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KYBERNETIKA — VOLUME 3838 (1997), NUMBER 1, PAGES 103-120

AN ADAPTIVE CHANGE DETECTION SCHEME
FOR A NONLINEAR BEAM MODEL!

MicHAEL A. DEMETRIOU AND BEN G. FITZPATRICK

In this paper, we consider parameter estimation techniques for detecting changes of a
nonlinear nature in an Euler—Bernoulli beam model. The nonlinear stiffness used provides
a very simple model of damage, and the adaptive estimation algorithm is used to track
the onset of the nonlinearity. Using Lyapunov redesign methods, extended and applied to
infinite dimensional systems, a stable learning scheme is developed. The resulting param-
eter adaptation rule is able to “sense”™ the instance of the fault occurrence. In addition, it
identifies the location and the shape of the fault where the beam is persistently excited.
Simulation studies are used to llustrate the applicability of the theoretical results.

1. INTRODUCTION

An important aspect of many structural vibration problems is the online (non-
destructive) detection of structural changes, particularly changes that indicate im-
pending failure. In recent years there has been a great deal of research into adaptive
parameter estimation techniques, which provide a means for online model calibra-
tion, e. g., [4, 28, 30, 33, 39].

More recently the detection and diagnosis of failures of dynamical systems at-
tracted the attention of many researchers working on many engineering problems,
[3, 27, 34, 35]. As was noted in [35] and the references therein, many fault detec-
tion schemes deal with either linear or nonlinear finite dimensional systems (lumped
parameter systems). Many physical systems though, are described by partial dif-
ferential, integrodifferential and functional differential equations. These systems are
infinite dimensional and their parameters are often distributed in nature. For dis-
tributed parameter systems, such as flexible structures (beams and trusses), dam-
age detection based on modal and frequency analysis has been studied by many
researchers, see for example [2, 20, 21, 29, 32, 38] and the references therein. As was
pointed out in [12] and argued in [11] and their references, modal based methods
arc highly unreliable when dealing with estimation of variable material parameters
such as mass, stiffness and damping. As was already mentioned above, damages in
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104 : < M.A. DEMETRIOU AND B.G. FITZPATRICK

beams (often modeled by changes in stiffness, [12]) are distributed in nature and
affect individual modes differently, [12]. The analysis of damages in parameterized
partial differential equations with Galerkin approximation techniques validates non-
destructive damage detection since it incorporates information on location/geometry
of damages in structures.

We consider in this paper an extension of these ideas for a simple model of
structural change. We use an Euler-Bernoulli model of a vibrating beam, with the
change being an abrupt transition from linear to nonlinear stiffness. The idea is
that the nonlinear stiffness provides a simple model of damage to the beam. Our
goal is to investigate adaptive algorithms which can detect the occurrence of this
nonlinearity.

This problem involves approximation at several levels. The plant is modeled by
a partial differential equation, which must be solved numerically. The identifica-
tion algorithm considered here requires “full state feedback” which means we must
estimate the infinite dimensional state from finite dimensional observations. We
give a complete description of our algorithm, along with a numerical example which
illustrates its utility.

The paper is organized as follows. In Section 2 we give the basic problem state-
ment. In Section 3, we outline the adaptive algorithm and give some well-posedness
results. State and parameter convergence is the topic of discussion of Section 4, and
in Section 5, we give our numerical results. Comments with future extensions follow
in Section 6.

2. PROBLEM STATEMEMT

In mathematically modeling the flexible beam, we assume that it is of length [ with
uniform rectangular cross section of height h and width 6. We let w(t, z) denote
the transverse displacement of the beam at position z along its span at each time
t. This is measured relative to the z-axis in the coordinate frame determined by
the longitudinal axis of the beam in its undeformed state with origin located at the
beam’s left fixed end, see Figure 2.1. We assume a cantilevered Euler Bernoulli
beam with Kelvin—Voigt damping for the modeling of the dynamics and dissipation,
see [6, 8, 15, 16, 22], and [42]. It is assumed that the beam undergoes only small
deformations (i.e. |w(t,z)] << I, and |(Ow/dz) (t,z)| < 1). The Euler-Bernoulli
theory including Kelvin—Voigt viscoelastic damping yields the partial differential
equation

92
pbwtz+mM(t,m):f(t,z), O<e<li, t>0, s (2.1)
with the boundary conditions (both ends kept fixed)
w(t,0) = we(¢,0) = w(t, ) = w(¢,1) =0, ¢>0, - (2.2)

where pp is the linear mass density, M(t,z) is the internal moment and f is the
external applied force. For an uncontrolled beam with Kelvin-Voigt damping, the
moment is given by (see [16])

