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KYBERNETIKA — VOLUME 29 (1993), NUMBER 4, PAGES 325-336

NULL CONTROLLABILITY OF NONLINEAR INFINITE
NEUTRAL SYSTEM

JERRY U. ONWUATU

Sufficient conditions are developed for the null controllability of the nonlinear infinite
neutral system

d 0
i D(t,z) = L(t, z:) + B(t) u(t) + f(t, z¢,u(t)) +/ A(6) z(t+ 6)do
NS
when the values of the control function lie in an n-dimensional unit cube C™ of R™. Con-
ditions are placed on f which guarantee that if the linear control base system is proper and
if the uncontrolled linear system is is uniformly asymptotically stable, then the nonlinear
perturbed system is null controllable with constraints.

1. INTRODUCTION

Consider the linear difference-differential equation of neutral type

(—id?(:c(t) —A_1z(t — h)) = Ao =(t) + Bo u(t)
z(t) = ¢(t), te€[-h,0]

in which z is an element in the Euclidean n-space, R™; A_1, Ag are n X n constant
matrices; By is an n X m constant matrix and h > 0. Neutral functional differential
equations, an example of which is given above, are characterized by a delay in
the derivative. Equations of this type have applications in the study of electrical
networks containing lossless transmission lines [2], electrodynamics [5], variational
problems [6] etc. For efficient utilization of power, the stability and control of voltage
and current fluctuations are of fundamental importance for systems planners. Other
authors who have contributed in the study of these systems include Chukwu [4],
Arrow [1, p. 184}, Knowles [15, p. 3], Kalecki [13] among others. The stability of
functional differential equations of retarded type with a finite delay A > 0 have been
studied by Hale [11]. These results have been extended to systems with infinite delay
such as

N p0
#t)= Y Bia(t—hy)+ / B(6)z(t +6) df
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by the same author [10].
In [17, p.31], Stéphén have some results on stability for the neutral system with
infinite delays such as

0

0
0= [ @@racro [ @)=+

—o0 —o0

0

z(t) =Cz(t—h) +/ [dno ()] =(t + 6).

This last equation can also be written as

0@ = [ ) =+0)
where
D(T;) = z(t) — C:E(l — h)

and C'is an n X n-constant matrix.
With respect to controllability, it is known {12] that if the linear ordinary control
system )
#(t) = At)z(t) + B(t) u(t) (1

is proper and if the free system
@(t) = A(t) (1) )

is uniformly asymptotically stable, then (1) is null controllable with constraints. An
analogous result was obtained by Chukwu [3] for the delay system

£(t) = L(t, z4) + B(t) u(t) + f(t, 2, u(t)) (3)

where - . o
L(t,¢) = 3 Ar(t) $(—t) + ] A(t, s) #(s) ds. (4)

k=0 d

Shinha [18] studied the nonlinear infinite delay system
0
£(t) = L(¢, z¢) + B(t)u(t) +/ A) z(t + 9) dO + f(¢t, x4, u(2)) (5)
and showed that (5) is Euclidean null controllable if the linear base system

z(t) = L(t, z¢) + B(t) u(t) (6)

is proper and the free system

a(t) = L(t,mi)—i—/_nm A@=(e+0)B. @)
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is uniformly asymptotically stable, provided that f satisfies some growth conditions.
Define a function D: R x B — R" by

D(t,z;) = =(t) — g(t, ;)
where,

0620 = 3o A0 ¢ wn®)+ [ A5 20+ 9)ds
n=1 -

and where 0 < w,(t) < 7 and A,(t) and A(t,s) are n x n matrix functions, and let
B be an n x m matrix. We shall consider the system whose state is given by

%D(t,zt) = L(t, ze) + B(8) u(t) + /0 A(8) z(t +8) d0 + £(t, 20, u(t)) (8)
z(t) = ¢(t), t€(—00,0)

where L(t, ¢) is as defined in (4), A(f) is an n x n continuous matrix and f(t, z, u(t))
is a nonlinear continuous matrix function. The controls of interest, u, are square
integrable with values in the unit cube C™,

C"={u:ueR™ |yj|<1,j=1,...,m}.

