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Compact Imbeddings in Weighted Sobolev Spaces
and Nonlinear Boundary Value Problems

PavEL DRABEK, ALoIs KUFNER

Abstract. Weighted Sobolev spaces are a useful tool in the investigation of degenerated
and/or singular elliptic differential operators. Information about the compactness of
certain imbeddings in these spaces makes it possible to extend existence results to certain
classes of nonlinear boundary value problems.

It is the aim of this paper to point out the role of such imbeddings, even for the case
of ordinary differential equations, where the situation is more transparent and easier to
handle, and to give some criteria for the compactness or certain imbeddings.

1991 Mathematics Subject Classification: 46E35, 34B15, 35J70, 26D10

(Dedicated to the memory of Svatopluk Fudik)

1 The space

Let p > 1 and w = w(z) be a weight function on (0, 1), i.e. a function measurable
and positive almost everywhere in (0, 1). Denote by

LP(0,1;w) = LP(w) (1.1)

the set of all functions u = u(z) on (0, 1), for which the norm

llellp,w = </01 IU(t)I”w(t)dt)i

is finite. Then LP(w) is called a weighted Lebesgue space.

Further, let k € N and consider the set of all functions u € AC*~1(0,1) (i.e.
functions whose derivatives of order k — 1 are absolutely continuous on [0, 1]) for
which the expression

@l = ([ 1 |u<k>v’w(t>dt)i (1)

is finite. Note that the expression (1.2) is only a seminorm on AC*~1(0, 1). There-
fore, let us introduce two subsets Mo, My of the set {0,1,...,k — 1} which satisfy
the condition

card My +card M; = k (1.3)
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and the so called Pdlya condition

m

> (doj+dy;) >m+1, m=0,1,... k-1, (1.4)
j=0
where dij = 1if j € M, dij = 0if j € M;, « = 0,1. Now, if we denote by
B*?(My, M1, w) the set of all functions u € AC*~1(0,1) for which [[u®)|],,, is
finite and which satisfy the boundary conditions

u(0)=0 for ieM,, uw9(1)=0 for je M, (1.5)

then (1.2) is a norm on B¥? (Mo, My, w) which is equivalent with the usual norm
in the wieghted Sobolev space (for details, in particular for the important role of
the Pélya condition, see [3]) and the completion of B¥?(My, M;,w) with respect
to the norm (1.2) will be denoted by

WP (Mo, My, w) (1.6)

and called a weighted Sobolev space.
If we assume in addition that the weight function w satisfies
w' ™" € L, (0,1) (1.7)

with p’ = ;TLL{» then W*P (Mo, My, w) is a Banach space (see [7]).
In several papers (see e.g. (6], [9] and mainly [5]), the so called k-th order
Hardy inequality

</01 Iu(t)l"vo(t)dtf <e (/01 |u(")(t)|pvk(t)dt)% (1.8)

is investigated and conditions on p, ¢, v, vx are given which guarantee that (1.8)
holds for all w € B*¥P (Mg, My, vi).

Inequality (1.8) can be considered as a continuous imbedding of a weighted
Sobolev space into a weighted Lebesque space:

WHhP( Moy, My, vi) < L7(vo). (1.9)

In Section 3 of this paper, we will derive conditions on the parameters p,q > 1
and on the weight functions vo, vy which guarantee that the imbedding (1.9) is
also compact. In the following Section 2 we will illustrate the importance of such
information in connection with the investigation of certain nonlinear boundary
value problems.

2 A nonlinear boundary value problem

Let us consider the nonlinear Dirichlet boundary value problem

(a(O) " (O " ()" + ()] u(t) = gt u(t),w'(1)), t€(0,1), (2.1)
u(0) = u'(0) = u(l) = u'(1) =0, 2.
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where p,q > 1 are real numbers, a = a(t) is a positive and measurable function
in (0,1) and g = g(¢,&,7) is a bounded Carathéodory function in (0,1) x R?, i.e.,
measurable in ¢ for any (£,1) € R? and continuons in (£,7) for a.e. t € (0,1).
In contrast to analogous results on related topics we will consider a function a(t)
which may have singularities and/or degeneracies in (0,1). To this end we will
work with the notion of the weak solution to the problem (2.1) and we will look
for it in a weighted Sobolev space X := W2P(My, M;, a) with My = M, = {0, 1}.
Let us assume, in this section, that the compact imbeddings

