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Abstract

The aim of the paper is an investigation of a possibility to study the
deformation measurement in the framework of the linear model with nui-
sance parameters. It is proved that when the deformations are investi-
gated only then it is possible to neglect the nuisance parameters.
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1 Introduction, notations

The task to verify the stability of many engineer’s construction works (dams,
bridges) or to study the course of its deformation in time can be solved by
suitably ordered measurements replicated at suitably chosen moments-epochs.
These replicated measurements are modelled by multiepoch models. (Cf. [1,
Chapter 9)).
Two fundamental types of multiepoch models may occur ([1, p. 366]).

a) Models with stable and variable parameters:

repeated measurements studying existence of deformation of some object and its
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96 Pavla KUNDEROVA

course are realized in separate networks especially constructed for this purpose.
It consists of a group of supporting points whose position is assumed to be stable
(this assumption is verified during the measurement) and a group of points
whose movements related to the position of the stable points are investigated
(the coordinates of the group of the stable points are a priori unknown). After
finishing each epoch both the coordinates of the supporting points and the
coordinates of investigated points are to be determined. The former serve to
verify the hypothesis on the stableness of the group of supporting points.

b) Models with variable parameters only:

the network for studying the dynamism of a locality is joint to the stable points
of a geodetic network (these represent the stable supporting points of the pro-
ceding type of the network, in contradiction to it, their coordinates are a priory
known). The coordinates of the group of the points studied from the viewpoint
of the dynamism are being determined.

The task of the following is to investigate the model of the first type. The
main problem is whether the nuisance parameters (i.e. coordinates of the stable
points) can or cannot be neglected.

The following notation will be used throughout the paper:

R™ the space of all n-dimensional real vectors;
Up the real column p-dimensional vector,
Ann the real m x n matrix;
A', Z(A) the transpose, the range, the null space and the rank
A(A), r(A) of the matrix A,
vec(A) the column vector ({A},...,{A},) created by
the columns of the matrix A;
A®B the Kronecker (tensor) product of the matrices A,B;
A~ a generalized inverse of a matrix A
(satisfying AATA = A);
At the Moore-Penrose generalized inverse of a matrix A

(satisfying AATA = A, ATAAT = AT,
(AAT) = AAT, (ATA) = AT A);

Py the ortogonal projector onto Z(A);
Mys=1-Py the ortogonal projector onto #*(A) = A (A');
I, the k x k identity matrix;

1, =(1,...,1)' € R~
If #(A) C Z(S), Sp.s.d., then the symbol P‘fl_ denotes the projector pro-
jecting vectors in Z(S) onto Z(A) along #Z(SA~). A general representation
of all such projectors Pi~ is given by

A(A'S"A)"A'S™ + B(I-SS"),

where B is arbitrary, cf. [4, (2.14)]. M5 =1 - P% .
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2 Partial linear regression model

Consider following partial model that can be realized in the j-th epoch of mea-
surement

sz(Xl,Xg)(’[?l)'{'Ej, j=1,...,m, (1)
2j

where n x k matrix X, and n x! matrix X » are the design matrices, 8; € R¥is a
vector of stable parameters (coordinates of the group of stable points), that are
assumed to be nuisance, B; € R! is a vector of variable parameters (coordinates

of the group of unstable points observed in the j-th epoch of measurement) that
are supposed to be useful.

It is assumed that the regularity conditions:
T(Xl,XQ) = (k+l) <n, T(Xl) = k, T(XQ) = l, ’U(J.’I'(Yj) = 2,9 = Zle 19,-Vi,
3y p.d. VU € ¥ C RP, ¥ C RP contains an open sphere, are fulfilled.

