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GENERALIZED BAYESIAN-TYPE ESTIMATORS.
ROBUST AND SENSITIVITY ANALYSIS

JAN HANOUSEK

Let Xi, X5,...,Xn, be Li.d. random variables with a density function f(z,8) where
8 € © C R* is an unknown parameter that we are interested in estimating. Following up
robustification procedure presented by Huber [10] we shall study one possible approach for
using (non-sample) prior information for robust type estimators and prove some asymp-
totic properties of introduced estimators. We shall show that the Bayes-type estimators
and maximum posterior probability estimators are asymptotically equivalent to the order ,
Op(n71) or op(n~"), depending on some regularity conditions. Because of this asymptotic
relation, one expects that with an appropriate choice of p (i. e such as we would use in
generating an M-estimator) we can obtain a Bayesian type estimator with good robustness
properties.

In addition, if f(z,6) = exp{—p(Xi,8)} then these results lead to relations of maximum
likelihood and Bayes’ estimators.

1. INTRODUCTION

Let X1, X2,...,X,, be i.i.d. random variables with a density function f(z,#) where
0 € © C RF is an unknown parameter that we are interested in estimating.

In this paper we shall deal with the problem of how we can use prior information
about some unknown parameter in estimation procedure, if the data contain gross
errors or are contaminated by a heavy-tailed distribution.

We shall concentrate on a possible modification of standard robust procedures
that operates with a prior distribution and we shall show that the Bayes-type esti-
mators and maximum posterior probability estimators are asymptotically equivalent
to the orders O,(n~!) and op(n~') (Hanousek, Lachout [9]), depending on some
regularity conditions.

Definition 1. The Bayes—typé (or B-) estimator (see Hanousek [5], Hanousek,
Jureckova, Saleh [6]) B is defined as '

ge _ Jo0-exp (=TI, p(Xi,0)} - m(6)do
T Jye {= il p(Xi,0)} - m(0)d6

if both integrals exist.
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Definition 2. The maximum posterior likelihood-type estimator (MPL- or pos-
terior M- estimators) M,: is defined as

M € ar§$éx (- ; p(X:,0) +In 7r(())) ,

Remark. B-estimator is a generalization of Pitman type or P-estimator (see Johns
[17]), Huber [12] and Hanousek [4]) P,

o8 exp{=30, p(X:,0)} d0
Jyexp{— 302, p(Xi,0)}d6

Recalling a relation between Pitman and MLE estimators (see Janssen, Jure¢kova,
Veraverbeke [16]) or Bayes’ and MLE estimators (cf. Ibragimov, Khasminskii [13],
[14]), we expect, because of similarity, corresponding relations between robustified
versions of these estimates. Johns [17] has shown that there is a connection between
P- and M-estimators; another proof could be found in Hanousek [4].

In Section 2, we shall show, under some regularity conditions, asymptotic equiv-
alence of B- and MPL-estimators. Particularly, if

f(z,0) = exp{—p(Xi,0)}

then these results lead to the well-known relations of maximum (posterior) likelihood
and Bayes’ estimators.

P, = if both integrals exist.

2. ASYMPTOTIC BEHAVIOUR OB BAYES-TYPE ESTIMATORS
We consider the following sets of regularity conditions (A), (B) and (C):
(a)

(A1) © C R' is an open set.

2
(A2) p: R? x © — R, is a continuous function. Moreover, %@ exists and for every

0 € O there exist p > 0, # > 0 such that for every
EneO:|lE-10] <4 |In-90] <5,

and for every z € R?

.6~ Th(en)] <l -l

(A3) m: © — Ry is bounded and In= is well-defined with a continuous derivative

dnw
a6 -

(A4) The integral [, ||6]| exp {—p(z,0)} 7(f) d6 exists for every z € R?.
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(B) :
(Bl) Forevery n € N [ My(z)dF(z,680) < +oo, where

)

(B2) There exists a point 6* € R’ such that [ p(z,8*)dF(z, 6;)
and [ %2(z,0*) dF(z,00) are finite.

