
Acta Mathematica et Informatica Universitatis Ostraviensis

Marek Pomp; Radim Havelek
On representation of cyclotomic fields Q(ζpq)

Acta Mathematica et Informatica Universitatis Ostraviensis, Vol. 7 (1999), No. 1, 71--78

Persistent URL: http://dml.cz/dmlcz/120549

Terms of use:
© University of Ostrava, 1999

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/120549
http://project.dml.cz


Acta Mathematica et Informatica Universitatis Ostraviensis 7 (1999) 71-78 71 

On representation of cyclotomic fields Q(Cpq) 

Marek Pomp 

Radim Havelek 

Abstract: In this paper is shown representation of cyclotomic fields Q(CP<?)> where p,o are 
primes, as the correspondence between circulant matrices and elements of this cyclotomic 
field. 
Key Words: cyclotomic field, circulant matrix, integral normal basis 

In the paper [4] it is found a representation of cyclotomic fields Q(CP), where, 
C = e

2 7 n / p , p is the prime, as the correspondence between circulant matrices and 
elements of this cyclotomic field. In the present paper it will be found representation 
of cyclotomic fields Q(Cm)> where m is product of two distinct primes m = p • q. 

Correspondence between the set Cn of rational circulant matrices of degree n, 
n G N, and n-th cyclotomic field Q(Cn) is given by map (f>: 

0(ci rc(a o , a 1 , . . . , a n _„ 1 ) ) = a0 + aTCn 4- a2Cn + ••' + an-iQ~l (1) 

Because of the set {l,Cn,Cn. • • • >Q~1} i s n o t a b a s i s f o r t h e ^ e ^ Q ( d ) under Q, 
this map is surjective homomorphism from ring Cn to the field Q(Cn)-

Let m ~ p - q, where p, q are different primes. We denote by Cm the set of 
circulant matrices of degree m, and Cm

 = e2 7 n /m . The set of all primitive roots of 
unity 

jYm = {Cm; i £ 0 (mod p) and i £ 0 (mod q)} 

is an integral normal basis of the field Q(Cm) under Q and it holds 

Nm ~ {Cm? where r - k + I ( m o d m ) , k = 0 (modp) , / = 0 (mod G)}. 

Since 

p-i 

f*P — _1 V^ Aip+kq) (mod m) - i n 1 
^rn — l Z^^rn i Z = 1, Z, . . . , C/ - 1, 

k=l 

q-1 

rJQ — _ 1 \~* ftiQ+lp) (mod m) 

^m 1 Z ^ m ' J = 1,2,. . . , p - 1, 
/ = 1 
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we have, that any element a G Q(Cm) 

a = a0 + axC,m + a 2 C m + • • • + flm-iC"1 = 

= (ax - a 0 ) C m + (a 2 - a 0 )C m + • • • + (am_1 - aQ)Q 

have unique expression in the form 

Q = E (ar+ao-ak - a í )C m - (2) 
r=/c+/ (mod m) 

fc=0 (mod p) 
Z=0 (mod g) 

Proposition 1. Mapping (f) : Cm -> Q(Cm)> 9™en by (1), have the kernel 

Im = { c i r c ( a 0 , a 1 , . . . , a m ^ 1 ) ; where a r = ak+al - a 0 , 

for r = k + l (mod m), k = 0 (mod p), l = 0 (mod a)} . 

FrOOf Let A G Im, then 

0(A) = a 0 + ]T K+ a/~ ao)Cm + 
r=k+l (mod m) 

A;=0 (mod p) 
/=0 (mod <?) 

