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Abstract

This work deals with nonlinear boundary value problems for systems
of differential equations with impulses. Using the lower and upper func-
tions method we prove the existence of a solution of such a problem. We
consider both problems having upper functions greater than lower ones
and problems with opposite ordered upper and lower functions.
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1 Introduction

In this paper we will study impulsive boundary value problems with nonlinear
boundary conditions.

Boundary value problems with impulses have received a lot of attention in
the literature. We can refer to the works [1]-[7]. Most of them deal with periodic
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boundary conditions. The scalar case of impulsive problems with nonlinear
conditions has been studied by E. Liz in [5] and by the authors in [7]. Here,
we extend the lower and upper functions method on the vector case and prove
the existence results both for upper functions which are greater than lower ones
a < f and for the opposite case of their ordering a > . Our proofs are based
on the Schauder fixed point theorem.

Let us consider the interval J = [a,b] C R, where a =tp <t} < --- < tp <
tp+1 = b and p € N. -] : R® = R be the Eukleidian
norm. We will work with the Banach spaces X; = C,[t;,t;41] (the space of
functions x(jy : [t;,tj41] = R™ continuous on [t;,¢;41] with the norm [|z(;)|lc =
maxe(; t;4,] [2(;) (#)]) for j = 0,...,p. Further with the Banach space X (the
space of functions z of the following form

z(o)(t) for t € [a,t,]
2(t) = x(1y(t) for ¢ € (t1,12] ,

(») (f) forte (tp,b]

where 2(;) € X; for j = 0,...,p. Here we write z = [z(g),...,Z(p)]x). X is
endowed with the norm ||z|| = max;—o,...,||z(;|lc. Similarly we will use the
Banach space Y (the space of functions y of the following form

z(g)(t) for t € [a,t1)
y(t): 1‘(1)(t) fOI‘tE[tl,tz) ,

z(p)(t) for t € [tp, ]

where z(;) € Xj for j =0,...,p, with the norm ||y|| = max;—o,..., [|lz¢;)llc). We
write y = [2(0), .., 2Z(p)]y. Wesay that f : JxR"™ — R™ fulfils the Carathéodory
conditions on J x R, if f has the following properties: (i) for each z € R™ the
function f(-, ) is measurable on J; (ii) for almost each ¢ € J the function f(¢,-)
is continuous on R™; (iii) for each compact set K C R"™ there exists Lebesgue
integrable function mg : J — R such that |f(¢,z)] < mg(t) for a.e. t € J and
all z € K. For the set of functions satisfying the Carathéodory conditions on
J x R™ we write Car(J x R™). For a subset 2 of a Banach space, cl(2) and 99
stand for the closure and the boundary of 2, respectively.

2 Existence results provided a <

We will investigate the impulsive problem

z'(t) = f(t,z(t)) for ae.t € J, (1)
2lt54) = L)), j=1,. )
h(z(a), (b )) 3)
where f € Car(J x R™), I; € Co(R™), j =1,...,p, and h € C(R*").
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Definition 1 A function F(z,2) : D x R" = R", D C R™, m € N, F =
(Fy, ..., F,) is called quasimonotonously nondecreasing (nonincreasing) in vari-
able z, if forevery i = 1,...,n and for every x = (z1,...,2,), ¥ = (Y1,---,Yn) €
R™ for which z < y and x; = y;, the inequality F;(z,2) < Fi(z,y) (Fi(z,z) >
Fi(z,y)) is valid for cach z € D.

Definition 2 By AC,  we mean a set of functions x : J — R, which are
absolutely continuous on (tj,tj41), 7 =0,...,p, x(t;) = «(t;—), i =1,...,p+1,
u(a) = u(a+). A function z € AC;;, which satisfies conditions (1)--(3) is called
a solution of problem (1)-(3).