Here, we develop sufficient computable criteria for the null controllability of system
(8). Our results extend those of [12,3, 18] to neutral systems with infinite delay.

2. PRELIMINARIES

Let n and m be positive integers, R the real line (—00, 00). Denote by R", the space
of real n-tuples with the Euclidean norm defined by |-|. If J = [to, 1] is any interval
of R, the usual Lebesgue space of square integrable (equivalence, classes of ) functions
from J to R™ will be denoted by Lg(J, R™). Let ¥ > h > 0 be a given real number
and let B = B([—7,0], R") be the Banach space of functions which are continuous
on [—7, 0] with ||¢]| = sup_,<p<o |6(5)| ¢ € B([~7,0], R*). If z is a function from
[to — 7,00) to R", let 24, ¢ € [0,00), be a function from [—7,0] to R" defined by
z,(s) = z(t + 5), 5 € [-7,0]. In system (8), assume that D(-,-); R x B — R" is
defined by .
D(t,z1) = z(t) — g(¢, z¢)

where
o0 0 0
60,8 = ¥ AnOd(-wn )+ [ At 8(:)ds = [ do H(e0)0(0)
n=1 -7 -7
and where 0 < w,(t) <7 and

0 - o0
[ olds+ 3 1401 < 666) < o
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for all ¢, where 6(¢) — 0. We also assume in system (8) that

o= [ dntoee ®

where
n(t,0)=0 for >0, 7,0 =nt—"h) forf<-h,

. . . . 2 .
7 is a measurable n x n matrix-valued function from R? into R" , of bounded vari-
ation in its second argument with

Varn(t, ) < m(t); m(-) locally integrable on R.

We assume that there exists a continuous, nonnegative, nondecreasing function
h(s), s € [0,7] such that ~(0) = 0, and

U & HED) ¢<9>{ < hs) )

so that g is uniformly nonatomic at zero.
A nonautonomous linear homogeneous neutral differential equation is defined to
be

%D(t, 2) = L(t, 2. (10)

A function z is said to be a solution of (10) if there exists t, € R, a > 0 such
that z € B([to — 7, to + ], R*), t € (to,to + a) and z satisfies (10) on [to, {o + a].
Given to € R, ¢ € B, we say (o, $) is a solution of (10) with initial value (g, §) if
there exists an a > 0 such that z(to, ¢) is a solution of (10) on [tp — 7,t0 + a] and
x4, (t0, 4) = ¢-

Our objective is to study the controllability of the perturbed system with infinite
delay described by

%D(t,:n):L(t,rt)+C(t)u(t)+/o AO)2(t +0)d0 + f(t,z,u(t))  (11)

through its linear base control system .
d .
;I—LD(t,z't) = L(t,z¢) + C(t) u(t) : (12)
and its free system
d 0
D, 2) = L(t,20) +/ AB)o(t +6) a9 (13)

Here C is a continuous n X m matrix function, each Aj is a continuous n X n matrix
function for 0 < hy < %, A(f) is an nxn matrix whose elements are square integrable
on (—o0,0). D, L, f satisfy enough smoothness conditions to ensure that a solution
of (11) exists through each (fo,8) in I x B, is unique, depends continuously on
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(t0,0) and can be continued to the right as the trajectory remains in a bounded
set in [ x B. Sufficient conditions to ensure these properties are developed in [9].
If T(t,tp) : B — B, t > ty is defined by T(t,t0)¢ = z:(to,¢), where z(to,¢)
is the solution of (10), then a variation of constant formulae for system (12) is
given in Hale [11]. Indeed, there exist an n x n matrix function X(t,s) defined
for 0 < s <7, t € [0,00], continuous in s from the right, of bounded variation in
s, X(t,s) =0, < s <t+7,such that the solution 2(to, #) of (12} is given by

(010,60 = T )60 + [ X()CE)u(o)ds, 120, (19
The corresponding solution of {11) is given by
t
st b f) = T(1)60)+ [ X(t,5)C(o)u(s)ds + (15)
to
t 0 t
| x A0 9)dod X . .
+ [ xXwo [ a0 o+ [ x0,0) 10,5 u(e)d

Observe that the uniqueness of solutions of (10) imply that
T(te,t1) T(t1,t0) = T(ta, to), 11,12 >to > 0.

