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Abstract

A list of four terms is given such that a subset of a Brouwerian semi-
lattice S containing 1 is a kernel (i.e. 1-class) of some congruence on S if
and only if it is closed with respect to these four terms.
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Definition 1 By an algebra with 1 we mean an algebra with a distinguished
element 1. By a variety with 1 we mean a variety with an equationally definable
constant 1. Let V be a variety of type 7 with 1 and A = (4, F) € V. A term

t(x1,...,zn) of type 7 is called an ideal term of V in x;,,..., 2, (11,...,% €
{1,...,n}) if t(z1,...,2,) = 1 holds in V provided z;;, =...==x;, =1. I C A
is said to be closed under the ideal term t(z1,...,x,) of V in z;,,...,x;, if

*This paper is a result of the collaboration of the authors within the framework of the
“Aktion Osterreich — Tschechische Republik” (grant No. 26p2 “Local and global congruence
properties”).

37



38 Ivan CHAJDA, Helmut LANGER

t(ai,...,an) € I for all ay,...,a, € A satisfying Qiyy---y04, € I. A subset I
of A is called an ideal of A if it is closed with respect to all ideal terms of V.
(Observe that ideals are non-empty since 1 is an ideal term.) A set B of ideal
terms of V is called a basis of ideal terms of V if a subset I of the base set
of some algebra A belonging to V is an ideal of A if and only if it is closed
with respect to all terms belonging to B. For every © € Con A, [1]© is called
the kernel of ©. I C A is called a congruence kernel of A if there exists a
congruence © € Con A with [1]© = I.

Remark 1 Obviously, every congruence kernel is an ideal. The converse is true
only in certain varieties.

Definition 2 An algebra with 1 is called permutable at 1 if
(1](©02) =[1](®06)

for any two of its congruences ©,®. A class of algebras with 1 is called per-
mutable at 1 if each of its members has this property.

Permutable at 1 varieties can be characterized by the following Mal’cev
condition:

Proposition 1 (cf. [1] and [6]) A variety with 1 is permutable at 1 if and only
if there exists a binary term s with s(z,1) = z and s(z,z) = 1.

Now we formulate the mentioned result:

Proposition 2 (cf. [1] and [6]) In permutable at 1 varieties the notions of ideal
and congruence kernel coincide.

In some cases the congruences corresponding to congruence kernels are unique.

Definition 3 An algebra with 1 is called weakly regular if any two of its con-
gruences having the same 1-class, coincide. A class of algebras with 1 is called
weakly regular if each of its members has this property.

Also weakly regular varieties can be characterized by a Mal’cev condition as
follows:

Proposition 3 (cf. [5]) A variety with 1 is weakly regular if and only if there
exist positive integers n and k, binary terms di,...,d, and (n + 2)-ary terms
t1,...,tx satisfying the following identities:

di(z,z) = ... =dn(z,z) =1,
tl(ly -,1,f17,y =z,
ti(di(z,y),...,du(z,y), 2, y) = tia(L,..., L,z,y) fori=1,...,k—1,

tk(dl(xv y)w cee ,dn(ﬂE,y),fB,y) =Y.
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Definition 4 An algebra with 1 is called ideal determined if every of its ideals
is the kernel of a unique one of its congruences. A class of algebras with 1 is
called ideal determined if each of its members has this property.

Proposition 4 (cf. [6]) A variety with 1 is ideal determined if and only if it is
weakly reqular and permutable at 1.

Proposition 5 (cf. [3]) Every ideal determined variety has a finite basis of ideal
terms.

In fact, in [3] an explicit construction of such a basis was given.

Definition 5 A Brouwerian semilattice is an algebra (S, A, x) of type (2, 2) such
that (S, A) is a meet-semilattice and for any z,y € S, zxy is the greatest element
z of S satisfying z A z < y, i.e. %y is the so-called relative pseudocomplement
of z with respect to y (where < denotes the induced partial ordering on S).