Definition 3 A function ¢ € AC; is called a lower (upper) function of problem
(1)=(3) provided the conditions

[0 (t) = f(t,o(t)](-=1)* >0 forac. t € J, (4)
[o(tj+) = LiotNI(=D* 20, j=1.....p, (5)
h(o(a),o())(=1)* >0, (6)

where k =1 (k = 2), are satisfied.
Let a, 3 be lower and upper functions of problem (1)-(3) and
a<f onl (7
Next, we define function v : J x R® — R" by
a;(t) for x; < a;(t),

vi(t,x) = x; for a;(t) < m; < Bi(t), (8)
Bi(t) for Bi(t) < z;,

fort € J, x = (z1,...,2,) € R", i = 1,...,n, where a = (ay,...,a,), f =
(B1,---,Bn), and function f :J x R™ — R" by

f(t,2) = f(t,A(t,2), € Car(J x RY). ©)

Further, we assume that

h(z,y) is quasimonotonously nonincreasing in variable z, (10)
and nonincreasing in variable y,
I;; are nondecreasing in all variables, for j =1,...,p (11)
andi=1,...,n, I; = (Jj1,..., 1)
f(t, z) is quasimonotonously nondccreasing in variable (12)

and consider an auxiliary problem
2'(t) = f(t,x(t)) forae te (tj,tiy1), j=0,...,p, (13)
t

m(tj—i—)*z ]) :IJ(’Y(tﬁm(z‘])))Mr}’(tﬁr(tJ))’ .1:1»,177 (14)
z(a) = v(a,z(a) — h(z(a),z(b))). (15)
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Proposition 1 Let © be a solution of problem (18)-(15) and let a, B be lower
and upper functions of problem (1)-(3). Let us suppose (7)-(12) hold. Then

a<z<pf onl, (16)
and consequently x is a solution of (1)-(3).

Proof Let us put z(t) = a(t) — z(t) for each t € J (write 2 = (21,-..,2n)).
Now, we take arbitrary ¢ € {1,...,n}. According to (15), we have z;(a) €
[@i(a), Bi(a)], which means that z;(a) < 0. Suppose that there exists ¢1 € (a,t1)
such that

zi(q1) > 0. (17)

Since z; is continuous on [a, t1), we can find g € [a,¢1) such that
zi(@) =0 and z >0 on (go,q] (18)

In view of (12), (13) and the fact that v (t,2(t)) > ar(t) for t € J and for
k=1,...,n, k #1, we have

zi(t) = filt,2(t) = fit, i (8, 2(8)), -, i®), -, m(t, (1) > filts ()
for a.e. t € (qo,q1). According to (4), we have
Zj(t) = aj(t) — 2i(t) < fi(t,a(t)) - filt,z(t)) <0, forae. t€ (go,q). (19)
Therefore

02> /‘h zi(t) dt = zi(q1) — 2i(q0) = zi(q1),

which contradicts (17). Thus, we get

a; <z; onla,ty], foreachi=1,...,n.
By this fact, (11) and (14), the inequalities
a;(ti+) < Lii(a(t)) < Li(z(t)) = zi(ti+)

are true for each i = 1,...,n, so z;(t;+) < 0 for i = 1,...,n. Now, we take
arbitrary ¢ € {1,...,n}. Let us suppose that there exists ¢ € (¢1,t2] such that
(17) is true. Then we can find qo € [t1,¢1) such that

zi(@+) =0 and 2z > 0on (g,q] (20)
Then, by (19), it is valid
q1
0> / zi(t) dt = zi(q1) — zi(qo+) = zi(q1)
q0

and we get a contradiction to (17). We can prove the inequality z; < 0 on
(t1,1t2] similarly as in the previous paragraph. In such a way we can argue at
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each interval (¢;,t;41), 7 = 1,...,p, and we get z; <Oon J foreachi =1,...,n.
It means that
a<z onlJ

The second inequality in (16) can be proved similarly putting z =z — § on J.
Due to (16) we have

z'(t) = f(t,z(t)) = f(t,z(t)) for ae. t € J,

and (2) is true. It remains to prove that z fulfils (3). It is sufficient to show
that

a(a) < z(a) = h(z(a), z(b)) < B(a). (21)