X 3 L9 and X e W1 (2.3)

hold with some r > 1. Here we denote by L? the usual Lebesgue space and by
W, ™9 an anisotropic Sobolev space with the norm

llvlly.r.q = lollze +1'llL-

For the sake of brevity we shall write

llellx = llu"llp,a

for any u € X. Then (X, ||.||x) is a uniformly convez Banach space.
The function u € X is called the weak solution of (2.1) if the integral identity

/ at)|u” (&) P~ 2u" (t)o" (t)dt + / u(t)]9~2u(t)v(t)dt = (2.4)
0 0
1
- / olt, u(t), v (@) u(t)dt (2.5)

holds for any v € X.
It follows from (2.3) that all integrals in (2.4) make sense. Hence the following
operators J, S, G : X — X* are well defined:

fo ()P~ (8)o" (£)dt
fo Iu I" Zu(t)v(t)dt,
(u),v) = Jo 9( "(t))v(t)dt

for any u,v € X (here (.,.) denotes the duality between X* and X). We ob-
tain immediately from (2.4) that the weak solvability of (2.1) is equivalent to the
solvability of the operator equation

J(u) + S(u) — G(u) = 0. (2.6)

Let us summarize some useful properties of the operators J, S and G.

Lemma 2.1. The operators J and S are odd and the operator G is bounded.

Lemma 2.2. The operators J and G are compact.
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ProoF: The compactness of S follows directly from the compact imbedding
X < L7 and the continuity of ‘the Nemytskii operator from L9 into

LY (% + ql—, = 1) which is given by the function

& €772,

Concerning the compactness of G we argue in a similar way: It follows from the
continuity of the Nemytskii operator from L9 x L" into L9 which is given by the
function

(&m) = g(., & ).
a

Lemma 2.3. The operator J is one-to-one and, moreover, J and J~! are con-
tinuous.

ProoOF: It follows from the properties of the real function & — |£[P~2¢ that J is
strictly monotone, i.e.

(J(u) = J(v),u—v) >0
holds for any u,v € X such that u # v. The continuity of J follows from the
continuity of the Nemytskii operator given by

€ a()[El =%

and acting between LP(a) and (LP(a))* (see [4]). It follows directly form the the
definition that J is coercive. Applying the theory of monotone operators (see e.g.
[2]) we get that J is onto X*, J~! is strictly monotone, bounded (i.e., J~! maps
bounded sets onto bounded sets) and demicontinuous (i.e. J~! maps strongly
convergent sequences onto weakly convergent sequences). We prove that it follows
already from here that J~! is continuous. Let {wn} C X* be a sequence which
converges to some element w € X*. Denote u, = J~1(wy), u = J~!(w). From the
definition of J we obtain

(I (un) = J(w), un = u) > (lunlls™" = llelli ") lunllx = llullx),

= wllxc 17 (wa) = I~ @)llx > (wn = w0, T (wn) = I~ (w)) >

> (Il a5 = 1 @)l ] (17 (wn)llx = 17 (w)llx]

The left hand side approaches zero due to the convergence w, — w in X* and the
boundedness of J~!. Hence

17 (wa)llx = 117 (w)llx-

This convergence together with the demicontinuity of J=! and the uniform con-
vexity of X imply that
J N w,) = JHw)
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(strongly) in X (see [2]). n]
Let us define the operator T': X — X™* by the relation
T(w) :=w+ S(J ™} (w)) - G(J "} (w)),

w € X*. It follows from Lemmas 2.2, 2.3 that T is a compact perturbation of the
identity on X™* and hence the Leray-Schauder degree theory can be applied to 7.
Due to Lemma 2.1 the operator

w = S(J7H (w))

is odd and the operator
w— G(J 7 (w))
1s bounded.

Theorem 2.1. The equation (2.6) has at least one solution.