It is well-known that Brouwerian semilattices form a variety.
In the sequel we often use the statements of the following lemma holding in
every Brouwerian semilattice (see e.g. [7]):

Lemma 1 For elements a,b,c of a Brouwerian semilattice the following state-
ments are true:
(i) a*xa=bxb=:1,
(ii) a<b=>axc>bxc
(ili) b<c=>axb<axc,
(iv) a<(axb)xb,
(v) aA(axb)=aAb,
(vi) a<b&axb=1,
(vil) axl=1,
(vili) 1*xa=a,
(ix) axb>b.

Theorem 1 In the variety V of Brouwerian semilattices (i)-(iii) hold:
(a) The term s(z,y) := y * = satisfies the identities of Proposition 1.
(b) The terms di(z,y) ==z xy, da(z,y) :=y* 2z, t1(z,y,2,u) ==z Az and
to(z,y, z,u) := (y * 2) A u satisfy the identities of Proposition 3.
(¢) 'V is ideal determined.

Proof (a) follows from (viii) and (i) of Lemma 1, (b) follows from (i), (v),
(viii) and (iv) of Lemma 1 and (c) follows from (i), (ii) and Propositions 1, 3
and 4. a

Though we could now construct a finite basis of ideal terms of Brouwerian
semilattices using the method described in [3] this basis would be rather com-
plicated. The aim of this paper is to provide a simple basis and to give a direct
proof of the corresponding result.
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Lemma 2 Let (S, A, x) be a Brouwerian semilattice and assume I C S to con-
tain 1 and to be closed under the ideal term (y1 * (y2 * z)) x = (in y1,v2). If
acl,be Sandaxbe I thenbe I. Especially, ifa € I, b€ S and a < b then
bel.

Proof If t(z,y1,y2) denotes the ideal term mentioned in the lemma then b =
1xb= ((axb)*(axb))*xb=t(byax*b,a) € I by (viii) and (i) of Lemma 1. If
a<bthenaxb=1E¢€I by (vi) of Lemma 1. O

Lemma 3 Let (S, A, %) be a Brouwerian semilattice, let q be a binary term and
assume I C S to contain 1 and to be closed under the ideal terms

(Y1 * (y2 * z)) * z,
(1 * q((y * z2) A T3,74)) * (71 * g(z2 A T3,24)),
(z1 % q(y A 22, 23)) * (21 * ¢(22, 23))

(in y1,y2 resp. y). Ifa,b,c€ S and a*b,b*a € I then q(a,c) * q(b,c) € I

Proof Let t(z,y1,y2),t (z1, 22, T3,74,y) and t"(z1, 22, z3,y) denote the ideal
terms just mentioned. Since

g(a,c) *q(((a*b) *b) Aa,c) =g(a,c) xq(a,c) =1€ I
by (iv) and (i) of Lemma 1 and
(q(a,c) xq(((axb) xb) Aa,c)) x(g(a,c) xq(bAa,c)) = t'(q(a,c),b,a,c,axb) € T
we have g(a,c) * g(b A a,c) € I according to Lemma 2. Since
g(a,c) xq((bxa) Ab,c) =g(a,c)*gldNa,c) €T
by (v) of Lemma 1 and
(g(a,c) x g((bx a) Ab,c)) * (g(a,c) * q(b,c)) = t"(q(a,c),b,c,bxa) € T

we have ¢(a, c) * q(b,¢) € I according to Lemma 2. o

Now we can prove our main theorem:

Theorem 2 For a Brouwerian semilattice S = (S, A, ) and a subset I of S
containig 1 the following are equivalent:
(1) I is an ideal of S.
(ii) I is closed with respect to the following ideal terms (in yi,ya resp. y):
tl(xaylay2) = (yl * (y2 * iE)) *Z,
ta(21, 22, T3, y) := (21 * ((y * T2) A 23)) * (1 * (T2 A 23)),
ts(z1, 2,23, 9) := (21 * ((y A 72) * 73)) * (1 * (T2 * 23)) and
ta(@1,02,20,24,) 1= (21 * (22 % (3 ©3) A20))) * (01 % (@2 % (25 A 24))).
(iii) There exists a congruence ©® € ConS with [1]© = I.
(iv) There ezists ezactly one congruence © € ConS with [1]© = I.
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Proof (i) = (ii): This is trivial.
(it) = (iil): Put
©:={(a,b) € S?*|axband bxa€ I}.