Let us suppose that the first inequality in (21) is not true. Then there exists
i € {1,...,n} such that

a;(a) > zi(a) — hi(z(a), z(D)).
In view to (15) we have a;(a) = z;(a), thus it follows from (10) that
0 < hi(z(a),z(b)) < hi(ala),a(b))

which contradicts (6). We prove the second inequality in (21) similarly. o

Theorem 1 Let a, 3 be lower and upper functions of problem (1)-(3). Further,
suppose that « < 8 on J and (10)-(12) are true. Then there exists a solution
x of problem (1)-(3) such that

a<z<p onl (22)
Proof Consider the integral equation

z(t) = ’7(0,,1‘(0,)—/L(.'IZ(O,),.’IZ(I))))-F/t f(s,z(s))ds+w(t,z) forallte.J, (23)

where

0 B for t € [a,t]
Li(y(t, z(t))) = y(t, z(tr)) for t € (t1,ts]
w(t,r) =< (24)

This problem is equivalent with problem (13)-(15). Further, define the number
P

M = /J/\(S) ds+(p+1) (ol +181)+)_ max{|Z;(u)] : alt;) <u < B(t;)}, (25)
j=1

where A(t) = sup{|f(t,z)| : a(t) <z < B(t)} for all t € J, and the set
N={zeX:|z| <M}
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Clearly © is nonempty, convex, closed and bounded set in X. We can check
that the operator 7" : 2 — X given by

Tz(t) = v(a,z(a) — h(z(a),z(D))) + / f(s,z(s)) ds + w(t, z),

where w is defined by (24), maps Q to itself. Now, we prove that 7" is continuous.
Let us take sequence {z,,} C Q and z € § such that z,, converges to z in X.
Then f(t,z,,(t)) converges to f(t,z(t)) for a. e. ¢t € J. Since {z,,} is convergent
in X, it follows that we can find a compact set K C R™ such that {z,,(t)} C K
for each m € N and t € J. So there exists a function my (t), which is Lebesgue
integrable on J, with a property

[f(t,zm (1) <mg(t) forallm e N and ae. t € J.

From the Lebesgue convergence theorem it follows that

¢ t
lim / f(s,xm(s)) ds = / f(s,z(s))ds for each t € J. (26)
m—00 @ a

Further,

b -~ -~
T - T|| < / 1F(5,2m(5)) = F(s,2(s))] ds

+v(a, 2m(a) — Mz (a), 2m (0))) = v(a, z(a) — h(z(a), z(b)))|

+ max max |w(t,zm) — w(t,z)| (27)
J=0,- P €[t ,t41]

From (26) and continuity of functions v, h and I; (j = 1,...,p), it follows that
the right side of the inequality (27) approaches zero as m — oco. Therefore Tz,
converges to Tz in X.
Let us verify that cI(T'(€2)) is a compact set. First, we define I'; C X, for
j=0,...,pby
Uy ={(Tz)):z e X, [lzllc < M},

where M is defined by (25). Obviously, if y = [y, .-, ¥mlx € T(Q), then
Yy € I'j for all j = 0,...,p. We can see that the functions of the set I'; are
equicontinuous and uniformly bounded on compact interval [¢;,¢;41] for each
j=0,...,p. We take arbitrary sequence {T'z,,} C T'(£2) and write

Tz,, = [ym(O)a S ,ym(p)]x for each m € N.

From the Arzela-Ascoli theorem, it follows that there exists a subsequence of
{¥m(0y} C Lo (we write {yx,.(0)}), which converges in Xo to y() € Xo. Further,
by applying this theorem on sequence {yi )} C I'1, we get {y,, (1)}, which
converges to y(1) € Xy in X;. Then

{¥m0)} = Y0y in Xo and {y;,.a)} = ya) in X1
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In the exactly same way, we proceed till the p-th component. Thus, there
exists a subsequence of {T'z,,}, which converges in X to [y(0), y(1),---»¥olx €
c(T'(92)).
According to the Schauder fixed point theorem, there is a point « € Q such
that
Tr=ux,

which means that the function z is a solution of (23) and consequently a solution
of (13)-(15). Proposition 1 implics that z is a solution of (1)~(3) and satisfies
(22). ]

3 Existence results provided o > f.
Now, we will investigate the impulsive problem (1),

and (3), where f € Car(J x R"), I; € C,,(R"), j =1,...,p, and h € C(R*").

