the diagonal are zeros with exception
of 60 elements being —2; they are dislocated symmetrically with respect to the
diagonal in those rows of the ith column (i = 1,2,...,24), whose serial number
is equal to the serial number of triangles in the scheme which has a common
side with the ith triangle. Thus Tr(V?) =24 x 36+ 60 x 4 = 1 104.

This rule may be generalized for an arbitrary number p of layers of triangles.
The reader can easily confirm himself that for an arbitrary positive integer p
a network consisting of 1 + 3p(p + 1) points contains 6p® triangles (cf. also
Lemma 2.2); the observation vector Y in this case is 6[4 + (p — 1)(3p + 4)]-
dimensional. The matrix TT"' being of the type 6p? x 6p? in addition to 6p?
diagonal elements equalling 6 contains further 6p(3p— 1) elements equalling —2;
Tr(V?) = 24p(12p - 1). O

Remark 2.5 With growing p the value of the ratio
Var[6?3(Y)|o?]/Var[6%(Y)|o?]
tends to 0.750.

Thus the efficiency of the Ferrero formula lies in the interval (0.750, 0.818].
For different p see the efficiency in the following table.

p 1 2 ... 10 ... 100 ... oo
efficiency 0.818 0.783 ... 0.756 ... 0.751 ... 0.750
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Definition 2.6 The Schreiber scheme is called a procedure of measurements of
angles in the hexagonal network which requires the measurement of angles in
all combinations (cf. [4], p. 299 and 333).

Theorem 2.7 In the Schreiber scheme the Ferrero formula for a dispersion o
is not unbiased.

Proof It is sufficient to find such p that E(62%|0?) — o2 #0.

Let p = 1. The observation vector Y for determining the set of 6 misclosures
within the central hexagon when the Schreiber method of measurement is used
is of the form

Yiee) = (Ybl(ao),Yf(spYz’(s)vYs’(e)>Y4/(e)vY5'(6),Yé(e))', Var(Yes)) = ‘721(66,66)‘
The input for processing is formed by a 33-dimensional random vector

To(15,30) Yo(30)
Ty(3,6)Y1(6)
To(3,6)Y2(6)
AY(33) = T(33,66)Y(66) = | T33.6)Y366) |
Ty(3,6)Ya(s)
Ts(3,6)Ys(s)
Te(3,6) Yo (6)

var(AY) = Tvar(Y)T' = 20°1(33,33)

-11 00 00
Ti3,6) = 00-11 00],i=12,...,6,

where

00 00-11

the form of the matrix Ty(15,30) is analogous.
The unbiased and efficient estimator of the 18-dimensional vector of angles
forming 6 misclosures within the central hexagon is

(B180) = (44 Yo - (WA et am
2

and its variance reads

6,(aY) _
Var ( @l(AY) ) =
_ (A/A)—l _ (AIA)—lBIQ B(A'A)—l, _(AIA)wlBIQu
= 202 ( _Qle(A,A)}_{, —Om )

(cf. [6], p. 144). Here

) ' ' R\ — . !
BO1a7) = (wo(s),w1(2),w2(2),,. . ’we(z)) , Wos) = (wzm,waoz,w403,w504,w605) )
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wi(2), 1 = 1,2,...,6, are angles whose vertex lies at stations with the serial
number i, ©2(1) = wioe, the matrix A(33,17) consists of diagonal block matrices
Aoass) 0 0 0 0 0 0
0 Ays2) 0 0 0 0 0
0 0 A1(3’2) 0 0 0 0
A@zan = 0 0 0 Agz O 0 0 )
0 0 0 0 Ay(3,2)0 0
0 0 0 0 0 A1(3yg) 0
0 0 0 0 0 0 A1(3’2)
111110000000000
011111111000000
A4A=1001110111111000 |,
000110011011110
000010001001011
. 110
A = (0 1 1) ’

B = (1'(5),0’(12)), C =1, b = =2 (the condition for determining the angle
wig6 has the form —27 + 1'wg + wigs = 0) and

(Qu le) _ (B(A’A)”lB’ c )‘1_

Q21 Q22 c’ 0
After realizing that Q11 =0, Q12 = Q21 =1, Q22 = —0.3333,
0.3333 —0.1667 0 0 0
-0.1667 0.3333 —0.1667 0 0
(AaAo)—l = 0 —-0.1667 0.3333 —0.1667 01,
0 0 —0.1667 0.3333 —0.1667
0 0 0 —0.1667 0.3333

