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KYBERNETIKA — VOLUME 23 (1987), NUMBER 6

SPECTRUM-ORIENTED SOURCE CODING THEORY

OTAKAR SEFL, IGOR VAIDA

In this paper we present rigorous mathematical foundations of a source coding theory with
spectral distances at the place of distortion measures. Such a theory is applicable e.g. in speech
coding. We prove a new general joint source/channel coding theorem which is of theoretical
as well as of practical importance. We also establish correctness of some frequently used con-
clusions and procedures for which semirigorous “‘proofs’ are known to the authors only, or the
rigorous proofs are too scattered in the literature. The theory presented in this paper is oriented
not only to recipients of speech signals but to all users concerned about the spectral structure
of signals rather than about signals as such.

1. SPECTRAL DISTORTION FUNCTIONS

This paper is a direct continuation of the paper [5], including the terminology
and notation. That paper is assumed to be available to the reader of the present
paper. In the present paper we restrict ourselves to continuous stationary ergodic
information sources (R®, &/, v) satisfying the condition (25) of [5].

It follows from Example 5 and Proposition 3 in [5] that there is a category of
users interested in spectral distortion functions

@) dfx, p);xeR", pe,

Here M is the set of all wide-sense stationary sources (R®, &%, ) with positively
definite covariance functions r,: {..., —1,0,1,..} —» R (i.e. all s x s matrices
[Fuu—s)s s = 1, are positively definite) satisfying the condition

() k;_:m]r,‘,kl < o,
and with spectral densities ¢,: [ -, ©] > [0, c0] defined by
® Pu@) = T rupe™™

k=—0
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It is further assumed in (1) that

O] d(x, 1) = D(p., 9,), xeR", pe,
where ¢, is the spectral density of x defined by (28) in [5] and D is a spectral distance,
i.e. any mapping D: @ x & [0, o0), for

) &= {p,pneWM,
such that, for any @, , e D,
(6) D(p,¥) 20, D(e,¥) = D(p. ) + D(,¥)

Correctness of the condition (4) follows from the next statement.

Proposition 1. It holds ¢ & for every xe R", n = 1.

Proof. It follows from (28) in 5] that ¢, is defined by (3) with u formally replaced
by x for r, given by (26) or (27). Clearly, (26) as well as (27) are positively definite
and satisfy (2). 0

Example 1. Let L,, 1 < « < oo, be the linear set of all functions ¢: [—=, ] >
[ — 0, 0] with finite norm

le = {(1/27t I lo(@)* do)* if 1<a<w

lo esssup || if a= o,

where ess sup is taken with respect to the rectangular probability distribution on
[—=, =]. It follows from (2), (3) that, for every ¢ € &, |¢(w)] is bounded above by
the left-hand term of (2) and, consequently,

bcl,, 1205 w.

Therefore the mapping D,: ¢ x & > [0, c0) defined for 1 < « < o0 by
() B9, ¥) = |lo - ¥|.
is a spectral distance. In fact (7) is a metric on @ for it is symmetric and | — ¢, = 0
iff @ =y a.s. which, in view of (2), (3), is equivalent to ¢() = () on [—m, n].

Example 2. By what precedes Example 5 in [5], every ¢ € & is nonnegative. Let
us consider a function f: [0, o] - [0, 8] which satisfies the condition
(8) fx) =0 if x=1
and which is nonincreasing on [0, 1] and nondecreasing on [1, o). Let for every
P,Yed

©) Do ¥) = = f f(?i@) "

¥(w)

where
x o if x>0
(10) 5“{1 if x=0.
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It is easy to see that Dy is a spectral distance provided
(11) f(xy) < f(x) + f(y) forevery 0<x,y< 0.
Indeed, the nonnegativity of f together with (8) implies
Dylo, )20, ¢, ¥ed.
with the equality iff ¢ = ¥, and (11) implies the triangle inequality considered in (6).
Since, further, the condition

(12)  f(1)x) = f(x) forevery 0<x <o (with 1/0 = 00, 1foo = 0)
obviously implies the symmetry

(13) Dy, ) = Dy(¥r. 9}, o, ¥ed,
it follows from here that if, in addition to (8), (9), f satisfies (12) then D, is a metric
on ®. An example of a function f satisfying (8), (9), (12) is
f(x)=cjlnx|, ¢>0 (with [In0| = |ino|= c0).
More generally, if G is any subgroup of the multiplicative group (0, co) then (8), (9),
(12) are satisfied by
fec(®) = 00 1ge(x) + 14(x) fux)

where the products and the sum are assumed to be defined in accordance with the
arithmetic of the extended real line (cf. e.g. § 0 in [1]).