The model

§’,1 X1, X2, 0, -~ 0 51

2 2

ym | P = | X & X 0 T L (g)
Ym le 07 O’ X2 ﬁ'Zm

2197 Oa Oa - 0
varly ) =m0 = | % Fe 0 0
0, 0, 0, -5y
is said to be m-epoch linear regression model with a fixed number of stable
(nuisance) parameters and with variable (useful) parameters, (cf. [1, p. 368]).
Here Y™ is a nm-dimensional observation vector after the m-th epoch

of measurement, Y; is a n-dimensional observation vector of the j-th epoch,
ji=1,...,m.
Model (2) is the simplest multiepoch linear regression model in which the

design matrices, the dimensions of the observation vectors and the variance
matrices var(Y ;) are the same in all epochs.

In what follows we deal with so called “small” partial linear regression model
Y =X2B; +ej, ®)
varY; =3y, j=1,...,m,
where the nuisance parameters are neglected.

Notation 1

1. For the sake of simplicity we write X¢ instead of Xy,.

2. A parametric function f’ﬂgj is said to be unbiasedly estimable under the
model (1) if there exists an estimator g'Y ;, g € R" such that E[g'Y ;] = f'B,;,
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VBi,VB,;, i.e. if there exists an unbiased linear estimator (LUE) of the function
£'By;.

The statistic g'Y’; is said to be the efficient linear estimator of the function
f'Bs; at the point 9o € ¥ (Yo-locally best) if it is a LUE of the function f'B,;
and

vars, (g'Y ;) <wars,(h'Y;), VR'Y; LUE of f'B,;,

(9'Y j is the LBLUE [locally best unbiased estimator] of the function f'8,;).

3. Let, according to [4], & and & denote the sets of all linear functions of
B5; which are unbiasedly estimable within the linear model (2) with nuisance
parameters and within the linear model (3) without nuisance parameters, re-
spectively. The index a will indicate, that the estimator is considered within
the complete model, i.e. within the model with nuisance parameters.

Let .# denote the set of all linear functions of 3; which are unbiasedly
estimable within the model (2).

Obviously (cf. [4, (2.1), (2.2)])
& = {'Ba;: § € R(XD)},
ga = {f’ﬂ:Zj : f € W(XIQMXl)L
F ={f'B,: fe#(X\Mx,)}.

Assertion 1 Consider the partial linear regression model (1) under the con-
dition that the regularity assumptions are fulfilled. The Xo-LBLUEFEs of the pa-
rameter functions f'B; and f'ﬂz,j are given as

FBrzy(Yi)a = FIX:(Mx,SoM ) X1] 7 X5 (M x, ZoMx,) Y5, (4)
if f'8, € Z,

FBayme(Yi)a = F1X5(Mx, ZoMx, )" Xa] " X4(Mx, BeMx,)*Y;, (5)
if £'Bo; € Ea,

vars, [ Brsy (Y5)al = FIX1(Mx,SeM ) X7V, if fB, € Z, (6)

var}:o[flﬂ%',zo(yj)a] = f’[X;(MXlzoMX1)+X2]_1f, Zf f’.B2j € gﬂ? (7)
where
(Mx,ZoMx,)" =25 -5 X,(XI2 X)) X255, i=1,2
Proof Cf.[1, Theorem 9.1.2.]

Remark 1 Within the model (3) under the assumption that the regularity
conditions are fulfilled, the ¥o-LBLUE of the parameter functions f'ﬂ2j are

F'Bajs, (Yj) = (X455 Xo) ' X4BGY;, if /By, € 6, )

varlf By, v, (Y )] = F/(X555 X)L f, if f'By; € 6. 9)
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Notation 2 Let, according to [4], & denote the subset of &, consisting of all
those functions of f’ﬂzj for which the Xo-LBLUE within the model (1) posseses
the same variance as the X3-LBLUE within the model (3), i.e.

8o ={£'Bos € bu vars, [F By, (¥ 1)) = vars, [ oy x,(¥ ;)al}
Assertion 2 The class & is given by
Eo={f'By;:f€ %[X§251X2Mx;25‘x,]}
= {f'Ba;: f = X34, 4 € Z[E5" XoM ;515 1}

Proof Cf. [4, Theorem 3.1, relation (3.3)].