PROOF: Let us define the homotopy of compact perturbations of the identity in
the following way:

H(w, A) = w+ ST~ (w)) — AG(J ™} (w))

for w € X*, X € [0, 1]. Let us prove that % is an admissible homotopy, i.e. there
exists R > 0 such that
H(w,\) #0 (27)

for any A € [0, 1] and for any w € X* satisfying ||w||x- = R. For a given w € X*
denote u = J~(w). Then we get

(H(w, A), T Hw)) = (J(u),u) + (S(u),uv) - (2.8)
=MG(u),u) > |lull — cllullx, (2.9)

where the constant ¢ > 0 is independent of X € [0, 1]. It is easy to see that
llwlixe = Il (= 1177 @)k

for any w € X™ and hence (2.7) follows from (2.8) for sufficiently large R > 0.

Let us denote by Bgr(0) the ball in X* centered at the origin and with the
radius R > 0. It follows from (2.7) and from the homotopy invariance property of
the Leray-Schauder degree that

deg(T'; Br(0),0] = deg[#(., 1); Br(0),0] =

= deg[#(.,0); Br(0),0] = deg[I + S o J~*; Br(0), 0].

Since the last degree is equal to an odd number, by the Borsuk theorem, we get

deg[T"; Br(0), 0] # 0.
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The basic property of the degree implies the existence of at least one w € Bg(0)
such that
T(w) = 0.

But then u = J~!(w) is the solution of the operator equation (2.4). O
Remark 2.1. It follows from the considerations at the beginning of this section

that the element u € X the existence of which is guaranteed by Theorem 2.1 is
the weak solution of the Dirichlet boundary value problem (2.1).

Remark 2.2. Let us note that for ¢ > p and r > p the compactness of the
imbeddings (2.3) is guaranteed if the following conditions are satisfied:

lim Bi(t) = lim Bi(t) =0, i=1,23,

where

Bi(t)=(1- )% (f;a' =7 (s)ds) ",
By(t) = (1 - t)% (fot— (s)ds) ,

By(t) = (1-1)* (/; al-P’(s)ds)

(For details, see Section 3.)

3 The compactness of the imbedding (1.9)

First, let us introduce two operators, namely the operator M,, of pointwise multi-
plication (by a weight function w):

(My f)(t) = w(t)f(8), te(0,1), (3.1)

and the integral operator T

(TF)(z) = /0 K(z,t)f(t)dt. (3.2)

Proposition 3.1. Let s > 1 and w,v be weight functions on (0,1). Then the
operator My s an isometric isomorphism,

My : L* (v) = L* (w™*v) (3.3)

with ||Myll = 1, and (My)™' = M
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Proposition 3.2. Let p,q > 1 and suppose that the kernel K(z,t) satisfies

(/01 </01 |K(a:,t)|"'dt);}dz)% < oo. (3.4)

Then the operator T from (3.2) maps LP compactly into L9.

The proof of Proposition 3.1 is straightforward, the proof of Proposition 3.2
can be found in [1]. Using these two results, we are able to prove the following
assertion.

Theorem 3.1. Let p,q > 1. Let vy, vx be weight functions on (0,1) and suppose
that the kernel K (z,t) satisfies

(/01 (/01 |K(z,t)lp'v;-v'(t)dt) Y vg(z)dz)% < co. (3.5)

Then the operator T' from (3.2) maps LP(vx) compactly into LI(vg).
Proor: If we denote

. 1 1

K (z,t) = K(z,t)v, " (t)vd (=)

then condition (3.5) implies that, in view of Proposition 3.2, the operator T defined
by

1
(Th)(z) = / R (2, t)h(t)dt
0
maps LP compactly into L?. Hence
= [} (=, )y ¥ (z)uf (&) f(t)dt =
= vy *(2) fy K(a,t)0f (0F(1)dt,

Since

and (due to Proposition 3.1)

M oy iDP(w) > LP, M _y:L?— L9(w),
Vi

Vo

we have

L : LP(vk) = LI(vo).
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Moreover, T is compact as a composition of the compact operator 7' and two
bounded operators of the type M,,. m]