2. SOURCE CODING THEOREM FOR SPECTRAL DISTORTION

The above introduced concepts and examples specify the basic conceptual frame-
work of the source coding theory presented in this paper. The basic step done above
was the assumption that there are users who are satisfied when, instead of a message
x € R", they obtain a wide-sense stationary information source ue MM with small
distortion d,(x, ) = D(¢,, ¢,). This point deserves to be classified in more detail.
In view of what was said in [5], we can restrict ourselves to x € B, = R* for which
the covariance function r, is defined by (26) in [S]. It follows from the next pro-
position that, under the standard assumptions about source, and for arbitrary
1 < a £ oo, the distortion d,(x, 1) = D,(¢,, ¢,) can be arbitrarily closely approxim-
mated by D¢, ¢,), where y = (¥4, ..., yy) is a message from the N-source (R,
Y, 1) and @, is defined by (26)—(28) in [5] with n and x replaced by N and y.
In other words, in spite of that a user’s ear cannot hear the probability measure
as such (if the user is a recipient of the speech signal x), it can hear N-messages y
produced by the N-sources (R", &#™, uy), N = 1,2, ..., and, if N is large enough,
then the user faces distortions Dy(¢s, ¢,) close to B,(p,, ¢,).

Proposition 2. Let for ue M the source (R®, &/, 4) be stationary ergodic, and
let ¢ > 0. Then there exists m = 1, No > m such that for every n > m, x€B,,
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N>Nplsa=g oo,

i({y e RY | D0y, 0,) < Do 1) + &) > 1 —&.
Proof. Let & > 0, let my = 1 be such that for m > m,
Y |ruad < 3¢
|k|>m
and let us consider arbitrary n > m > m, and x € B,. It follows from Proposition 3
in [5] and from the definition of @, that there exists Ny = m such that for every
N > N;
py(By) > 1 - 42

and that, for y € By < R¥, ¢, (o) is defined by (28) and (26) in [5] with n, x replaced
by N, y. Further, by the ergodic theorem it follows from (26) that there exists Ny = N,
such that for every N > N, there exists Cy € &" such that

un(Cy) > 1 — 3¢

and, for every y e C,, the function r, defined by (26) satisfies the inequality

Yt — r“,,([ < ie.
k=m

It follows from here and from the definitions of @ (@), ¢,(w) that if N > N, and
yeCyn By, thenforevery —n Sw<n

CERICIER TS M
On the other hand, if N > N, then
u(Cyn By) > 1 —¢.
The rest of the proof is clear from (7). [

Thus the distortion level D,(¢,, ¢,) is practically achievable by the user provided
he is equipped with a computer able to evaluate sufficiently long random messages
» = (¥1, ..., yy) from sources y € 9. In this area there is a potential source of user's
discontent with the present source coding project. Namely, the question is whether
the computer able to evaluate sufficiently long messages y in the real time covered
by the signal x € R" is not too expensive. Let ¢ (in second) be the speech segment
described by signals x e R” (according to Markel and Gray Ir. [3], ¢ is of order 1072
second and n is of order 10%; further, m is of order 10 and N is of order 10? too),
and let us analyze the computer’s performances required by the task above, under
the assumption that u is stationary Gaussian regular (then the assumptions of
Proposition 1 hold). Let us assume that the computer’s memory contains an N-tuple
of numbers — a realization of N i.i.d. random variables with zero means and variances
o > 0. Then the computer is able to generate messages y € R from the source
uy at time ¢ if its memory contains an N x N matrix and if it is able to perform N2
multiplications and additions at time ¢ {multiplication of an N-vector by the Nx N
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matrix). These terms are at least problematic. If however y is an autoregressive
source (AR-source, see the definitions between Examples 4 and 5 in [5]) with para-
meters 62 > 0, a € A, then it suffices to keep in the computer memory two m-tuples
of numbers (one is a realization of the random input m vector and the other is a),
and to perform (m + 1) N operations of multiplication and addition at time, ¢,
as required by (19) in [5]. These terms are fully acceptable for most users.