3 Multiepoch linear regression model

Let us come back to the multiepoch model (2) of the measurement after the
m-th epoch

§1 X1, X2, 0, ... O B
Y(m) _ ‘2 _ Xl, 0, Xg, ... 0 1321 +€(m), (10)
Ym X, 0, 0, ... X, ﬁ;m
var(Y ™) = )Jf,m) =I,%3;.
Model (10) can be written in the equivalent form
Y™ = x{™, x{™) ( ﬁ(,;)) +elm,
B
where
§ 1 X,, 0, 0
1 ,
XM= =twex,  xm=| & X O ex,,
X, 0, 0, ... X,
Ba:
(m) _ ﬂ22
2 - :
ﬂZm
We also deal with the “small” model
Y™ = XM et = (I X2)Bg™ +e™, (11)

var(Y ™) = Es,m) =TI, ®Xy,

where the nuisance parameters (3, are neglected.
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Theorem 1 Within the model (10) of the measurement after the m-th epoch in
which the regularity conditions r(X{™ X(m)) =k+ml, r(X1) =k, r(X2) =1,
rlvar(Y ™)) = mn, rvar(Y;)] = = 1,...,m, are fulfilled, the
Eém) -LBLUEs of the parameters 3, and ﬂz, Boiy t=1,...,m are

ﬁ( X:(m)(lf(m))a = [mxi(szzOMX2)+Xl]—1X,l(MX-zEOMXz ZY )7

i=1

(12)
vargom B! E)m)(Y(m))] [mX 1 (Mx,ZoMx,)* X1]7, (13)
By (Y ™)a = {[Tn ® (X335 X2) 7 X355
— 11, ® (X555 X)) I XLE X [mX (M x,ZoM x,)t X ]!
x X1(Mx,ZoMx,)*1}Y (™), (14)

varzf;")[ﬂ Z(m)(Y(m)) |=In® (X;261X2)_1]

+ 11, ® (X555 X)L XS X [mX (M x, 2o M x,) Y X,] 7!

x X125 X (X35 X 5) 7Y, (15)

ﬂ"" (m)(Y“”’)a = (X535 X)X, 25t

X |Yi— X1mX | (Mx,BoMx,)" X1]7 X1 (M x, B0 Mx,) " [>_Yi]|, (16)

=1
i1=1,...,m,
varygm By o (V™)al = (X325 X2) 7! + (X357 X2) 7 X555 X,
X X (M x,SoMx,)" X1]7 X135 Xo(X555 ' X0) 7 (17)
i=1,...,m,

covgm [BU" (m)(Y("”)a,ﬂ“") ,(YM),] = (X525 X5) 7 X535 X,

x [mX | (Mx,ZoMx,) " X1 X5 X2 (X538, X o) 78, (18)

Vr,s=1,...,m, r #s.
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Proof According to the Theorem 1.1.1 in [1] using the following Rohde’s
formula for inverse of partitioned p.d. matrix (cf. [2, Lemma 13, p. 68])

A, B\

B, C
_(A7'+AT'B(C-B'AT'B)"'B'A™!, ~A'B(C-B'A™'B)™!
B ~(C-B'ATB)'B'A™, (C-B'A~'B)"!

- (A-BC'B)", ~(A-BC™'B)"'BC™!
= C“IB’(A — BC—lBI)—l’ C~—1 + C«lBI(A _ Bc_lB,)_lBC_l
we get
.B(m)(m) 11 XI _1
LEO\ = m ® 1 -1
2,5
1 ®X’1) o)
" I,e25hy™
(.rm®X'2 ( o)

A; —-A(l, ® X|2;'X,B)
-1, ® BX)3;'X)A; (I, ® B) + (1,1, @ BX! 201X1AX ;' X,B)