Definition 4 By AC;" we mean a set of functions = : J — R, which are
absolutely continuous on (tj,tj41), j = 0,...,p, z(t;) = z(t;+),j = 0,...,p,
u(b) = u(b—). A function z € AC;", which satisfies conditions (1), (28), (3) is

n?

called a solution of problem (1), (28), (3).

Definition 5 A function ¢ € AC,! is called a lower (upper) function of problem
(1), (28), (3) provided the conditions (4),

[Li(o(t;)) —o(t;=)](-1)* >0, j=1,...,p, (29)
and (6), where k =1 (k = 2), are satisfied.
Let «, 8 be lower and upper functions of problem (1), (28), (3) and
f<a onl (30)
Next, we define function v : J x R™ — R™ by

,/J'i(t) for z; < H;(t)
yi(t,z) = z; for Bi(t) < x; < a;(t) for each t € J, (31)
a;(t) for a;(t) < x;

= (z1,...,7,) € R" fori =1,...,n,wherea = (ai,...,a,), B = (B1,...,5n),
and function f :J x R®™ — R™ by (9). Further, we assume that

h(z,y) is nondecreasing in variable z,
and quasimonotonously nondecreasing in variable y,
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f(t,z) is quasimonotonously nonincreasing in variable z, (33)

it is valid (11) and consider an auxiliary problem (13),
a(tj=) —a(t;) = L;(v({t;,2(t;)) — vt 2(t;), j=1,...,p,  (34)
z(b) = v(b,z(b) + h(z(a),z(b))) (35)

Proposition 2 Let z be a solution of problem (13), (34), (35) and let a, 8 be
lower and upper functions of problem (1), (28), (3). Let us suppose (30)-(33),
(9), (11) hold. Then

B<z<a onl, (36)

and consequently T is a solution of (1), (28), (3).
Proof Let us put
z(t) = z(t) — a(t) foreachte J
(write z = (21,...,2,)). Now, we take arbitrary ¢ € {1,...,n}. According to

(35), we have z;(b) € [B:(b), a;(b)], which means that z;(b) < 0. Suppose that
there exists g1 € [tp,b) such that

zi(q1) > 0. (37)
Since z; is continuous on (¢,,b], we can find go € (¢1,b] such that
2i(g0) =0 and 2; > 0 on [q1, qo). (38)

In view of (33), (13) and the fact that (¢, 2(t)) < ax(t) for t € J and for
k=1,...,n, k#1i, we have

zi(t) = filt,z() = filt, n(t2(8)), -, i), m(t, () > filt alt))
for a.e. t € (q1,qo)- According to (4), we have
Zj(t) = zi(t) — a(t) > fit,z(t) = fi(t,a(t)) > 0, for ae. t € (q1,q0)- (39)

Therefore .
0< / 24(8) dt = 2i(g0) — zil@) = —zi(q1),

q1
which contradicts (37). Thus, we get
z; <a; on[ty,b], foreachi=1,.. . n.

By this fact, (11) and (34), the inequalities

ai(tp“) > Ipi(a(tp)) > Ipi(z(tp)) = z;(tp—)
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are true for each i = 1,...,n, so z(t,—) < 0 fori = 1,...,n. Now, we take
arbitrary ¢ € {1,...,n}. Let us suppose that there exists 1 € (t,—1,1tp) such
that (37) is true. Then we can find qo € (g1, ¢p) such that

zi(go—) =0 and z; > 0 on [q1, qo)- (40)

Then, by (39), it is valid
qo
0< / 2t dt = 2i(g0-) — () = —z(a)
q1

and we get a contradiction to (37). We can prove the inequality z; < 0 on
[tp—1,tp) similarly as in the previous paragraph. In such a way we can argue
at each interval [tj,t;41),7 = 0,...,p — 1, and we get z; < 0 on J for each
i=1,...,n. It means that

z<a onlJ.