Hence the above considered source coding model, described by a stationary ergodic
source (R®, &/, v), by a fixed natural number m, and by distortion functions d,,,
n > m, defined by (4) using a spectral distance D, is completed by the subset A < M
of available codebook elements, where U is the set of all AR-sources ue M with
parameters (67, @) € (0, c0) x A,, which can in principle be used to encode the source
n-messages x € R" for all n > m. The following identities are used in the sequel

(14) p=(c%a), A=(0,)xA,.
The source coding theory based on these concepts and assumptions is called spectrum
oriented source coding theory.

Let us consider an arbitrary fixed spectral distance D, and, for all natural, n,
a codebook C, = U containing 1 £ ||C,| < 0 AR-models p = (¢?, a). Let F, ;:
R — C, be a mapping defined by

D@ @ry i) = micn D¢, @), xeR".
neCn

By definition, F, , is an optimum coding of source n-messages x € R" into the code-
book C, under the spectral distance D . In accordance with (4), we denote

(15) d,(x, C) = D, #p, ), *ER".
Proposition 3. For every natural n, the functions Fy ,(x) and d,(x, C,) are o™
measurable on R".

Proof. It suffices to prove that, for every natural n and every p € U, the function
D¢, ¢,) is «/"measurable on R". It follows from (26)—(28) in [5] that ¢, (o)
is /" @ #-measurable on R" x [—, r], where # denotes the g-algebra of Borel
subsets of [ —m, ©]. Further, by (3), ¢,(®) is #-measurable on [ —m, n]. Consequently,
in view of the piecewise monotonicity of f assumed in Example 2,

65
2u{0)
is &/" ® # measurable on R" x [—-‘n.’, n]. The desired assertion now follows from

26C in Halmos [1] and from (9). : 0

Let us return to the function (15) describing the least achievable distortion of
source n-messages by a codebook C,. The average distortion of the n-source (R",
4", v,) by the codebook C, is defined as follows

dn.v(cn) = .‘.Rn d,,(x, Cn) dv,,(x) .
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Let, as in [5],
1
R(E) = tiogs o 2 0

be the information rate of the codebook C, and let
C(R) ={C,c¥u|R(C)<R}, Rz20,
6,+(R) = inf{d,,(C))| C.e C,(R)}, R
5(R) = liminfé,(R), R=0.
n—o

v
=)

The function 8,(R), R = 0, is called distortion-rate function of the source (R®,
&%, v). A distortion-rate function 5,(R) is said regular if for every R = O there
exist codebooks C, € C,(R), n = 1,2, ... and a constant y = 0 such that

(16) 5,(R) = lim d, (C,),
([7) max DI("pm’ wuz) =7.
H1,026Cn

If the function f figuring in the spectral distance D, is decreasing on [0, 1] and
increasing on [1, o) and if m = 1 and A, < A is the set of all first-order AR-
sources (62, a,) such that

g <t e, lay| S1—e,,

where 0 < ¢, &, < 1 are arbitrary fixed, then (17) holds for all codebooks C, € 9.
Let us now consider a nonanticipating communication channel

(18) (A7, 7). (P, | z€ A7), (47, #7))

with input constraints (A, ,€ /7 |n=1,2,...) and with a capacity C z 0 (cf.

(12) in [5]). We shall describe a joint source/channel coding and decoding scheme

for an arbitrary source (R“’, 2, v) under consideration. Let n be an arbitrary

natural number and C,

~1

F1.n FZ,n Faun O
I R i » Iil.”(z)ecn | ,.las/a:’n}_r"l be 4, I _—l vec, ]
T
! F oz *
L J

a codebook from C,(R), R = 0, containing not more elements than 4, , (such a code-
book exists for at least one R = 0, namely for R = 0). Let F, , be a C,-coder, i.c.
a one-to-one mapping from C, into 4, , and put

Fn(x) = Fl,n(Fl ,n(x)) > XE R )
where F, , is the optimum coder of source n-messages into the codebook C, defined
earlier in this paper. Thus each source n-message x € R” is transmitted as an admissible
codeword F,(x) € 4, , through the channel (18) and received as an output n-message
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b e A} (cf. the diagram). The output message is random, distributed in accordance
with the probability measure P, f ., on (A3, /5) (cf. [5]). Let
F(®) = (F)| xR}
and let G, be the B,-decoder for B, = F,(R") < 4,,, defined in [5]. In this case
G,(b) € F,(R") is a random image of the channel input F,(x) at the output of the
channel and
u=F;}G(beC,

is a “‘message” delivered to the user instead of x € R". Thus

d,(x, F3, G(b) = D(Px, Prz}6.0)

is a random spectral distortion of x and
5"(":) = IA;" dn(x! FZ—,:K Gn(b)) dPn.Fn(x)(b)

is an expected distortion of x, corresponding to the codebook, C,, C,-coder F; ,
and F,(R")-decoder G,. The average expected distortion