1 ®X’) 1
x [ om L) (I, 03y (™,
<Im®XI2 (m 0)

where A = [mX (M x,SoMx,)tX]™!, B=(X,2;' X)) !
Thus

B =
= {[T"X'l(MXz201\4x2)+—’f1]“‘(11n®X'1‘251)—[mX’l(szflosz)*Xll‘1
X [1 © X151 Xo(X5" Xa) (I ® X535 py (™)
= {[mX|(Mx,SoMx,)* X171 (1}, @ X} (M x,SoMx,)")} Y™

= {[(mX1(Mx,ZoMx,)* X1] 7' X} (Mx,ZoMx,)"} ) Y5).

i=1

var[ﬂi?g‘()m)] = [mXII(sz EOMX2)+X1]_1[1:n®Xll(MX220MX2)+](I"I®20)
X [Im ® (M x,SoMx,)t X, ][mX | (M x,Z0Mx,)" X,]™*

= [mXII(szzosz)+X1]—1

We have proved assertions (12), (13). The rest of the proof is obvious, the
assertions (16), (17), (18) follow immediately from (14) and (15). m]
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Remark 2 The E(()m)—LBLUEs of the vector parameter 3,,, within the multi-
variate model (11) (without nuisance parameters) are

B (V™) = [T © (XG55 X2) " X525 IV, (19)
var [ﬁﬁ‘)\ (Y™ =1, @ (X251 X,)"! (20)
2(()M) 2:287") — 4im 2440 2 .

Thus the Ef)m)—LBLUEs of the parameter f3,;, i = 1,...,m, within the model
(11) are the same as in the partial model (3) without nuisance parameters (cf.
Remark 1).

Notation 3
1. Let &™ and &(™ denote the set of all linear functions of 8™ which
are unbiasedly estimable under the model (10) and (11), respectively. The index
a will indicate that the estimator is considered in the complete model.
Obviously

M = {fBV : f € R(In® X)),
e = (8™ : f e B(Im® Xy)Mi, ox,]}-
2. Let, as above, & (™ denote the subset of gf]”’ consisting of all those

functions of f’ﬂgm) for which the Yo-LBLUE within the model (10) posseses
the same variance as the $y-LBLUE within the model (11):

(m) ={f ﬂ(m) € év(m) var (m)[f ﬂ(");)(m)(y(m))]

= vargm [f E(m) (Y ™),]}.
Theorem 2 The class é"((]m) is given by
e ={FB™ : f=(I®Xh)g, g€ PTG Xo)M, gyisoix,}
= {87 f € AT @ X355 Xo)M, g 501y, )
Proof The equality of variances
varggo B (V)] = varo (£ B0 (V™)) 516 € 84,

is fulfiled if and only if (cf. (15), (20))
fnl, ® (X525 X)L X555 X [mX | (M x, oM x,)" X1}

x X155 Xa(X525 X)) f =0, feR[(In®X)Miex,]. (21)
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As it is possible to write
[mX (M x,ZoMx,)t X,]7! = AThATs,

A~ p.d., thus (21) holds if and only if

qd (Im ® X5)[1, ® (X425 X,) 1 X558, X1] =0,
where q € Z(M1,,2x,), and it is equivalent to

QLR [(In ® X2)[(Im ® X5)(In @ 35" (I ® X2)] 7"
X (I @ X5)(Im ® X5 1) (1m ® X1)]

= RPN (ln® X)) & g€ R(Mi,ex),
it means that
LRI, @ X ) {Z[(In@30) Im®X2) |+ Z(1m©®X1)} & q € Z(M1,,0x,),
where following assertion (cf. [4, Lemma 2.1])
S ps.d. matrix, Z(A, B) C Z(S) = #(P5 B) = Z(A)N[Z(SAY)+%(B)),
has been taken into account. Thus

Q€ R I ® X2) + {B (I ® Bo)(Im ® X2)*]NZ(1m ® X1)}

&qe‘%(Mlm@Xl)- (22)
Using [4, (2.16)]:

Spsd, Z(A)CR(S)=>R-(SAY)=#(S"A,I-SS),
(22) can be rewritten in the form
Q€ R I ® X))+ {R][(Im @ S (Im ® X2)] N2 (1 ® X1)}

&qe#*(1,X1).
For all ¢ € Z*-(In ® X3) we have f = (I, ® X\,)M,.ex,v =0, ie.