(1) © is reflexive. This follows from (i) of Lemma 1 and from 1 € I.
(2) © is symmetric. This is obvious.

(3) © is transitive. Assume a,b,c € Sand a©bO c. Then axb,bxa,bxc cxp ¢ I.
Now

cx(((bxa)*xa)Ab)=cxbel
by (iv) of Lemma 1 and since

(c* (((bxa)xa) Ab)) x (c* (aAb)) = ta(c,a,b,bxa) €1

we have ¢ * (a A b) € I according to Lemma 2. Since cxa > c¢* (a A b) by (iii)
of Lemma 1 it follows c*a € I again by Lemma 2. By a symmetry argument it
follows a x ¢ € I. This shows a O c.

(4) a®b=aNcObAc. Leta,bce Sandiel. Then
(ax((ixb)Ac))*(ax(bAc)) =ta(a,b,c,i) €I
Moreover, i A b < b implies a * (i Ab) < a*b by (iii) of Lemma 1 and hence
(ax(tAD))*x(axb)=1€T

by (vi) of Lemma 1. The rest follows from Lemma 3 with g(z1,z2) := z1 A To.

(5) a®b=a*cObxc. Let a,b,c,d € Sandi € I. Theni*b > b by (ix) of
Lemma 1 and hence

ax(((txb)Ae)xd) <ax((bAc)xd)
by (ii) and (iii) of Lemma 1 whence
(ax(((ixb)Ac)xd))x(ax((bAc)xd))=1€1
by (vi) of Lemma 1. Moreover, _
(ax ((IAb)*c))* (ax(bxc)) = 3(a,b,c,i) € L.

The rest follows from Lemma 3 with g(z1,z2) := 1 * z2.
(6) a®b=c*aOcx*b. Let a,b,c,d € S and i € I. Then

(ax(d=*((i*xb)Ac)))*(ax(d*(bAC))) =ts(a,d,b,c,i) €1I.

Moreover, i A b < b implies a * (¢ * (1 Ab)) < a* (cxb) by (iii) of Lemma 1 and
hence
(ax(cx(iAb))*(ax(cxb))=1€T
by (vi) of Lemma 1. The rest follows from Lemma 3 with g(z1, Z2) := z2 * z1.
Hence © € ConS. Obviously, [1]© = I.
(iii) = (iv): This follows from Remark 1 and Theorem 1.
(iv) = (i): This follows from Remark 1. O

Finally, we characterize congruence classes in Brouwerian semilattices:
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Theorem 3 A non-empty subset C of a Brouwerian semilattice S = (S, A, )
is a class of some congruence on S if and only if there erists an ideal I of S
with

C={a€S|laxcandc*a €I for somece C}.

Proof First assume C to be a class of some © € ConS. Then I := [1]© is an
ideal of S. Let c€ C. If a € C thena*c,c*xa € [a*a]® = [1]© = I by (i) of
Lemma 1. If, conversely, a € S and a *x¢c,c*a € I then

a=((axc)xc)Na®(lxc)Aha=cAha=cA(cxa)OcAl=c

by (iv), (viil) and (v) of Lemma 1 and hence a € C.
If, conversely, I is an ideal of S and

C={a€eS|a*xc,cxae€l for some c € C}

then

®:={(a,b) € S?*|axband bxa € I} € ConS
according to the proof of Theorem 2 and obviously C = [c]®. O
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