Sn(cm F, n Gn) = j‘A," Sn(x) dvn(x)

is a relevant spectral-distance-based distortion of the n-source ([R", ", v,,) for the
user. This distortion is called simply output distortion of the source under considera-
tion (at the outpat of the channel under consideration). It is easy to see that the
following identity holds

(19) Sn(cm Fam Gn) =ﬂy,§C"P"1FZ|n(ﬁ) (Gn— 1(F2,n(/"))) .fFf,i.(ﬂ) D(‘an 4’») dvn(x) .

Theorem 1. Let us consider a stationary ergodic source (R, &/, v) with a regular
distortion-rate function év(R), R = 0, defined by means of a spectral distance Dy,
and a nonanticipating communication channel (17) with a capacity C > 0. Then
for every ¢ > 0 there exists a natural number n, such that for all n > n, there exist
a codebook C, = U, a C,-coder F, , and an F,(C,)-decoder G, such that the output
distortion satisfies the inequality

8:Chs Fp,, G,) £6,(C =) + &, where §,(C —) =lLms/(R).
R1C
Proof. (I) By definition, 6,(R) is nonincreasing in the domain R = 0. Therefore,
for given C and ¢, there exists 0 < R < C such that
8,(C =)< 6(R) < 8,(C~) + 3¢.

(I1) It follows from the regularity property (16) that there exists natural n, such that,
for all n > n,, one can find a codebook C, in C,(R) with the property ’

d,,(C,) < 8,(R) + 3¢
i.e., in view of (I), with the property
d,(C) < 8,(C =) + Ze.
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(T11) Let y be the number figuring in the regularity property (17). It follows from
the definition of capacity C and from the inequality 0 < R < C that there exists
ng > ny such that, for every n > n,, there exists a C,-coder F,, and an F z,u(C,,)-
decoder G, for which

Pokriy (Go (Fan @) > 1 >

- j€eC,.
G+ +re ©

Therefore, for every jie C,,

Por oG (Fan(W)) < —
‘%’: noFam) (Fa () 30+ 6,(C =) +9)
nEE

(IV) It follows from (19)
5.(Cy Fay G,) < &(1) + &(2)

where
éa(l) =">E:C"IFE;(II) D(q)!’ (P,‘) dv,,(x) =
= [pmd,(x, C)dv,(x) = d,,(C,) < 6,(C =) + 2 (cf.(IT))
and
&(2) =u,,§c,,P o Fam@{(Ga YF2a(n) Jrisem D(@s 9,) dvfx) =
=,-.§-"(,.§,.P wibrm®( G (Foni) S D(0ss @) dvo(x)) .
n¥EQ

Since for every u, fie C,
Jrrzw D(0e 0,) 4vx) £ feram D(Ps @) dvilx) + [rian Do 0,) dvfx) <
£ Jriam D(@ss 05) dv(x) + yvi(FT M),
it follows from (III) and from the definition of F, ,

s = G EeC )19 [ﬂ;ﬂfrr.‘nm D(¢, ) dvafx) + 7] =

T3p +o(Co) +o) [d..(C.) +7].

Hence, by (II),
&(2) <35

This, together with the above established upper bound to &(1) implies
(1) + 6(2) <5(C ~) +e. a
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3. EVALUATION OF PARAMETERS OF AR-MODELS

In the rest of this paper we restrict ourselves to spectral distances D: @ x &+
~ [0, o] (cf. (5), (66) with the following property: for every @, € @ there exists
px = (6%, @) € (0, ) x A, such that

D@y @4,) = D(@ ) s Ho €(0, 00) X Ay,
iff
(20) Tpk = Tpps» k=0,...,m.