+ E a^m+ E °t<m = 
A:=0 (mod p) /=0 (mod g) 

= a o - a o Yl C™ + 

+ E a* E c r ( m o d m ) + 
fc=0 (mod p) /=0 (mod <y) 

+ E at E e * ( m o d m ) . 
ť=0 (mod q) k=0 (mod p) 

Since 

E c = i, 
E C m

+ M m o d m ) = C m E Cm = 0, where * = 0 (mod p), 
1=0 (mod g) 1=0 (mod 9) 

E C* (m°d m ) = Cm E & = 0, where / = 0 (mod q), 
k=0 (mod p) k=0 (mod p) 

it holds 0(A) = 0 and so Im C ker 0. Reverse inclusion yields obviously from (2). • 

Let Cm be a subset of the set Cm, 

Cm = { c i r c ( a 0 > a l > - - - > a m - - l ) ; 

where a{ = 0 for every i = 0 (mod p) or i = 0 (mod a)} . 
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Any class of the factor-field Cm/Im contains one and only one element of Cm. 
If matrices A , B are the elements of the set C m , and 

A B = c i r c ( c 0 , c 1 , . . . , c m _ 1 ) , 

we denote by C A B the matrix from ideal Im, C A B = circ(d0, d_, . . . , d r n_1) , where 
d{ = c{ for every i = 0 (mod p) or i = 0 (mod q). Next we define the relation * on 
the set Cm 

A * B ~f A B - C A B . 

For the map </> it holds: 

(j>(A * B) = <t>(A • B) - 0 ( C A B ) = 0(A • B) . 

Proposition 2. The set Cm under obvious matrix operation 4- and operation * is 
£lie field and 

( C ^ , + , * ) ~ ( C m / / m , + , - ) - Q ( C m ) . 

Now we look on the multiplication in Q(Cm), m = P * 9> where p, a are distinct 
primes. 

Let the representative of a € Q(Cm) be the matrix A = c i r c ^ o . a j , . . . ,am__1) and 
the representative of (5 G Q(Cm) t>e the matrix B = circ(b0,&_,... , bm__), A , B G 
G Cm. We denote by \'p vector of elements of matrix B , \'p = (6 0 , 6_ , . . . , 6m__1)T. 
Let A'a.£ = ( d o ^ , . . . ,dm__1)T is the vector of elements of the matrix A * B , i.e. 
representative of product a • (3. Then there is the matrix T'a(trs) so that 

T a • \(3 = \a(3-

The elements of matrix A * B we can express to 

0 if r = 0 (mod p) or r = 0 (mod a), 4 cr + c0 — ck — cl in the other cases, 

where ci are elements of product A • B = circ(c0, c_, . . . c m _ 1 ) , 

E °Í,6Í 
j i + J 2 = i (mod m) 

" Л ^ г ' 

and r = k + l (mod m), fc = 0 (mod p), í = 0 (mod q). If 

ni —1 
dr = E ťrA = 

5 = 1 

E °A-+ E a A~ (3) 
i- f j=r (mod m) i-h?=0 (mod m) 

E aA- E °A-
i + Í = / : (mod m) i + j = / (mod m) 
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then we express the elements of matrix Ta 

trs = au + ai2 ~ ai3 ~ au (4) 

where ix = r - s (mod m),i2 ~m — s (mod ra), i3 ~ k — s (mod ra) and i4 = I — s 
(mod ra). 

Because of bs = 0 for s = 0 (mod p) or s = 0 (mod r/) we can omit 5-th columns 
of matrix T Q , also dr = 0 for r = 0 (mod p) or r = 0 (mod g) than we can omit 
r-th rows of matrix Ta. The new matrix we denote by T a and we denote by CT 

the set of all matrix T a , a E Q(Cm)- Let Xp is the vector of nonzero elements of the 
vector A^. The vector A^ is vector of coordinates of element 0 in integral normal 
basis jVm. 

Because of Ta is matrix of multiplication in regard to the integral normal basis 
Nm and by Proposition 2 the following theorem holds. (See [1].) 

Theorem 1. Let a, (5 E Q(Cm) and let Ta G CT then 

( l ) C T ~ Q ( C m ) 
(2) T a • A^ = Xa,p 
(3) Tr Q ( < m ) / Q (a ) = T r ( T J 

(4) N Q ( U ) / Q ( Q ) = d e t T a 

Now, let the field K be the subfield of Q « m ) and [ Q « m ) : K] = (p-l)(q-l)/w. 
An integral normal basis in field K, NK = {e1,e2, • • • ,£w}, is generate by element 
Ei = T r Q(c m ) /K(C„) a n d 

ej= E C j = l,2,...,w 
aeMj 

where M- G G(Q((m)/Q)/G(Q((m)/K). We denote the index set 

Ij={i\ C m e { C m ; O - G M ^ . } } ; j = l,2,...w 

Classes of group G(Q(Cm)/Q) /G(Q{(m)/K) are index in order M1,M2,..., Mw, 
where jx < j 2 if and only if niinX- < minZ^ . 