If we let

0, —y<s<0
Xols) = I, s=0

then T({,t0) Xo(s) = X(t + s,t0) = Xi(-,to)(s). Therefore, T'(t,t0) I = X(,10)-
In (15), introduce the notation Y (f,s) = X(t,5)C(s), { 2 s > to and define the
controllability matrix of (12) at time ¢ by

t
W(to,t) = / Y(t,s)Y*(t,5)ds
to
where the * denotes the matrix transpose.

Definition 1. (Proper system)

The system (12) is said to be proper on an interval [to, 8] if C*Y(t,5) = 0 a.e;
s € [to,t1) implies C = 0, C € R™. If (12) is proper on each interval [to, 1], t1 > ¢o,
we say (12) is proper in R".

Definition 2. (Complete controllability)

The system (12) is completely controllable on J = [to, ¢1] if for every function ¢ and
every r; € R" there exists an admissible control function u such that a solution of
system (12) satisfies z(t;) = z;.



330 J.U. ONWUATU

Definition 3. (Null controllability)

The system (11) is said to be null controllable on [to, £1] if for each ¢ € B([—7, 0], R")
there exists at; > to, u € L2([to, t1], P), P a compact convex subset of R™, such that
the solution z(t, g, ,u, f) of (11) satisfies a;,(to, é,u, f) = ¢ and z(¢1,t0, ¢, u, ) =
0.

Following Gabasov and Kirrilova [7] we introduce the determining equations for
a simple case of (12), namely

%(z([) —A_1z(t = b)) = Agz(t) + Ay z(t — h) + Bu(l) (15a)
where A_1, Ao, A| are constant n x n matrices and B is an n x m constant matrix.
Qi(s) = Ao Qr-1(s)+ A1 Qr-1(s—h)+A_1 Qi(s—h), k=0,1,2,...;s=0,h,2h,. ..
Qo(0) = I, the identity matrix; Qo(s) = 0, s < 0; and define

an(tl) ={Qi(s)B, k=0,1,...,n—1, s€[0,4]}.
We have
Proposition 1. The system (15a) is proper on the interval [0,t,] if and only if
rank Q,(t1) = n.

Proof. To prove this, we use the relation C*Y (¢,s) =0 a.s. s € [0,¢;], C € R®
implies C' = 0, instead of the relative controllability definition of Gabasov and
Kirrilova and then proceed as in [7, pp. 53-60]. [m]

The following proposition on the controllability of system (12) is similar to cor-
responding results for linear control systems of various types including some with
delays and some without. The proof can be obtained from Hermes and LaSalle [12,
p- 92].

Proposition 2. The following are equivalent
(1) W(to,t1) is nonsingular,
(ii) System (12) is completely controllable on [to, 1], t1 > to,
(iil) System (12) is proper on [to,t1], t1 > to.
The next proposition is the result of Gahl [8, Thm. 2] on the complete controlla-

bility (and hence properness) of system (12).

Proposition 3. Consider the system
& @)~ As(t=1) = Belt—1)+ Ca() + Du(®) + Hu(t—h).  (15b)

If rank [D, CD] = n, then the system (15b) is completely controllable.
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3. MAIN RESULT
Theorem 1. Assume for system (11) that
(i) the constraint set U is an arbitrary compact subset of R™,

(i1) the system (13) is uniformly asymptotically stable so that the solution of (13)
satisfies ||z(, Lo, $,0,0)|| < M e=(t=t)||g|| for some a > 0, M > 0,

iii) the linear control system (12) is proper in R",
Y proy

(iv) the continuous function f satisfies |f(¢, 2(-), u(-))| < exp(=bt) w(x(-), u(-)), for
all (1, z(-, u(-)) € [to,00) x B x La, where

/71'(1‘(), u(-))ds<k<oo and b-—a>0,

to

then system (11) is Euclidean null controllable.