The second inequality in (36) can be proved similarly putting z = f —z on J.
Due to (36) we have

z'(t) = f(t,z(t)) = f(t,z(t)) for ae. t€ J,

and (28) is true. It remains to prove that z fulfils (3). It is sufficient to show
that

B(b) < () + h(z(a), z(b)) < a(b). (41)

Let us suppose that the second inequality in (41) is not true. Then there exists
i € {1,...,n} such that

a;(b) < zi(b) + hi(z(a), z(D)).
In view to (35) we have z;(b) = «;(b), thus it follows from (32) that
0 < hi(z(a),z(b)) < ni(ala), a(d))

which contradicts (6). We prove the second inequality in (41) similarly. a

Theorem 2 Let o, be lower and upper functions of problem (1), (28), (3).
Further, suppose that B < o on J and (11), (32), (33) are true. Then there
exists a solution x of problem (1), (28), (3) such that

p<z<a onl (42)

Proof Consider the integral equation

z(t) = (b, z(b) + h(z(a),z(b))) +/bt f(s,z(s)) ds+7(t,z) forallte J, (43)
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where
3 it a(t5))) = 15, 2(t))] for t € [a, 1)
Jj=1
r(t,7) = ]gz [ (v(t5,2(t5))) — v(t5,z(t;))] for t € [ti,t2) (44)

L(v(tp, 2(tp))) = v(tp, 2(tp))  for t € [tp-1,tp)
0 for t € [tp,b]

This problem is equivalent with problem (13), (34), (35). Further, define the
number

P
M= /J A(s) ds+(p+ 1) (lall+ 1810+ 3 max{|L;(w)| - B(t5) < u < alty)}, (45)
j=1
where A(t) = sup{|f(t,z)| : B(t) <z < a(t)} for all t € J, and the set
Q={zeY:|z|| < M)

Clearly ) is nonempty, convex, closed and bounded set in Y. Now, we define
the operator T : Q@ — Y given by

t
Tz(t) = v(b, z(b) + h(z(a),z(b))) +/b f(s,z(s))ds + 7(t, z),

where 7 is defined by (44). Similarly, we can verify that T maps Q to itself, is
continuous and that cl(T'(2)) is a compact set as in the proof of Theorem 1.
According to the Schauder fixed point theorem, there is a point z € Q such
that
Tr =z,

which means that the function z is a solution of (43) and consequently a solution
of (13), (34), (35). Proposition 2 implies that z is a solution of (1), (28), (3)
and satisfies (42). o

Example 1 Let us consider problem (1)-(3), where n =2, f = (fi, f2),

filt,m1,m2) = —$§+a:2+10cost,
fo(t,z1,20) = 1 — 25 + 15+ ¢,

with impulsive functions Iy, I

Il(CL') = kiz, k€ (0,1),
Iz(:l) = kzﬂ?, k2 € (0,1),

and boundary value conditions (periodic conditions)

h(z,y) =z -y =0. : (47)
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We see that h, I;, Iy and f fulfil conditions (10)-(12). We can take lower and
upper functions as constant functions. That is

@ = (Cl>c2)i ﬁ = (dlyd‘l)a (48)

where ¢1,¢s,dy,ds € R are suitable constants, such that « < 8 and the condi-
tions (4)-(6) are satisfied. We can construct such functions easily, if we take
c1,¢2 < 0 sufficiently small and dy,dy > 0 sufficiently large. Thus, we can use
Theorem 1 and get that problem (1)-(3) has at least one solution. On the other
hand Theorem 2 cannot be used for this problem.

Example 2 Let us consider problem (1), (28), (3), where n = 2, f = (f1, f2),

filt,zy, @) = 2% —ay + 106,

folt,my,m0) = —2y + 25 + 15 sint,

with impulsive functions (46) and boundary value conditions (47). Now, condi-
tions (11), (32) and (33) are valid. We can again take lower and upper functions
in the form (48). If we take ¢1, co > 0 sufficiently large and d;, d» < 0 sufficiently
small, we get that § < a and the conditions (4), (29), (6) are satisfied. Thus,
according to Theorem 2, problem (1), (28), (3) has at least one solution. Let us
note that Theorem 1 is not applicable for this problem.
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