1t is easy to see that, forevery 1 S o < coand m = 1,

D(p, ) = £=Z_m|"w,k = Y

is a spectral distance possessing the desired property. It can be shown (cf. Vajda
[6]), that D (e, W)-defined by (9) for

fx)=~-lnx+x-1

(which is not satisfying (11)) is a spectral distance possessing the desired property
too, uniformly for all m =z 1. A great advantage of distances with this property
consists in that the minimum spectral distance AR-models of order m for signals
xeR", n > m, depen only on the first m + 1 covariances r,,..., 7., defined
by (26), (27) in [5]. Moreover, it follows from (20) and from what follows (24) in [5]
that the parameters py = (o2, @) of the minimum distance AR-models are defined
uniquely by these covariances. The rest of this paper is devoted to mathematical
methods of obtaining the corresponding minimum distance parameters p, =
= (0%, a) (0, ) x A, defined by the condition (20) for arbitrary wide-sense
stationary sources p € M. For simplicity we write simply r instead of r,. We prefer
terminology of stochastic processes considered before Example 5 in [5] for the
methods below are close to the problems of prediction of wide-sense stationary
processes.

Let us consider a probability space (2, &, P) and let # be the set of all real
valued random variables X defined on this space with EX = 0, EX? < 0. The ran-
dom variables X, Ye s# with E(X — Y)* = 0 are considered identical. Let us
define in the usual manner addition and multiplication by a real number in 5 and
let ¢+, - be a scalar product defined on # by

(X, Yy = E(XY).
Then, as well known, 5 is a Hilbert space with the norm
[X] = <X, X172 = (EX})'2, Xex.
A random process Z = (X, | n=0,=+1, ) in the Hilbert space # is wide-

sense stationary iff there is a function r = (r,|n = 0, £1,...), called covariance
function of &, such that, forallk,j =0, +1, ....

Ko X> =719, XpXp=r ;=71

466



(cf. the definitions in Example 1 in [5]). We restrict ourselves to wide-sense stationary
processes & from # with spectral densities ¢(w) positive everywhere on [ — /2, 7/2].
As shown at the end of Example 1 in [5], this implies that all (n x n)-matrices
[r;-«] are strictly positively definite).

By #pm n = m = 1, we denote the linear span of X,_,, ..., X,_; in # and
by X, the projection of X, on #,,. As well known from the theory of Hilbert

nlm

spaces, this projection is uniquely characterized by the condition
(21) X, — £l = min X, — Y] .
Yetn,m
It follows from the definition of #, ,, that £}, can be written in the form
(22) B ==Y "X, ;.
j=1

By (21), X}, is the best, in the sense of norm, of all estimates

nim

M=

X, j
=1

I

of X,. Interpreting the subscript as a time, we call £, an optimum linear one-step
prediction of the sequence X,_,, ..., X, (in the sequel simply prediction, or pre-
diction of order m).

By the definition of orthogonal projection, the error

(23) =X, — X, =X, +j;a§m)X”‘j

lm

must be perpendicular to 3, i.e. to the basis {X,_,, ..., X,_}. This leads to the
equations

<d}’:im’ Xpo» =0, k=1,...,m.
equivalent to

m
(24) rtyarn.; =0, k=1,...,m.
j=1
The norm of the error is given by
m m
(25) H n+1m”2 =X, + Z “}Y")Xnﬁ’ X,>=ro+ Z ai'm)r.i‘
j=1 j=1

Analogically as above, the orthogonal projection X,,Z,,,_”,,, of X, ey ON A,
(a backward prediction of order m) is given by

m
(26) remmtim = = 3, bXo
ji=1
where the coefficients by may be expressed in term of a solution of (24) as follows
(27) bgm)=0,(nm+)1—j’ i=1...,m.
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It follows from here for the backward prediction error
(28)  Erm-rml® = Ko +j_21a5’")Xn.4m—1+,, Xpom-1> = | Eximll® -

The optimum forward as well as backward prediction of order m is thus described
by a solution a{™, .... a%™ of the equations (24). Since, by assumption, the (m + 1) x
x (m + 1)matrix {r,_;] of these equations is positively definite, the solution
a{™, ..., al™ is unique. We shall describe a recursive algorithm for evaluation of
this solution first published by V. Levinson in 1948 and later modified by several
authors (cf. Markel and Gray [3]).

Let us replace the basis X,_,, ..., X,_; in 2, , by an orthogonal basis ¥,_,, ...
..., V-1 using the well-known Gram-Schmidt orthogonalization. We get

Vier = Xay

k=1
Viek = Xpor = 2 Vny, k=2,3,..,
i=1

where
 Xyeio Vae
va-il?