Proof. By (iii), W=1 exists for each {; > to. Suppose the pair of functions z, u
form a solution pair to the set of integral equations

u(?)

I

=Y (t1, 1) W (Lo, 41) [T(z,t0)¢o+/tx(t,s)/0 A(0) z(t + 0) dods
to -0

+ /t- X(tl,s)f(s,x,,u(s))ds]. (16)

For some suitably chosen t; >t > ¢,

z(t) = T(tt0)$(0) + /1 Y (t,s)u(s)ds + /t X(t,s) (/0 A(0) z(t + 0) (10) ds
+ [ X0 6008 an
#(t) = 6(t), t€lto—7,t0)

Then u is square integrable on [tg,1] and @ is a solution of (11) corresponding to u
with initial state (o) = ¢. Also,

z(t1)

il

T(tl,fo)¢(0)—-/;hY(i],s)Y*(h,s) W (to, t1) [T(t1, to) $(0)+

o

1y 0
+ | X (/ A(B)x(t+9)d9+f(s,:c(s),u(s))))ds]+
1% 0 171
X S s = 0.
+ /t (t )/—OOA(Q)x(t+9)d0ds+/tu X(t,5) f(s, 24, u(s))ds = 0
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We now show that u : [tg,¢1] — IU is in the arbitrary compact constraint subset of
R™, that is |u| < ay, for some constant a; > 0. By (ii), |[Y*(¢1, to) W™ (to, t1]| < k1
for some ky > 0, and |T'(t1,t0) #(0)] < ko exp(—a(ts — to)) for some ky > 0. Hence,

t1
) < ks Bz exp(=a(ts = to)] || baexp -t = 5) exp(=b) n(a(c u() ]
Thus
|u(t)| < ky [ko exp(—a(t; — to))] + k kzexp(—aty) (18)

since b —a > 0 and s > 1o > 0. Hence, by taking ¢; sufficiently large, we have
|u(t)l < a1, t € [to,t1], showing that u is an admissible control. We now prove the
existence of a solution pair of the integral equations (16) and (17).

Let B be the Banach space of all function (z,u): [to—h, t:1]x [to—h, 1] — R*x R™
where z € B([to — h,t1], B"); u € La(to — h,t1], R™) with the norm defined by
(@, Wl = llell2 + {lullz, where

1

et ={ " atoras) s = { [ oras)”

Define the operator T': B — B by T(z,u) = (y,v), where
t 0
ot) = —Y*(tr, £) W(to,11) [T(tl,tz)qﬁ(O) +f / X(t,5) A(9) a(t + 0) d0ds+
tg J—v
+ / "X( ) £(5, 70, u(s)) ds] for t € J = [to, ] (19)
and v(t) = w(t) for ¢ € [to — v, 10)-
y(t) = T(t,¢0)¢(o)+/t Y(t,5) v(s) ds+/ X(t,sy A(0) z(t + 0) dods +
to tg J~y
+ /tX(t,s) f(s,zs,u(s))ds forteJ (20)

and y(t) = ¢(t) for t € [to — 7, to]-
We have already shown that |u(t)| < a1, t € J and also v : [to — R, to) — IU, we
have v(t) < a;. Hence, |[u(t)]]; € a1(t1 +/—t0)% = bo. Again

1
1901 < bzexp[-a(t ~ 16)]+ ks [ [o(9)]ds + kb exp(-at)
to
kq = sup |Y (¢, 5)|. Since a > 0, ¢ > to = 0, we deduce that

[9(t) < ko + kaa(ts —to) +kka=b1, teJ

and [y(1)] < sup|d(t)| = d, t € [to~ 7>o]- ) ,
Hence, if A = max[b;, dJ, then {|y|l2 < A(t1+h—to) = by < co. Let r = max{bo, b2}.
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Then if we let Q(r) = {(z,u) € B : ||z||2 < r, ||u||2 < r}, we have thus shown that
T: Q(r) — Q(r). Since Q(r) is closed, bounded and convex, by Riesz theorem [14,
p. 297], it is relatively compact under the transformation 7. Hence, the Schauder’s
fixed point theorem implies that T" has a fixed point. Hence, system (11) is Euclidean
null controllable.