In [5], the investigation of the Hardy inequality (1.8) for u € W*? (Mg, M1, vx)
is reduced to the study of the inequality

(/01 1(Tf)(z)|qvo(m)dx)% <c (/01 fp(w)vk(x)dx)% : (3.6)

where 7' is an integral operator of the form (3.2), defined on the set of all measur-
able nonnegative functions f on (0,1). More precisely, the kernel K (x,t) in (3.2)
is the Green function of the boundary value problem

u(k) = f on (Ov 1): . (3 7)
ud(0)=0 forie My, w(1)=0 forje€ M. ’
It can be shown — supposing that the boundary value problem (3.7) is uniquely

solvable - that K (z,t) is given by

. | Ki(z,t) for0<t<z<l,
K(z,t) = { Ko(z,t) for0<z<t<l. (3.8)
Consequently, we have that
T 1
(TH(x) = / Ki(z,t) f(t)de +/ Ko (z,t)f(t)dt (3.9)
0 &
or
Tf=Tf+Tsf,
where

z 1
(Th f)(z) = / Ki(z,t)f(t)dt, (T2f)(z) = / Ko(z,t) f(t)dt. (3.10)
0 T
In order to investigate the compactness of the imbedding (1.9), i.e-

WkP (Mo, My, vi) == L9(vp), (3.11)
it suffices to investigate the compactness of the operator T from (3.9) — or the two
operators Ty, Ty from (3.10) — as mappings from LP(vx) into L9(vo). The reason
is that the identity operator

I:W*P (Mo, My, vi) = LI(vo)
can be considered as the composition

I=ToDy (or I=To0Dy+T0Dg),
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where the operator Dy : W"’P(Mo, M, v,) = LP(vg) is defined by
Diu = ul®),

Consequently, we will use the following assertion (see also the proof of Lemma
7.12 in (8]).

Lemma 3.1. Let p,q > 1 and suppose that the operator T (or the operators

Th,T3): LP(vk) = L%(vo) is (are) compact. Then the imbedding (3.11) is compact,
too.

So, we can concentrate on the compactness of the integral operators 71, T3. For
the kernel K from (3.8) the condition (3.5) reads as follows

(/o1 </U” K1 (2, )P vy (t)dt + /: |Ka(z, ) vi-P’(t)dt) ’ vo(x)dz> # < co.

This condition can be replaced, in general, by a pair of conditions

1
q

(12 (7 st 7 @0at) " wleie) < oo

1 (3.12)
(50 (2 1o, 0P o177 (000) P i) < oo

From Theorem 3.1, we immediately obtain.

Theorem 3.2. Let p,q > 1 and suppose that the kernels K, Ko satisfy the
conditions (3.12). Then the operator T from (3.9) maps LP(vx) compactly into
Lq(‘l)o)‘

Remark 3.1. Since the kernel K(z,t) from (3.8) is connected with the boundary
value problem (3.7), the kernels K, K, have a specific form, which allows to derive
- at least in some cases — conditions, which are necessary and sufficient.

First, let us consider the case
My =1{0,1,...,k—=1}, M =0.
In this case, the boundary value problem (3.7) is in fact the Cauchy problem
u®) = fin (0,1), u(0)=4'(0)=...=u*"D0) =0,
and its solution v =T f 1is given by

1

u(z) = (Tf)(z) = = 1)![)z(z—t)k“1f(t)dt. (3.13)
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So we have (3.9) with

1

K](:L‘,t) = (—k:~1—)—!

(z =)k, Ky(z,t) =0

and the following assertion holds.

Theorem 3.3. Let 1 < p < g < oo and let vo,vx be weight functions on (0,1).
Then the operator T from (3.13) maps LP (vk) compactly into LI(vo) if and only
if the following conditions are satisfied:

llm Bi(z) = lim B;(z) =0, i=1,2, (3.14)

z—04 z—1_

where

1

Bue) = (St = o) Damg(e)ae)  (J ol 1))

By(z) = (f; vo (t)dt) v (f;(z — )=yl (t)dt) e

(3.15)

Instead of giving a proof let us only mention that the conditions (3.14) are in
fact the conditions derived by Stepanov [9]. He considered the operator T' and
the corresponding weighted Lebesgue spaces on (0, 00) instead of (0,1) but his
approach can be used almost literally also in our case.

