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K Y B E R N E T I K A - V O L U M E 24 (1988), N U M B E R 1 

CHARACTERIZATION OF a-ENTROPY 
WITH PREFERENCE 

R.K.TUTEJA, L. C. SINGHAL, ASHOK KUMAR 

A characterization of a-entropy with preference is provided. Further an attempt is made 
to characterize this measure by weakening the symmetry postulate. 

1. INTRODUCTION 

Let A„ = (pi, p2, ••., p„), Pt^O, _\Pi= 1 be a probability distribution associated 
> = i 

with discrete random variable X assuming a finite number of values Xu X2,..., X„. 
Havrda and Charvat entropy of order a (cf. [2]) is defined as 

(1.1) I„(A„) = g L - - , , B + 1 > a > 0 . 

In order to distinguish the events XUX2, ...,X„ of a goal directed experiment 
according to their importance with respect to the goal, Belis and Guiasu [1] intro
duced a 'utility distribution' («., u2,..., u„), where each ut > 0 is the utility of an 
event with probability pt. Then a-entropy with preference is given by 

tuiP&r1 -1) 
(1.2) I„(P, U) = i-i , a + 1, a > 0 . 

f > 2 1 " a - l 

In this paper, we characterize this measure by axiomatic approach. Also the 
postulate of symmetry is replaced by a weaker postulate. 

54 



2. CHARACTERIZATION 

Let 

In: A„ x tr+ -> R , n > 2 

where 

-1--(Pi,l»2,...,P-). O^Pi^U E p , - = 1 , R + - ( 0 , o o ) , 
i = l 

satisfies the following postulates. 

Postulate P 1 (Recursivity). 

I«(PuP2,~;Pni «i, M2,-..,«„) = 

h-l(Pl + P2,--,Pnl "1.2, «3, ••-,"„) + 
+ (Pi + P2fh f—^~ , -------- , «1, «a) 

\Pl + Pi Pi + P2 } 
where w1>2 = (ulPl + «2p2)/(pi + p2), pi + p2 e (0,1] . 

Postulate P 2 (Symmetry). /„(pi, p2, •••, p„; »«., M2, ..., M„) is a pairwise symmetric 
function of its arguments. 

Postulate P 3 (Differentiability). j(p, ux, u2) = l2(p, 1 — p; uu M2) has conti
nuous first order partial derivatives with respect to all the three variables. 

Postulate P 4 (Normalization). /,(•}, \\X, X) = X, l2(\, 0, uu u2) = 0; A > 0. 

Theorem 2.1. If/,,: A„ x K+ -> R, (n = 2, 3, ...) satisfy Postulates P 1, P 2, P 3 and 
P 4, then 

t pftW"1 -1) 
(21) In(p1,p2,...,pn;u1,u2,...,un)=

i~—— a 4= 1 , a > 0 . 

Proof. By symmetric Postulate P 2, we have 

(2.2) I3(Pl, p2, p3; uu u2, u3) = I3(p2, p3, Pl; u2, u3, «.) = 

= I3(P3, Pu Pl', " 3 , « l , "2) • 

Using Postulate P 1 in (2.2), we get the following functional equation 

(2.3) f(Pl + p2; M1>2, M3) + (Pl + p2)'f(
 Fi ; uu u2) = 

\Pi + P2 ) 

= f(Pl, uu u2t3) + (1 - Piffl ** , u2, u3\, 

P, + j » - e ( 0 , l ] , pie[0,l) 
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and 

(2.4) / ( p . + Pz; uli2, u3) + (-. + p _ ) ° 7 ( — V - ~ \ uu H,) = 
\Pi + P2 / 

= / (p 2 , « 2 , « i ,3 ) + ( l - P 2 ) a / ( ~ 1 - , « i , « 3 ) , Pi + P 2 e ( 0 , l ] , p - e [ 0 , l ) . 

Differentiating partially (2.3) and (2.4) with respect to p 2 , and Pl respectively, 

(2.5) Shx + P2,«i,2,«3) + P / ( W 2~M j /u, , . (Pi + P2,«i,2,«3) + 
(Pi + P2) 

+ a(Pi + P2Y~1f(———,«i,"2)-Pi(Pi + P 2 ) ^ 2 / p ( — - — , « i , « 2 ) = 
\Pi + P2 / \P i + P2 / 

^ ( i - P i r i / ; ( r ^ , « 2 , « 3 ) 

(2.6) SP(Px + P2, «_,2, "3) - MU*>Ud fui 2(Pl + P2, uia, u3) + 
(Pi + Pz) 

+ « ( P I + p 2 ) ° ' " i / ( - ,«1,«2N) + p2(Pi + v2y~2fP(—Ij— , « i , « 2 j = 

\ P l + P2 / XJPl + P2 / 

= ( i - p 2 r i / P ( r ^ , « 1 , « 3 ) 

Setting Pi + p 2 = 1, the equations (2.5) and (2.6) give 
(2.7) SP(P, u_, u2) = p _ - 7 P ( l , «i, "3) - (1 - P i ) a _ 1 / P ( l , «2 , u,) + 

+ ("2 - «l) /« , . 2( l ,«l , 2 ,«3)-

Setting /„(l, w, u') = B, / p ( l , «, u') = Ami in (2.7) and integrating with respect to p, 

(2.8) f(p,«!, «2) = A[ulP" + «2(1 - pf] - B[ulP + u2(l - p)] + C(Ml, u 2 ) . 