(since Z is stationary, c{® is independent of n).

® -
P =

Proposition 4. It holds for every k > 1
Vi = gn_—k[k—l
ie. So -1, k=1,...,m, with &,_,;o = X,-,, is an orthogonal basis in #, ,.
Proof. The expression
k-1
L Vs
j=1
is, by definition, an orthogonal projection of X, _, on 5, , so that the stated equality
holds. The rest is clear. [m}

It follows from Proposition 4 that £, as a projection of X, on #,, can be
represented as follows

(29) R = _Ziiju-j-
i=

Proposition 5. If é’ﬁo = X, then it holds for every m = 1
aim = X:im—l R f——
Efn = Enet = K im=1
where k,, satisfies the equation
(30) (& im=15 Xn-m) = knBi-nm—1s Xp-m) = 0.

Proof. If m = 1 then assertion follows directly from the definition and assump-
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tions. Let m > 1. It follows from (29)

nlm

m- 1
i = 'Zlij;‘_j + kmv;x—m = X:im—l + kan—m
=

where, by Proposition 4, ¥,_,, = &5_m—1 50 that the first identity holds. The second
identity follows from the first one and from (23). The equation for k,, follows from
the second identity and from the last identity preceding (24). 0
Analogically as V,_4, ..., ¥,_,, the sequence
Wy =Xy Wo= & pijisene W = &7y

is an orthogonal basis of 3, , too and the backward prediction can be written
as follows

Bt = 2 W
ji=1
The next statement is then an analogy to Proposition 5.
Proposition 6. I &ij, = X then it holds for every m = 1
rem=ilm = Xeme 1 F Cnr i1

;—m—l[m = 9;—m—1]m—1 - lmg:—llm—l
and
(31 O =k .
Proof. The first two identities follow in a similar manner as the first two identities
of Proposition 5. The same applies to the following analogy of (30)

(32) Emmetime1> Xno 1) — E7tym1, Xm1) = 0.

Using the obvious identities (hereafter we assume that the sum is zero if the summation
domain is empty)

m=1
- _ ¢ (m=1)
Epem—tim—1 = Xpem-1 + Y af X m—t14j
j=1

m—1
Eytm-1 = Xn-t +j;“§m_l)xn«x—j
valid for all m = 1 one obtains
m=1
<gn_—m—1|m—1= Xy1) =1y +jzla§’"“)rm_,- = <g:[m_1, Xo-m
and
m=1 .
CEistms Xnm1> = 7o + Z a0 = (i pimots Xpm) -

It follows from here and from (30), (32) that (31) holds and that, moreover, k,,
satisfies the equation

m—1 m—1
&) ot Za"Vry = kra + L af"Vr ) < 0. o
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Theorem 2. (Levinson recursive formula). For every m 2 1 there is a unique
solution k,, of the equation (33) and it satisfies the relations

a™ = ~k, if m2>1
a™ =al" ) — kT, j=1..,m—1, if m>1.

Proof. (I) The solution of (33) may not be unique only if

m—1

Fm+ Y a1, ;=0
j=1

in which case it must be

m—1

ro+ Yy a" Vr;=0.
=1

These two equations together with the equations (24) for a{" ™Y, ..., 4" contradict
the assumption that the (m + 1) x (m + 1)}-matrix [r,_;] is positively definite.
(11) It holds for every m = 1

m
+
am = = 287X,
i=1
aiVx, if m=1
.
nlm-1 = m-1 (m—1) .
—_Zlaj X, if m>1.
=

Inserting these expressions into the first identity of Proposition 5 and comparing
the left and right sides one obtains the desired relations.

The Levinson recursive formula yields the following Levinson algorithm for evalua-
tion of the solution a{™, ..., a™ of equation (24) in m = 1 steps:
Step 1: Compute ky = ry[r, and put a{ = —k,.
Step s > 1: Compute

s—1
ro+ Y a.(is_l) T;

- J=t
ky = s—1
(s=1)
re+ oy af Ve
ji=t
and put
) =af ™ — kel j=1,..,5-1, a¥ = —k,.
Endifs =m.

The parameters kqy, ..., k,, defined by equations (33) and satisfying the identities
(34) ky==a®, s=1,...,m,
are called coefficients of reflexion. We shall present a direct method of evaluation
of these coefficients, not requiring to evaluate simultaneously the vectors a$®, ...