Remark 3.2. If k = 1, then the functions By (z), Ba(z) coincide and the condition
(3.14) is exactly the condition for the Hardy operator Hy,

(Hif)(z / f(t) (3.16)

to map LP(vi) compactly into LI (vo). See [8], Theorem 7.3.

In what follows, we shall consider kernels K (x,t) of the type
K(z,t) = w(z)W(t)

with w, W weight functions. In [5], it is shown (for My N M; = @) or at least
conjectured (for the remaining choice of Mo, M1) that the kernels K;(x,t), i =
= 1,2, appearing in the boundary value problem (3.7), are in the corresponding
triangles A; = {(z,t): 0 <t <z < 1}; Ay = {(=,t);0 < & < t < 1} equivalent to
special products w;(z)W;(t) with w;(z) = (1 — )P, W;(t) = ¢7i(1 — )% . The
nonnegative integers a;, 5, vi,9; depend on My, M;. In some cases, these kernels
are not only equivalent but, moreover, equal to such products: e.g., for k = 2 and
Mo = My ={0},itis Ki(z,t) = (1 — z)t and Ka(z,t) = 2(1l —1).
For kernels K; of the form

Ki(z,t) = wi(z)W;(t) (3.17)
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with general weight functions w;, W; on (0, 1), we can give again necessary and
sufficient conditions for the compactness of the corresponding operators T; from
(3.10). For this purpose, let us consider, besides the Hardy operator H; from
(3.16), its counterpart Hj :

(H2f)(= / f(t) (3.18)

Since necessary and sufficient conditions, under which H; maps L? (vx) compactly
into L?(vp), are already known (see [8], Section 7), we immediately obtain the
following assertion.

Theorem 3.4. Let p,q > 1 and let vg, vg, wi, Wi(i = 1,2) be weight functions on
(0,1). Let

(Tif)(x) = wi() J§ Wa)f(0)dt, (3.19)
(Tof)(z) = wale) [, Wa(t) f(t)dt (3.20)

[t.e. Ty and Ty are the operators from (3.10) with kernels K, Ky of the form
(3.17)]. Denote
1 1
1 g q T p' 1—-p' 7
wi (t)vo(t)dt W7 (v t)ydt )"
Ik 1<>o(>)l(f3 11()kl(>)% s
Ba(x) = (J7 wi®)o(0)dt)¥ ([ W8 0™ (0)dt) ™,

oo
-
—

8
—

Il
~/~

S (7 w(two()dn)® (f Wy (t)dt)" wE @)k @)z )
(3.22)
wzth i_ 117
Then T, maps the space LP(vk) compactly into L9(vo) if and only if the fol-
lowing conditions are fulfilled:
(i) For 1 < p < q < 00, the functions Bi(z) are bounded on (0,1) and

lim Bi(z)= lim Bi(z)=0 (i=1,2). (3.23)

x——>0+ z—1_-
(i) For 1 < ¢ <p< oo, it s

A <oo (i=1,2).

Proor: It follows from (3.19) that

T,'=Mw‘.0H,'OMw‘, i:1,2, (324)
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where H; are the Hardy operators (3.16), (3.18) and M,,,, Mw, are the operators
from (3.1). Due to Proposition 3.1 we have
MW‘. : Lp(vk) e LP(W-_pvk),

k3

My, : LI (wlvg) = LP (w] Twive) = LI(vo).

The boundedness of the function B;(z) from (3.21) together with (3.23) (for p < q)
or the finiteness of the number A; from (3.22) (for p > ¢) are the necessary and
sufficient conditions for the Hardy operator H; to be cornpact as

H; : LP (W Pv) = LI (wivy)

(see [8], Section 7). Now, the assertion follows from (3.24) due to the boundedness
of Mw, and M,,. . [m}

Remark 3.3. The functions B;,i = 1,2, from Remark 2.2 are the functions (3.15)
from Theorem 3.3 for the special case k = 2 and vo(z) = 1.
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