M,(z) = sup

lefign
6€0

(€)
(C1) We assume that the function h(6) = [ p(z,0)dF(z,00) has a unique absolute
minimum at § = 6y, i.e. Oy € argmin h(f).
9€©
C2) If sup ||8)] = 400 then () <7 = inf liminf inf 0
(C2) Begll I 0)<7E k>0"g||__+m "z”qp(r )-

(C3) -5—57(90) is a positive definite matrix.

(C4) [2(z,6,)- (%ﬁ(z,ﬁo)) dF(z,0) is a real matrix.

Under these regularity conditions the following theorem can be proved:

Theorem 1. Suppose that conditions (A)—-(C) are satisfied. Then, for n — +o0,

V||M; = 6ol = Op(1),

V|| B — 6ol = Op(1)
and

nllB; — Mzll = Op(0).
Moreover, if g—;’; exists and 1 Y7 g—:é’- (Xi, 6o + 71-;9) — %;@, a.s. uniformly for
|19]] < 8o, then 4
Bi =M} + n7!. 5 + ap(n7h),

where

= __oh (6o) ex 0T6 h(e)
“‘/Rl Z 01, B2, 014 567, 06,90, " ° exp | =50 5570

£1,82,83=1

c') h
B = . exp ( FTH =5 (o) )

Proof of Theorem 1 is rather tedious and technical. We give only main steps
of the proofs (details can be found in Hanousek, Lachout [8]; technical reports are
available upon request of the author). o

and
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Lemma 1. Let conditions (Al), (A2), (B1) and (B2) be fulfilled. Then for every
# € O the integrals

h(8 = /p(z,@) dF(z)

0= g—gu,wm,

9%h
Ta) = [ Zb00ar()

are finite.

Lemma 2. Let conditions (A1), (A2), (B) be fulfilled. Then, there exists a set
A€ A, P(A) = 1 such that for every w € A and € ©

97 0%
> Jr (i), ) — G (0),

;Z & (Xifw), 0) — o)

and "
1
n ZP(Xi(w), ) — h(9),
=1
hold.

Lemma 3. Let assumptions (A), (B), (C) be fulfilled. Then, for every 6 > 0 there
exists A > 0 such that

1 | & 1
1 — E i > — E ; _— fo) + A
Ilﬁ—l&flly {n = p(X ’9)} T p(Xi, b0) n In (fo)

holds for n sufficiently large with probability 1.
Corollary 1. Under assumptions (A), (B), (C) we have 6, == fo.

Denote by o the smallest eigenvalue of 3272‘ and define @ = suP|n-6oll In (;"(%%)

Notice that a > 0 by (C3) and 7 is continuous and positive by (A3)-
By Lemmas 1-3 and Corollary 1 we get

P (VallM; ~ b)) > M)
< P(IM; ~6ol| > 6)

1
+ P(%nnMs—eonz—Q<~ Z\/” (M- eo) £(Xi,60), 6 > [|Ma~boll > 7"”)
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< (M5 = 6oll > 6)

* * * l
+ P (—nuM — Bo|I>-Q </ n|| M —o}| \/_E : (Xi,00) |]Mn—00||>71_l-H)
< P(IM:=6o]l >8)+ P L —"-(X-o) S%r-9) o
= n 0 \/1_1 £ EY AN 0 3 17 < E.

The remaining part of the proof is divided into the following auxiliary lemmas.

< Ba(A) - 0p(1)

/ Gexp{ -~ Z p(Xi,0) + In=x(6) p df
18 —8oli>6 )
i=1

Lemma 4. Let the groups of assumptions (A), (B), (C) be fulfilled. Theﬁ for every
i=1
Bn(A) = exp(—nA) - exp (— Zp(X,', M) +In W(M,'{)) .