' ay-1_ [ 0.6667 —0.3333
(4141) —(—0.3333 0.6667)’

and
(A'A)~'B'Qi2 = (0.1667,0,0,0,0.1667, 0;5))’,

we can immediately write the matrix Var[(©}(AY), 02(AY))"] in its numerical
form. Further

(UlaU27U3aU4)U57U6),:K(8222){3)‘—171',
where
100001001000000000
010000010010000000
K = 001000000100100000
“]1]000100000001001000
000010000000010010
600000100000000101
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and

Var(Ue)) =
1.6667 —0.5000 0 0 0 —0.5000
—-0.5000 1.6667 —0.5000 0 0 0
902 0 —0.5000 1.6667 —0.5000 0 0 _

0 0 —0.5000 1.6667 —0.5000 0

0 0 0 —0.5000 1.6667 —0.5000

—0.5000 0 0 0 —0.5000 1.6667

= 202V,

In accordance with the Ferrero formula the estimator of the unit dispersion
in a direction is 6%(Y(e6)) = U'U/(6 x 6) and its dispersion is

Var(62(Yies))lo?) = ~(6—>Z2—6-5—2—Tr[Var2(U)lcrz] ~ 0.12140",

This estimator is biased, because of
E[6*(Y(ss))|0?] = 0.5560°.
[m}

Remark 2.8 The mean square error of the biased estimator 52 (Y(66)) from the
last relationship is

E[(3*(Y(es)) — 07)%|0?] = 0.4315*.
The unbiased and uniformly best estimator of o2 in the same case is

U'v-lu

1
=2 2] — 24
7x6 Var[*(Yer;)|o”] 30

52(}’(66)) =
Thus
1
0.4310* = E[(6° (Vior)) — 0°)*[0”] = Var(s* (¥ie) lo”] = 30*.

This seems to be not a very bad property of the Ferrero estimator in the case
of the Schreiber scheme, if only accuracy of one network is characterized.

If more networks are compared with respect to their accuracy by the Ferrero
formula, then its bias in the case of the Schreiber scheme can cause problems in
an interpretation of the comparison.

Remark 2.9 The vertex method means the measuring each single angle sepa-
rately. It means that the covariance matrix of the vector U is of the form 6521.
Thus the Ferrero formula for o2 is efficient; when o is estimated, then a bias,
as shown in Example 2.3, must be expected.
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3 Some statistical properties of the misclosures
histogram

The other method of analysing a network accuracy is based on the misclosure
histogram. This is approximated by the Gaussian curve n(.,u,0?), = € R!,
with properly chosen p and o2; the value p is considered as a measure of some
systematic influences (e.g., the horizontal refraction) and o2 characterizes the
accuracy of the network similarly as (2).

The coincidence of the Gaussian curve and the histogram is checked either
by the values of random variables I'; and I'y, defined in the following, or by the
Pearson statistic (Lemma 1.7).

In the previous section it was shown that in the case of the n—tuple of mis-
closures Uy, . .., Uy, the covariance matrix is not in each case equal to 6521 (i.e.,
the misclosures are not stochastically independent) and thus the assumptions
of Lemma 1.7 cannot be satisfied.

What can be said on a statistical behaviour of I'; and I'y and of the Pearson
statistic (1) in the case of a set of the triangle misclosures ?

At first the random variables I'y and I'y; will be investigated.

Let Y be an n-dimensional random vector with the mean value equal to zero
vector. Then

isn y3 lyn y4
I, = _ALEL_LEE and Ty = _n_;i_’__z -3
(% Z?:l Y;Z) (% E?:1 ):-2)
Let £ be an n-dimensional random vector, i.e. £ = (¢1,...,&,) and let &,...,&,

be stochastically independent and let they have the same distribution function,
i.e. £ is a random sample of the size n. If the mean value of the random vector
¢ is equal to zero vector, then random variables I'; and I's, belonging to &, are
estimators of skewness and kurtosis of the random variable §;,i=1,...,n.

In practice the n-dimesional vector of misclosures was considered to be a
random sample of some random variable with the mean value equal to zero
and with the normal distribution. If the number n is sufficiently large then
realizations of I'; and I's should vary around zero. In fact the random vector
of misclosures does not satisfy our assumption, i.e. it is not a vector of random
sample. Thus the statistical properties of the random variable I'; and Ty in the
case of misclosures must be investigated.