Normalization Postulate P 4 gives 

A = B = l/(21 _ a - 1), C = 0 . 
Therefore 

(2.9) f(P, Ul, u2) = « 1 p ( p - 1 - i ) + « 2 ( i - P ) ( ( i - p r i ^ i ) 

By successive application of P 1 we get 

(2.10) In(p1,p2,...,pn;u1,u2,...,un) = 

V iV. J . _. J . j _ ^ V r / P i + P2 + ••• + P* - i Pk „ „ \ 
= 2 . (Pi + P2 + • • • + Pk) I2 : , , "1,2 k-1, «* ) = 

* = 2 VPl + P 2 + ••• + Pk Pl+ — +Pk ) 
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= Í(PI + P2 +... + pkyf(^ + P2 + - + P k - l , u l i 2 k _ u u k ) = 
* = 2 V Pl + Pl + ••• + Pk 

= £ « * / ( — ,«1.2 * - l . « * ) 
*=2 \qk j 

whereg t = px + p2 + ••• pk,u1,2,...,k = (qk-1u1,2„..,k_1 + 

(2.9) and (2.10) gives 
I„(Pi,P2, •••,P„;u1;u2, ...,«„) = 

=ғЬ[IK- >ЧxШ~Ч-Й(Г-# 
£ [«i,2,...,*-i ЧІ-i + ukp

a

k - qГ1 [мi,2,...,*-i ö*-i + "itPfc]] = 

ІщpføГ1-*) 
21-*- 1 

This completes the proof of the theorem. 

3. CHARACTERIZATION WITHOUT SYMMETRY 

In this section, we characterize a-entropy with preference without assuming 
symmetry. We replace the postulate of symmetry with a weaker postulate. 

Definition 3.1. Let n be a positive integer greater than 1 and A, B be two non-empty 
subset of U. A function/„: A" x B" -> U is said to be n-cyclic over its domain if it is 
invariant under one cyclic shift, that is 

f„(x1,x2,...,xn_1,xn;y1,y2,...,yn) = 

= f„(x„,xux2,...,xn_1;y,„yu . . . , ^ „ _ 1 ) , n ^ 2 

(xu x2,..., x„) e A", (yu y2,..., yn) e B". 

Definition 3.2. A sequence of functions {f„}„^2 where/,,: A„ x K+ -> R, is called 
left expansible if 

f„(Pl,P2,--;P,„UuU2,...,U„) = 

= f„ + l(0, Pi, P2, ••;?„, U,UU ...,Un) U > 0 

where R+ = (0, oo). 

Postulate P 5 (Cyclic Symmetry). I„(pup2, ...,p„;uuu2, ...,u„) is an n-cyclic 
symmetric function of its arguments. 

For n =» 2, Postulate P 2 and P 5 are equivalent. It is obvious that P 2 implies 
P 5, but the converse is not true. For example consider the following: 
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Example 1. Let </>„: A„ x W+ -* U, n = 2, 3, 4 , . . . , be defined as 

<t>n(Pl, P2, • •; Pn, UU U2, • • ;u„) = 
n - 1 

= I (".Pi + Mi+l£i+l) (Pi ~ Pi+l) + (UnPn + UlPl) (Pn ~ Pi) • 
j = l 

Then {</>„>„̂ 2 i
s a n "-cyclic sequence of functions, but functions <pn are not symmetric 

for n > 2. Hence Postulate P 5 is weaker than P 2. 

Lemma 3.1. Postulates P 1, P 4 and P 5 (n — 2) imply left expansibility, i.e., 

(3.1) I„(p1,p2,...,P„;u1,u2,...,u„) = 

= / n + 1 (0 , pup2, ••;P„; u, uu u2, ...,u„) for u>0. 

Proof. Let pk be the last non-zero component of (0, pu ..., p„). Then the right 
side of equation (3.1) is 

(3.2) /B + i(0, pu p2,... pk. 0, 0 , . . . 0; u, uu u2,..., uk, uk+1, ...,u„) = 

- I „ + iO>k>0,0, . . . , 0 , pu ...,pk_1;uk,uk+1,...,u,„u,u1,u2,...,uk-1) = 

= I„(pk, 0 , . . . , 0, pu ..., pk.u uk, uk+2, uk+3,..., u„, u, uu ..., uk.t) + 

+ (Pkyh(h0,uk,uk+i) = 
F=In(pk,0,...,p1,...,pk-1;uk,uk+2,...,un,u,uu...,uk_1) = 

lnAac=iyeiyh(Pk,Pi,.-;Pk-i,uk,uuu2,...,«,_,). 