< Ba(A) - 0p(1)

& > 0 there exists A > 0 such that
exps— Y p(X;,8)+1Inm(8)};do
Ao—aouw { Z
i=1

Lemma 5. Let the groups of assumptions (A), (B), ( ) be fulfilled. Then

/exp (— i:p(X,-,O) +1In 7r(0)) df =

=1

- (\/iﬁ-)lexp(~i‘p<xi,M,:)+ln«(M,:)) (/] exo (~50" 5w 00 )de,)‘;op(l)'

=1

Lemma 6. Let all the assumptions (A), (B), (C) hold. Then,

/Hexp (—ip(Xg,0)+ln7r(6')) dé =
6

=1

= M,’:/exp (—Xn:p(X;,G)+1mr(9)) dé +
8

i=1
Y < . .
+ = (-—ﬁ) exp (—iZ:;p(X,-,Mn)+ln1r(Mn)) - An,
where

An =0,(1) asn— oo.
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If additionally, ﬁé is finite and

a.s. é)zh .
(71 Z 803 (Xh 0) +—= \/— ) - 50—3(90) unlformly for ”0“ < bo
then A, = A+ 0p(1), where

A= / 00, 00, 0 — " (00} - exp (= 16T (6010 do
. Z 4 P g, 90,00, P\ T2 g2 ° '

4,82,03=1

By Lemma 5 and Lemma 6, we obtain

Jo 0 exp (= i, p(X:, 0) 7(0) dB _
Jyexp (= iy P(%5, 0) 7(6) d6

L () exp (= 0, o0, M) + Inw(M2)) Op(1)

( ) exp (-3 ,1,.(x,-,M~)+1M(M,;))(B+U,,(1))
l

B =

n

. O,(1)
" n B+o,(l)

=M;+ - O()

Under the additional assumptions we have

L 1A 1
B"=M"+E'B+°”< )

Remarks.

1. Regularity conditions e.g. (A)-(C) are rather strong, they can be weakened,
assuming Lipschitz conditions instead of existence of third derivative of p etc.

2. Let consider estimator of location, e.g. p(X,0) = n(X — @), 5 is symmetric
around zero and the true distribution is symmetric around g, i.e. F(X,80) =

1 - F(200 — X, 6), we get 2(8) = 0. Consequently, A = 0 and B} =
M} + 0,(n71).

3. By linear substitution we get for B-estimator

gz St La(t)dt

B =40
n=fotn T La(t)dt

where

Ln(t) = exp (“ z":[P(Xi,%) — p(Xi,00+n"1/2. t)]) w60 + =2 1),

i=1
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We can study asymptotic behavior via Taylor expansion of exponential func-
tions of the integrands; manipulation with Taylor expansion then brings desired
equivalence. But the difficulty is, that the error of any expansion (plugged into
integrals) has to be integrate out and this causes problems. A possible solution
is to prove that the difference between the form with an expansion and that
without has the proper order. It is easier to use if we apply the results of asymp-
totic behaviour of random processes (see Ibragimov, Khasminskii [13, 14], and
Inagaki, Ogata [15]). We get

L JSet La()dt
A A

T, =6g+n
L. (1) dt

where C is independent on n.

Since constant (' is independent on n, we can apply Taylor expansion. This
technique was used by Hanousek [5], Hanousek, Jureckovd and Saleh [7] to
obtain asymptotic representation of B}, as

By =00 -7 (80) Y ¥(Xi,00) + 0p(n~'/?)
i=1

where
7(00) = Eeo (d)’(Xl,OO))'
One can see that this asymptotic representation does not depend on a prior
information. It leads to the problem to study a higher order asymptotics.
4. Some interesting applications of Theorem 1 could be:
a) Use of the estimator which, in a particular case, is easier to compute
(switching between multiple-integration and optimalization problems).

b) Analogously as for MLE we can show that one and two-step estimators
based on any n~'/2-consistent estimator will be asymptotically equivalent
to these estimators.

¢) Study attractive properties of k-step estimators (easy computation, ro-
bustness and bayesian properties).

{Received March 30, 1994.)
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