Lemma 3.1 Let Y ~ N,(0,%). Then

) )
Ls~yi0.5) =0,Var [ 23 V0,5 ) = 5151
E EZYiIO’ - n & He n? ’

=1

(i) Lo .
E (EZYflO, 2) = ;Zgih
i=1 i=1
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n n
Var (%;Yﬁm, z) = % (2203 +4Zagj) ,

=1 i<j

1 & 1
ar (— Zyﬂo,z = 1520,, +6Y (203 + 304i03055) |
n i=1 i<j
(iv)

(iii)

(liyﬂo 2) = éig?.
n 2 4 niZI 1)

=1

L Q- 1 ~ 4
ar (E;Y‘ |0, E) = [QGZaﬁ +482(0?j +3a,—iaizjajj) ,

=1 i<j

(v)
cov(Y2,Y20,8) =0, i#j, 4,j=1,...,n,

(vi)
E(Y*Y}|0,%) = 303,055 + 120507

Proof The characteristic function of the vector Y ~ N,(0,X) is
l 1 n
¢y (t) = exp -5t Yt), teR™
With respect to [1], p. 110

1 ak+l¢y(-tl1 ]
(V-1)k+t othotl  le=0’

E(}Y)) =
further it is valid
coo(YF, Y0, %) = E(YF, Y}I0, ) — E(Y}|0,2)E(Y]|0, ).
The last two relationships are used for k,l = 1,2,3,4. m}

Corollary 3.2 LetY be the vector from Lemma 3.1. Then

cov (:LZW 1Zyzo 2) =0,

i=1 i=1
1 n
0, z:) == 2120" +12) ouol; | .

i

(1323w

=1
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Proof It is a direct consequence of Lemma 3.1.
Theorem 3.3 Let Y be the vector from Lemma 3.1 and let

lsn y3 1y yd4
F1= nz:z:l 1 and F2= nZ’L——l 1 - 3.

n 2
(%1,_ Z?:l 122)3/2 (% Zi:l le)

Then
(i)

Var(I'1]0,%) =~

vl L s (ZM ) +63 [ ( ) moziaijaﬁ”
n (Z? a;;) { i<j n
and

(ii)

E(%z;;lyi‘i) _ 3 E?—l ”/TL -3

PO el T e

Var(l'2]0,X) ~

- " ot
TS S { (i > UM) [ (Z%L%) Z(rf” +30ii0%045 )]
—1 £t

" ()
-12 (E - Uu) (Z?:;: "zzi) (17? i; ol + 1172 2 0,,03,) +
+ 36 (Z?—l ) ( Z ;= Za,,)}

Proof The statements on E(I'1]0,X) and E(I'2|0,¥) are direct consequences
of Lemma 3.1.
Let U,V be random variables. If the relationship

Var[f(U,V)] = A?Var(U) 4+ 2ABcov(U, V) + B*Var(V),

where

A Of (u,v) of (u,v)
= 1B = )
o luw)=(BU),EVY) v l(uv)=(EW),E(V))
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f(u,v) = v/u/?, and the substitutions U = 1 3°7 V2V = LS V73 are
taken into account, then with respect to Lemma 3.1 and Corollary 3.2 it is easy
to obtain the statement on Var(I'1|0,X) in (i). The relationship in (ii) can be

obtained analogously. O

Corollary 3.4 Let in Theorem 3.3 0;; =0,i,j =1,...,n,i #j. Then
()
1 o3
E(T1)0,5) ~0, Var(T1|0,5)~ 2 (=%
n (E’.‘_ a.-.-) n
i=1
n

(i)
i1 Oh/m
E([5[0,3) ~ %((—2'27—7/53)5 s

Var(T2|0,%) =~
n 2
o 1 1 96 YT\ Dot Ufi_
n (E," m>"' n n
n

2
_1442?:1 Tii Z?:l U?i Z?:l aisi +72 (Z?:l 0’122) E?::l 012] .
n n

n n n

Corollary 3.5 Let in Theorem 3.8 011 = ... = Opnn and let p;; = 045//0::05;,
i,j=1,...n,i# j. Then
()

1 6
E(F1|O, 2) =~ 0, Var(I‘1]0, 2) ~ ;l. [15 + ;’L_ Z(Zp?j + 3pij)] 5

i<j

(i)