Let a,P G K. The representative of /3 in Q(Cm), circ{b0,bl,... ,h7n_l), have 

K = 6 i 2 ' w h e r e h»*2 eIj> 3 = 1,2,.. .ID. 
If h i = minZ^, i = 1, 2 , . . . iD, then equation (3) we can obtain in form 

w 

i=l 

where 

jeii 

Since r x , r 2 € Z^, j = 1,2,.. .u> imply £ r i i = £ ra i, we put sj{ = £r i, where r e Ij. 
Let T a K be a matrix of elements sj{, j,i = 1,2, . . . w. We denote by CT K the set 
of all matrix Ta K, a G K. Let Aa K is the vector of coordinates of an element 
a G K, in the basis e u ^ , ' - ) ^ -

The following theorem holds by the same way as Theorem 1. 
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Theorem 2. Leta,0€ K C Q(Cn 

(1) CT i K ~ K 

and let TaK € CTK then 

(2) T a K • A^  Л aß,K 

(3) TrK / Q(a) = Tr(T a i K) 
(4) N K / Q ( a ) = d e t T a i K 

Example. Let p = 3, g = 5. Let a € Q(Ci5), 

a = a,C15 + a2Cis + a4Ci5 + a7Ci?5 + a8d
8

5 + anCll + thsCis + ai4Ci5 • 

From (4) we obtain the matrix T a . It is presented at page 76. 
For every/?€Q(Ci5) 

holds 

0 = &iC,5 + fc.C?6 +
 6

4C,45 + &7Ci75 + 68Ci85 + bnCti + b13Cl* + b^Qli. 

T0 = & iTc, s + fc
2Tc?5 + 64TC,5 + 67TC?5 + &8TC?5 + 6nTCH + 613Tci3 + 6 1 4 T C M, 

where matrices T̂ « respond to the elements of the integral normal basis C15 € N. 
Then it is useful have this matrices: 

T . = 
C15 

тc, = 
^15 

T c 8 = 
*»15 

/0 0 0 0 0 0 0 1\ 
0 - 1 0 1 

/ 0 0 - 1 0 - 1 0 1 1\ 
0 1 0 ' 1 0 --1 0 

0 0 0 1\ 
0 - 1 0 1 0 0 0 0 0 

0 1 1\ 
0 1 0 ' 

0 0 0 0 --1 0 0 1 0 1 0 - 1 - 1 0 1 0 
0 0 
0 - 1 -

0 0 
-1 1 

0 - 1 0 1 
0 0 0 1 

, тc, = 
M 5 

0 0 0 0 
- 1 0 0 0 

- 1 
0 

0 1 0 
0 1 0 

0 0 --1 0 0 0 0 1 0 0 - 1 0 0 0 1 0 
0 - 1 0 0 0 0 0 1 - 1 0 0 0 - 1 1 1 0 , 

\o 0 --1 0 -- 1 0 1 1 / V 0 0 0 - 1 0 0 1 0 / 

( ° ~l 0 0 0 1 0 0\ / 0 0 0 0 1 0 0 -Ҷ 
- 1 0 1 - 1 0 0 0 -- 1 1 1 0 0 0 0 0 1 0 
0 -Ҷ 

- 1 0 1 
0 0 0 0 0 1 0 0 0 - 1 0 0 1 0 0 0 
0 0 0 0 -- 1 1 0 0 

Trl = 0 0 0 0 1 0 0 0 
- 1 0 1 0 0 1 0 - 1 ' CÍ5 1 0 0 0 1 --1 - 1 0 
- 1 - 1 0 1 0 1 0 0 0 0 1 0 1 0 - 1 - 1 