...,a® for s = 1, ..., m. The authors of this method are Le Roux and Gueguen [2].
The method is based on the following two propositions.
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Proposition 7. If ,5':[0 = X, thenitholdsforeveryn 2 m = 1
[6:m? = (1 = K2) [&5im- s[>
Proof. By the repeated use of the second identity in Proposition 5 one obtains
(g,:im = gr‘:im—t - km(gn——nqm—l =
= :im—Z - km—lé’rx_—m+1lm—2 knés- n-mlm—1 = .0 = X, - kxg;—uo -
— k&,

nmlm—1

Since, as proved above, €,_1}o; ---s &s_mm—1 are mutually orthogonal, it holds

né”:]m - nﬂ Zk "‘g‘ =ili- lu
Using the obvious identity

(Enims Xy = L8> Gty = |Gl
one obtains
[a1m = Xal® = %07 = 18217,

”X»HZ - “ nlmu Zk “g —ili- 1" .
Replacing m by m — 1 one obtains
17 = 16am-a]* = Z L Lyt o

Substracting this equality from the preceding one and using (28) one obtains the
desired relation. a

Proposition 8. For every n = m = 1 it holds

0 if j=1,...,m
i X33 = {w:lm,xn_p — it Knmad T T > .

Proof. The assertion for j = 1, ..., m follows from the definition of &;,,. Inserting
into the left hand from the second Identlty of Proposition 5 one obtains

(35) (& X = LB XD — ka1 X ) -

The second right hand term can be rewritten as follows

m—1
$Bumim—1 K-> = Kpom + Zlﬂﬁ'"_”X,._mH, X, > =

m-1 m-1
-1 -1
=Tp-;+ ‘zlaﬁ"' )rm-j—i =X, + ;laﬁm )Xn--b Xoome) =
= =

= <g;ﬁm—1y Xn—m+j> .
Substituting this into (35) we obtain the desired result. . O
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Let us denote for brevity
€5 = <€:is—1’Xn“j> , sz1 >

where &0 = X,. Clearly, e,1o = |&4:-1]|% The following Le Roux-Gueguen algo-
rithm for evaluation of reflection coefficients, ki, ..., k,, in m = 1 steps follows

directly from the definition of e,j; and from Propositions 7 and 8.

Steps = 1: Putforeveryj =s,....,m

r; if s=1
e = .
AT Negmgli = Kem1€em1jr1-s if 5> 1

e it s=1
Esto = {(1 — kpm1)? €omipo if s> 1
and compute
k, = Sl
€slo

Endif s = m.

The next theorem explains how are the above considered results related to the
problem formulated at the beginning of the present part of this paper.

Theorem 3. Let (X,, | n=0,+1,..) be a wide-sense stationary process with
a positively definite covariance function (r,,] n=0,41, ) and let us consider
the optimum predictor of order m = 1 for this process, i.e. the solution (a{™, ..., a®™)
of equations (24). Then the following assertions holds:

(i) a™ = (a{™, ..., al") belongs to the set A, of all vectors a = {ay, ..., a,) € R"
such that the complex polynomials

a(l) =1+ a A ' +.. +a,d™"

have all roots inside the unit circle and the quantity

(36) Op =10 + Y. ar;
j=1

is positive.

(ii) The AR-process with parameters u = (o2, a™) defined in (i) is the unique
AR-process of order m with covariances (r, o, ..., Fym) €qual to (ro, ..., 7).

Proof. Theorem of Schur-Cohn (see e.g. Prouza [4]) says that for every m = 1
and a = (ay, ..., q,) e R™ the polynomial .

Q) = (A" + a A" + ... + ay)
has all roots inside the unit circle iff it holds Ia,,,)] < | and the polynomial
A7 Q) — an Q(A71) 27

of degree m — 1 has all roots inside the unit circle. We shall prove the present
Theorem in two steps.
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(I) Let 1 £ s < m. It holds
<€n_—s[s~—l’Xn—J> = ”gn_—s|s—1ﬂz = "&:};—x”z
(cf. the stationarity assumption). Further it follows from the Schwartz inequality
that the expression |(&y,, X,—,»| attains maximum equal to [&,]? for X,_, =
= &, Since the last equality contradicts the positive definiteness assumption,

it holds
<é’:is~1a X"_s> < H‘gvﬁs—luz N

Therefore it follows from (30), (34)
(37) 6@ =k <1, s=1,...,m.
The assertion (i) of Theorem 3 holds if m = 1. Indeed, by the Levinson algorithm,

a(11) = —"1/"01 ‘7: =Ty — r%/ro
and the rest is clear from the positive definiteness of the matrix

[
Ty Fol-.