E(3]0,%) = 0, Var(l:2|0,%)~ % (24 + % Z pgj) .
<J
Remark 3.6 From Corollary 3.4 and Corollary 3.5 it can be seen that the
stochastical dependence characterized by the correlation coefficients p;; does
not influence in practice the “skewness” (I';) and the “kurtosis” ([2) signifi-
cantly when the number n is sufficiently large (i.e. in the case 613 = ... = opp
the random variables I'; and I'; behave approximately as estimators of skewness
and kurtosis). However the heteroscedasticity of the triangle misclosure vector
(i-e. 0i; # 0j; for i # j) can influence both of them in a non-negligible way.
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Theorem 3.7 Let U ~ N,(0,X%) be a vector of triangle misclosures. If U is
realized r—times, r — 00, then the histogram of misclosures can be approzimated
by the density

I« 1 1
h(z) = — ———exp(—=—=2?), z € (—00,00),
@)= 5 2 7oy, o g7e) 3 € (-0,

where 0? = {T};.

Proof The analogy of the empirical distribution function generated by r-times

repeated realization (ui1,...,ui,)" of the vector U is
1 n r
For(@) = 2233 Ty(=o0,0),
=1 j=1
where

o _ 14f uy; < a,
I”( oo’a)‘{O 'Lf Uij Z a. '

With respect to Gliwenko theorem [1], p. 327

lim Ly Ii;( ) /a ! exp( ! z%)dzx
- ij\—00,a) = - >
rooo 7 “ —00 V210 P 20’1-2

thus

1o /“ 1 1,
Frn(a) - = ———exp(———=z°)dz, a € (—00,).
n(a) n; o V210 p( 20’1-2 ) ( )

[}

Remark 3.8 If (cf. [7], p.86) the series
> 5 3

=1 7

is absolutely convergent for some ¢ > 0, then the sequence of moments a;,as, . ..
defines a unique distribution function.

Let
1
aj'—‘E(;kE—lylg), ]21,2,....

If there exists such real numbers a,b,a < b that oy € [a,b],¢ = 1,...,n, then
obviously (3) is absolutely convergent. As a; is the j—th moment of the func-
tion h(.) from Theorem 3.7, this can be considered as another reason why the
misclosure histogram can be approximed by the function h(.).

In general, the difference between the function h(.) and the histogram con-
structed from the vector U ~ Ny, (0, £) can be formidable; e.g.,if & = 211, then
the histogram consists of a single point and Var(I'1|0,X) = 15, Var(['2|0,%) =
24. However in practice such a great influence of the non-diagonal elements of
the matrix ¥ cannot be expected.
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Remark 3.9 In order to show the influence of the discrepancy between the
vectors p = (p1,...,px)" and p* = (p},...,p})" in the Pearson statistic (1) let
us consider the following.

. — . 2 .
The mean value of the statistic 35, 3"—',1—;%L is

E[i(m;nm jl szl j23) +nz(p,—pz

=1 P
If p* # p, then for sufficiently large n obviously

szl—p, Z(pz pz) o> ko
i=1

and thus the standardly used statistic varies not arround the number k — 1 (the
mean value of the random variable x2_,); in such a case the test based on the
misclosure histogram has to refuse the hypothesis on the normality of the set of
triangle misclosures.

4 Conclusion

On the basis of the statements and the simple examples given in Section 2 it
can be concluded that even the Ferrero estimator is not, in general, the efficient
estimator of 0% in a homogeneous triangulation network and sometimes (the
Schreiber scheme) gives the biased estimates, its efficiency is not so bad. It
gives a realistic information on 02 in the form of a preliminary estimator. If o
is to be estimated, then some caution is useful because of the bias.

As far as the misclosure histogram is concerned it can be stated, on the
basis of Section 3, that it could be a good tool for investigation of the accuracy
of the network in the case Var(U) = oW, Wy = ... = Wy, only. If the last
relationship is not fulfilled, then the use of the skewness I'; and the kurtosis I'; or
the Pearson statistic leads to the refusing of the hvpothesis on the normality of
the vector U for a sufficiently large n. This can explain the fact that sometimes,
in the past, the triangulation network was considered as affected by systematic
effects, however a mixture of several normally distributed sets of misclosures
could be actual reason of the refusing of the hypothesis on the normality.
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