0 0 0 0 0 1 0 - 1 0 0 0 0 1 --1 0 0 i 
V - i 0 0 0 0 1 0 0 / \ 0 - 1 0 1 1 0 - 1 0 / 

f 0 - 1 0 1 1 0 - 1 0 \ / ° 0 1 0 0 0 0 - i ч 

0 0 ' 0 0 - 1 1 0 0 0 0 ~ ! 0 1 0 0 0 
0 - i ч 

0 0 ' 
- 1 - 1 0 1 0 1 0 0 0 0 1 0 1 0 - 1 - 1 

0 - 1 - 1 1 0 0 0 1 
. T , - i i = 

- 1 0 1 0 0 1 0 - 1 
0 0 0 1 0 0 0 0 ' <15 

0 0 1 _ i 0 0 0 0 
0 0 0 1 0 0 - 1 0 0 0 1 0 0 0 0 0 
0 - 1 

V-i 0 
0 1 
0 1 

0 0 0 0 
0 0 0 0 / 

0 1 1 - l 0 
v ° 0 1 0 0 

0 
0 

0 - 1 

- 1 0 / 
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Figure 1: Matrix T a . 
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^ o i o 0 - 1 0 0 

-°ì (l l 

f 1 0 

0 - 1 0 - 1 
0 n \ 

0 1 1 - 1 0 0 0 -°ì (l l 

f 1 0 
0 0 0 0 - 1 0 

0 1 0 0 0 - 1 0 0 1 0 0 0 0 - 1 0 0 

0 1 0 0 0 0 0 - 1 1 0 0 0 1 - 1 - 1 0 

0 1 0 - 1 0 0 0 0 
, T Г 1 4 — 

M5 1 0 - 1 0 0 0 0 0 

0 1 0 - 1 - 1 0 1 0 1 0 0 - 1 0 0 0 0 

0 1 0 0 0 0 0 0 1 0 - 1 0 0 - 1 0 1 

\ 1 1 0 - 1 0 - 1 0 ö) \ l 0 0 0 0 0 0 0 / 

L ^ I Э 
<>15 

Let K C Q(Ci5) is the unique quadratic field with the conductor 15. Then the 

elements of integral normal basis of K are 

^ l = C l 5 + C l 2 5 + C l 4 5 + C l 8 5 ? 

c — r1 4. r1A 4. E43 4. r11 

e2 ~ Cl5 + S 1 5 +C15 + C i 5 " 

We found matrices T and T^ , 
E\ El ' 

т f f = 

1 
2 
0 
1 
0 
1/ 

Now the representatives of ex a e2 regarding to subfield K are 

0 - 2 - 1 1 0 1 0 
0 0 - 2 1 - 1 0 2 

- 1 0 0 0 - 2 2 1 
0 - 1 - 1 1 - 2 0 1 

- 2 - 1 0 2 0 1 1 
- 1 - 1 - 2 2 0 1 0 
- 1 - 2 0 1 - 1 2 1 
- 2 0 - 1 0 - 1 1 2 

/ 1 2 1 - 1 0 - 1 0 
~ 2 \ 

0 1 2 - 1 1 0 - 2 - 1 

1 0 1 0 2 - 2 - 1 - 1 

0 1 1 0 2 0 - 1 - 2 

2 1 0 - 2 1 - 1 - 1 0 

1 1 2 - 2 0 0 0 - 1 

1 2 0 - 1 1 - 2 0 0 

\ 2 0 1 0 1 - 1 - 2 0/ 

- 3 4 
_ I - 4 4 I 

Let a £ K, such that a = aex + be2, then 

T 

4 - 4 Л 

4 - 3 , • 

a,K 
Зa + 46 4 a - 4 6 
4a + 46 4a - 36 I ' 

Trаce аnd norm of a аre 

N, 

Ћ Q ( C m ) / Q ( a ) = a + Ь, 

Q(Cm)/Q (a) = - 2 7 a 2 + 2 5 a 6 - 2 7 6 2 . 
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