1t thus suffices to prove that (i) holds for m > 1 under the assumptions that it holds
for m — 1 = 1. Let us denote for every s = 1

Q) = (A + a2 + ..+ a®).
It holds
a2y = 270,(4) .
Thus, by assumption, Q,-,(A) has all roots inside the unit circle and we need to
prove the same for Q,(4). It follows from the second relation in Proposition 5

a™(2) = D) — kA" a™(1/7)

(A = 2Qu—1(A) — K™ Qps(1/3) .
Inserting 1/4 at the place of 4 we get
Qm(l/;') = l_lqu(l/}*) - kml_m+1Qm~1(A) .
Multiplying this equality by k,A™ and adding it to the former equality we obtain
(1 = (@) Qu- 1) = 27 [2n(4) — 2" Qu(1]4)]

It follows from here, from the assumption above and from (37) that all assumptions
of the Schurr-Cohn theorem hold. Consequently, all roots of Q,,(4) are inside the unit
circle. The assumption 2 == 0, analogically as in the proof of Theorem 2, contradicts
the assumption that r is positively definite. This completes the proof of assertion (i).

(IX) Let us consider an AR-process with parameters p = (o2, ). By the Levin-

son recursive formula, o™ uniquely determines the set of vectors {at™~D, gm=2)
,a{} as well as the set {kn km—1, ..., ky} of reflection coefficients. It follows
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from here and from the Levinson algorithm that a™ uniquely determines the ratios

(38) P1[P0s o s TfTo

of coefficients of the equations (24) (i.e., up to the multiplicative factor r,, there
is a one-to-one correspondence between coefficients ry, ..., 7,, and solutions a®™
of those equations). The factor r, > 0 is uniquely determined by the ratios (38)
and o2 > 0 from the equation (36). Hence there is a one-to-one relation between
parameters g = (cr,f,, a"’") of the AR-processes and coefficients rq, 7y, ..., 7, Of
equations (24) and (36) used to define these parameters. Since the covariances
74,00 Turts --» Tuym Of the AR-process with parameters p = (02, a™) are satisfying
formaly the same equations as (24) and (36), i.e.

oh =r,0 + Y ar,; (cf.(23)in [5])
i=1

Tag + 2 ar, =0, k=1,...,m (cf.(24)in[5]),
i=t
it holds
(Paos oo Pam) = (Pos oo Tar) -
The uniqueness of the AR-process with this property follows from the one-to-one

relation between parameters u and covariances (7,0, ..., 7, ) of the AR-processes
with parameters established before Example 5 in [5]. 0

It follows from the two algorithms proved above and from Theorem 3 that the
following assertion holds.

Corollary. For every m = 1 there is a one-to-one relation between any two. of the
following three vectors:

(i) positively definite covariances (7o, ..., '),
(ii) reflection coefficients (ky, ..., k,,) € (—1, 0) U (0, 1))" and o € (0, ),
(iii) autoregressive parameters (o2, a™) € (0, 0) x A,.

The relation between covariances and reflection coefficients is recursively described
by the Le Roux-Gueguen algorithm (forward and backward), and the simultaneous
recursive evaluation of reflexion coefficients and autoregressive parameters for given
covariances is described by the Levinson algorithm. Simultaneous recursive evaluation
of reflexion coefficients and covariances for given autoregressive parameters (a,’f,, a(‘"))
in 2m steps is described by the following algorithm: )

Step s > 0: Put k,_, = —a™ ™ and compute
ag.m—s) + km_!a(m—s)

m—s—J

1- krzn—x

ameh = , j=1..m—-s—1,

If s=m — 2thenstept = 1: Put g, = k.
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Step t > 1: Compute

t—1
-1 j=1
Qr = —Za§~' )Ql—j'l'J_,
=1 k,

If t = m then step t = m + 1: Compute

L+ Y afe;
=1

rp=reg, Jj=1,..,m.

End.
(Received January 21, 1987.)
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