4. STABILITY RESULTS
Consider the n-dimensional neutral functional differential equation
0
zt)y=Caz(t—r)+ / [dn(@)] =(t + 6) (21)
—00
where the discrete delay r is positive;
0
[ e am@) < +oo, g k=1,..n
-0

for some scalar w > 0; and ¢ is a constant n x n matrix. Let p; > --- > pr > 0 and
01> --- > 05 = 0 denote the non-negative real zeros of R and S respectively, where

R(w) = Re D(iw); S(w) = Im D(iw)

and

0
D) = det(Al = Ae=>"C — / & dno(8))
—o0
is the characteristic function of equation (21).

Definition. Let C be an n x n constant matrix. The coefficient Cx (k=1,...,n)
in the polynomial

det(A\[+C) = Y CpAn*
k=0

is called the kth scalar invariant of C; e. g.

Co=1, C1=T,C,..., Cp=detC.

Proposition 1. The characteristic function of (21) is stable if

n
Dol <1,
k=1

and the following conditions hold
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We now show that u : [tg,£1] — IU is in the arbitrary compact constraint subset of
R™, that is |u| < a1, for some constant a; > 0. By (ii), |[Y*(t1,20) W™ (to, ta] < by
for some ky > 0, and [T(t1,8p) $(0)] < k3 exp(—a(t; — tg)) for'some kg > 0. Hence,
131
)} < ko [hg exp(—a(t; — io))]/ ksexp [~alty ~ s) exp(—bs} w(a(, u(-)) ds] .
ts .

Thus
[u(®)] < ky [kgexp(—a(t, — to)}] + k k3 exp(—als) (18)

since & ~a > 0 and s > tg > 0. Hence, by taking ¢; sufficiently large, we have
fu(t)] € ay, ¢ € [to, 11], showmg that u is an admissible control. We now prove ths‘
existence of a solution pair of the integral equations {16) and (17).
Let B be the Banach space of all function (z;u): [to—h,{1]x[to~h, ;] — R" x R™
“where z € B([to ~ h,{;], R"); u € La{to — h, 1], ™) with the norm defined by
liGe, wli = llell2 + llullz, where .

t % 131 %
et ={ [ st s = { [ mopac}
Define the operator T': B —"B by T(z, u) = (1, v}, where
g0
w(t) = Y (i, ) Wi, 11) {T{ig,ig)q‘)(ﬂ)+/‘/ X(t,5) A(0) x{t + 0) dfds+
- tg =y
+ f‘l X(t,5) F(s, 2, u(s)) ds] for t € J = [to, 1] (19)
and v{t) = w{t) for ¢ € [to — 7,10)-
y{t) = T(¢, to)¢(0)+/ Y (t,5)v(s)ds +/ f X(t,5) A(9) z(t + 0) dods +
/ X(t,8) f(s, a',,u(s )ds forted ‘ (20)

and y(t) = ¢(¢) for ¢ € [to — 7, 2ol
We have already shown that Ju{t)| < o1, ¢ € J and also v : ¢ fta ~ hyto] — U, we
have v(t). < a1.. Hence, [|u(t)]j2 £ &1 (t1 +h—to)d = bo. Again .

()] < ks exp[—a{l ~ io)z + ks / iv(s) ds+ kks exv(~afx}
kg = sup{}’(i,s |. Since a >0, t2te 2 0, we deduce ﬂmﬁ

) Byt B a(i; —to)Fhla=b, teJ

and {y{)] <s=uple(li=d, t € € te— 7t o)
Hence, if A = m.ix{bl,(l‘ ihen flufle < Ml + "‘“‘io)a =by <00, Lety = max{bg,bg}
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Then if we let Q(r) = {(z,u) € B : ||lz]|la < 7, ljul]2 < r}, we have thus shown that
T: Q(r) — Q(r). Since Q(r) is closed, bounded and convex, by Riesz theorem [14,
p- 297], it is relatively compact under the transformation T'. Hence, the Schauder’s
fixed point theorem implies that T has a fixed point. Hence, system (11) is Euclidean
null controllable.