4€ R (In®@E5Y)(Im ® X2)| N B (1 @ X1),

thus K
=T, 937 Xo)t & q=(1m®X1) v
As 1
0=1,®X))g= 1,0 X)In®Z; X2)t
> LRI ® X5)(I;n @ B5" ) (1m ® X1)],
we have

_ !
F=In®@X5)In®E; ) Im® X2)M1 gxiix,V> ¥ E€E™,
which suffices for completing the proof. o



104 Pavla KUNDEROVA

4 The case of the model for a deformation measurement

In the multiepoch models for deformation measurements it is important to es-
timate the difference of the useful parameters between adjacent epochs. There
is a question whether we can omit the nuisance parameters by computing this
difference. We shall see from the following that this question can be answered
in affirmative.

Let us consider (for the sake of simplicity) the model (10) for m = 3, i.e. the
model

X1, X;, 0, 0\ ([ 5
Y(S) =| X;, 0, X5, O ﬂ21 + e® = (X§3),X.§3)) (,3(:13)> + e®,
Xla 07 07 X2 2 2

23
(23)
Let P = (0,1,—1,0) be alx(k+3l)-dimensional matrix. Thus the difference
of the useful parameters

B

,321 _,322 = PB, B = gm
22
Bas
As
#1(0,1,-1,0)] c 2[(XP, X0,

the Theorem 5.3.1. in [2] yields that the difference of the ¥o-LBLUESs
PB = ,3;1 - :3;2

is the ¥o-LBLUE of the difference of the parameters P83 = 35, — B4,-
Using assertion (16) for 1 = 1,2, we get one very interesting result.

Corollary 1 Within the three-epoch model (23) the estimator of the difference
of the useful parameters between adjacent epochs does not depend on the matriz
X] s

(Ba1 — Baz)a = ﬂg))zgs) (Y®), - ;:;)233) (Y®),

= (X585 X2) ' X330 (Y1 - V).

It means that the estimator of the difference of the useful parameters between
adjacent epochs B5; -5, is the same within the “small” and within the “large”
model, the difference is estimable irrespective of the nuisance parameters.

The obtained result suggests the idea to investigate the following transfor-
mation of the three-epoch model (23):

_ (3) _ I, —-I, O
Z=TY"Y, whereT—(O, I,-1)°
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i.e.

7 - Yi-Yy) [(X O Bor =B\ . 20, —Eo>}. (24)
Y,-Y3 0, X>) \Bp—Ba) \ o, 2%
We can easily see that the estimator of the parameter 85, — B4, in the model

(24) and the estimator of the parametric function P8 in the model (23), where
P =(0,1I,—1,0) are the same. Both models are identical in this sense.

The same idea can be obviously used for the m-epoch model as well.

The procedure set out in Corollary uses the matrix X that is often diagonal.
In the model (24) it is necessary to use the covariance matrix that does not have
this property. Nevertheless the two procedures mentioned [the procedure using
Corollary and the second one using (24)] provide us two independent possibilities
how to determine the deformation shifts. This is a good check of the correctness
of numerical evaluations.

The question which of these two procedures is numerical less complicated
has not been answered yet.

In this paper only the problem of determination of the estimators of the
differences of coordinates of the unstable points between adjacent epochs has
been solved. The aim is not only to learn about differences but to investigate
the process of the deformation in whole with the task to establish the picture of
the deformations in the course of time (not only to establish the trajectory of
one unstable point). It means to design the joint confidence ellipsoids (ellipses)
for the position of the point in particular successive epochs or to design the
relative confidence ellipses between points within the framework of the same
epoch etc. That is now possible within the framework of the “small” model.

The paper solving the above mentioned questions is being prepared.
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