Similarly, the left hand side of (3.1) can be proved to be equal to (3.2). This completes 
the proof. 

Lemma 3.2. Postulates P 1, P 4 and P 5 imply P 2. 

Proof. For n = 2, the result is obvious. For n = 3 and one of the Pi is zero, 
then the result follows from Lemma 3.1, Postulate P 5 and symmetry of I2. If all 
Pi > 0, i = 1, 2, 3, then Postulate P 1 and symmetry of I2 give 

(3.3) I3(pu p2, p3; uu u2, u3) = I3(p2, Pl, p3; u2, uu u3) . 

Postulate P 5 and equation (3.3) imply symmetry of I3. 
Now, we prove that In, n = 4 are also symmetric functions of their arguments. 

We complete the proof by induction on n. The result follows immediately from 
Lemma 3.1, Postulate P 5 and induction hypothesis if one of pt is zero. Hence it is 
enough to prove the following for pt > 0 for each i 

(3.4) In(pup2,...,p„; u1,u2,...,u„)=I„(p2,p1,p3,...,p„; u2,uuu3,...,un) 

(3.5) I„(pu p2, p3,..., pn; uu u2, u3,..., u„) = 

= h(pi, P2, Pk(3), Pk(ir), ••; Pk(„), ul, u2, uk(3), •••> Uk(n)) 

(3-6) I„(P1,P2,P3,P4;--;P„; UU M2>M3,«4, •••>«„) = 

= h(P3, Pl, Pl, P4, • • -, Pn, M 3 , «2, M l , M4, • • •> Un) 

where (fc(3), fc(4),..., k(n)} is an arbitrary permutation of {3, 4 , . . . , n}. 
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First we prove (3.4) 

I,(Pi,P2,P3, •••,_*„; " l , « 2 , «3 , •••,«„) = 

= I„-l(Pl + P2, P3> •••»P„; «1 ,2 ,«3 , ••- ,«„) + 

+ (Pi + P 2 ) * / 2 f - ^ - , - - * - , «1 , U2) = 
\ P l + P2 Pi + P2 j 

S 5 , a"n= r y of ' • i.- I(PI + P 2 , P 3 , - , P „ ; « I . 2, «3, ...,«„) + 

+ (Pi + p2r(-J^~-,-J^,u2,ui) = 
\ P l + P2 Pl + P2 j 

= I„(p2,Pl,P3, ••• ,P„; « 2 , « 1 , « 3 , ••- ,«„) • 

Now we prove (3.5) 

I„(Pi,P2, ••-,?„; u 1 , u 2 , . . . , u „ ) p i / „ _ 1 ( p 1 + p2,p3, ...,pa; uu2,u3,...,un) + 

+ (PI + p2yi2(—-1—, —P-^-,uuu2) = 
\ P l + P2 Pi + P2 / 

by the induction hypothesis T / \ , 
I„-l(Pl + P2 ,P«3) , •••, PkM> «1,2>««3), •••>"«»)) + 

+ (PI + P_r-2 ( - - -*- - , — E i - , « i , « 2
N ) = 

\ P l + P2 Pi + P2 / 

= I„(Pl, P2, P«3), ••;Pk(n>; «1 , «2, ««3), •••»«««))» 

where {/c(3), fc(4),..., fc(n)} is an arbitrary permutation of {3, 4, ...,n}. 
Finally we prove (3.6) 

I»(Pi, P2, P3> P4, •••,P„; « i , u 2 , u 3 , u4, ...,u„) = 

= IB(.P„-1, P„, P i , P2, ••, P»-2 , " „ - l , K, « ! , . . . , U„_2) = 

E q ' - ' 5 ) 4 ( P „ - 1 , P„, P3, Pi, Pi, PA, ••; Pn-2, » „ - l , "»> «3 , «2, «1> «4> •••, Un-l) = 

= I„(P3, P2, Pi, PA, • • ; Pn, " 3 , «2, «1» U3, ..., U„) . 

This completes the proof of the lemma. 

Theorem 3.1. If J„: zt„ x R"+ -> R, (n = 2, 3,. . .) satisfy Postulates P I , P 3, P 4 
andP 5, then 
(3.7) 

I„(Pi, P2, •••, Pn, «i, «2, •••, "„) = -r- __ W i P ^ r ' - 1) a > 0 , a * 1 . 
21 a — 1 i=i 

The p roof of the theorem follows from Lemma 3.2 and Theorem 2.1. 
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