4. STABILITY RESULTS

Consider the n-dimensional neutral functional differential equation

#(t)=Ca(t—r)+ /_w[dn(ﬁ’)] z(t + 6) (21)

where the discrete delay r is positive;

0
/ e 0 dno(0)] < +o0, 4, k=1,...,n

—00

for some scalar w > 0; and ¢ is a constant n x n matrix. Let p; > --- > p» > 0 and
o1 > -+ > 05 = 0 denote the non-negative real zeros of R and S respectively, where

R(w) = Re D(iw); S(w)=Im D(iw)

and

0
D(X) = det(A — Ae™>C — / e dno(0))

is the characteristic function of equation (21).

Definition. Let C be an n X n constant matrix. The coeflicient Cx (k=1,...,7n)
in the polynomial

det(M +C) =Y Cpam*
k=0

is called the kth scalar invariant of C;e.g.

Co=1, Ci=T,C,..., Co=detC.

Proposition 1. The characteristic function of (21) is stable if

n
Zlck] <1,
k=1

and the following conditions hold
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n=2m

S(pr) #£0, k=1, r i (22)

S (~1)ksga S(pw) = (~1)" m (222)
or =

n=2m+1

R(og) #0; k=1,...,s—1 (23a)

R(0) >0 (23h)

T (1) R + (1) + ()M +(DTm=0 @)

where m is an integer.
Remark 1. This is Theorem 2.25 of [17].

Remark 2. Consider the following scalar neutral functional differential equation

m

& dr &0
Zajm a(t) = bz alt—r)+ > / . 2(6) dny (6) (24)

j=0 i=0Y—

where z € R, v >0, >0, a, = 1, the scalar ¢ (£ = 0,4,...,n — 1) are functions
of bounded variation which satisfy the condition

0
| e anu < oo (25)

j=1,...,n; for some w > 0.
If we transform equation (24) into an n-dimensional system of first order neutral

functional differential equation (21), then the matrix C' in equation (21) has the
form

0 -~ 0
C=1:
0 - b
which means that the eigenvalues of C' are 0 with multiplicity (n—1), and b. Because

of this and the fact that exponential stability is implied by conditions (22) or (23)
and

el =T, 0= <1,

k=1

we infer that the zero solution of system (24) is exponentially asymptotically stable
if and only if the conditions of Proposition 1 holds.
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5. EXAMPLE

Consider the system

%(,;(n) —Alia(t—h) = (26)
= Aoz(t)+Arz(t —h)+ Bu(t)+ e * Sin(a(t) + z(t — h)) cosu

where A;, { = 0, %1 are constant matrices given by

1 3
(38 (3 ) ae(3 ) 0=(2)
b 4

1
1
f= 0 >0
T\ e ¥sin(x(t) + 2(t — h))cosu(t) )’ e .
The author [16] has shown that the free system
1
E(Z (2(t) = Ay 2(t — 1)) = Ao z(t) + Ay 2(i — R), ... (27)

where A; is given as above, is uniformly asymptotically stable. We now show that
the linear base system

d
T (z(t) — Ayz(t — h)) = Agz(t) + Ay 2(t — h) + Bu(t) (28)
is proper. By Proposition 3, we show that rank [B, AgB] = n. But rank [B, AgB] =

1 -4 0
Moreover,

rank 0 1 ) = rank ( (l) L ) = 2 = n. Therefore the system (23) is proper.

17(t, (), =(t — ), w(t))| = le"‘" sin(z(t) + z(f — h)) cos u(l)l <e ™. 1.

Hence by Theorem 1, system (21) is null controllable.

6. CONCLUSION

Suflicient conditions for the controllability of perturbed nonlinear systems with infi-
nite delays have been derived. These conditions are given with respect to the stability
of the free linear base system and the controflability of the linear controllable base
system, with the assumption that the perturbation f satisfies some smoothness and
growth conditions. Computable criteria for all these are reported and an example is
given. These results extended known results in the literature.

(Received June 21, 1991.)
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