M(t,z) = Elwy.(t,2) + cplwiz(t,z), 0<z <!, t>0,
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where E is Young’s modulus, [ is the cross sectional moment of inertia, and ep is
the damping modulus. For actuation, a piezoceramic patch is attached to the beam
as shown in Figure 2.1. This patch is excited in such & way so as to produce a pure
bending moment, see [16]. If Hy is used to denote the Heaviside function with unit
step at £ = 0, the model for the beam is then given by

powie(t, z) + [Elwxa:(t: z) + eplwizz(t, 17)]

zT (2.3)

= [EIK—BT—dﬂu(t) [Ho(x — a1) — Holz — (Lg)]] , U<z, t>0,
rr

where u(t) is the voltage applied to the patch at time ¢, K2 is a parameter which
depends on the geometry and piezoceramic material properties, T is the patch thick-
ness, a; and as denote the position of the patch and ds; is the piezoceramic strain
constant (see [7, 16]). Equation (2.3) above models a linear beam with spatially in-
variant stiffness and damping coefficients. This would be used as a point of departure
for providing a model for the nonlinear beam.

length 1

width b

jm—— piczoceramic paich pum—

: AN
Fig. 2.1 Cantilevered beam with piezoceramic actuator patch.
We now consider the nonlinear Euler-Bernoulli beam with Kelvin—Voigt viscoelas-

tic damping

ppwi(t, z) + |EI(t, o, wep(t, &) + cplwez(t, ) = f(t,z) (2.4)

feogi

with boundary conditions given by
w(t,0) = wg(¢,0) = w(t, ) = we(¢,1) =0
and initial conditions given by

w(0,-) = wo(") € HS(O, ), wi(0,-) = wy (") € LZ(O,I)_
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The nonlinear stiffness term E1(t, z, wzz(t, )) is given by

EI(t,z, wes(t,z)) = Elowgz(t,z)+ Ho(t —t*) Xlz1,25)(Z) 9(wzz (2, 2))

. i . Elwe(t,x) if wea(t,z) >0
= w, i, z)+ t—t* w1,22)\T
0Wes (1, ) 0 ) Xfz1,z21{ ElLwg.(t,z) otherwise,

where X[z,,z,](%) denotes the characteristic function over the interval [z1, 2], and
which consists of the nominal (linear) term Elpwg,(t, z) (same as the one in (2.3))
and the nonlinear term g(w;z), depicted in Figure 2.2 and given by the equation
below

9(¢) = EL¢ Ho(¢) + EL¢(1 - Ho(d)). , (2.5)
g( Wxx) F,ll Wex
EL W, i

Fig. 2.2. Nonlinear stiffness term g(wzz).

The latter is zero before failure and at the failure (i.e. at time ¢ > t*) depends
on the curvature of the beam w:;(t,z) and acts on part of the beam (i.e. the
characteristic function X[z, ,s,](¢)). Specifically, the beam stiffness parameter prior
to the failure (i.e. for t < t*) is given by

El(t,l',wxx(t,l')):Elowzx(t,l‘), 0_<_.’L'SI,
and after the failure (i.e. for ¢ > t*) by

Elowzz(t, ) + X(z,,2,)(z) ELweo(t, 2) i wer(t,z) >0

EI(t, 2, wy(t, z)) =
Elqw,.(t,z) + X[zy,22](2) Elawzz(t,2) otherwise.

It is assumed, for the sake of simplicity, that the nominal beam stiffness E'Ij is known.
In addition, we assume that the damping coefficient c¢p I is also a known constant.

AN
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The goal here is to detect the failure modeled by the nonlinear term g(w;z;) and
identify the beam stiffness parameters £I; and EI, adaptively. The failure time ¢*
is unknown and it is desired to detect (implicitly) this failure time by monitoring the
system, via an appropriately chosen state observer. The proposed state estimator
will detect changes in the system which would be an indication of the failure and
thus t* would be identified. It is assumed that the beam displacement w(t, z) and
velocity we(t, z) are available for measurement at each time ¢. In the next section,
we present our algorithm for detecting failures and estimating the beam parameters
from state observations.

3. ABSTRACT FORMULATION

Before we proceed with the abstract formulation of the beam model, we need to
provide some details on the abstract spaces involved. We consider the Hilbert space
L%(0,1) as the state space. We also consider the Sobolev space HZ(0,1) as the space
of test functions, see [1]. Using the fact that the Sobolev space HZ(0,1) is embedded
densely and continuously in the Hilbert space L?(0,1), [41, 43], it follows that

HZ(0,1) — L*(0,1) — H~%(0,1), , (3.1)

where H~2(0,1) denotes the dual of HZ(0,1), see {1, 18, 43]. In particular, we assume
that there exists an embedding constant Kems > 0 such that ||z < Kemblelmz
o€ HE(0,1).

Here we use (-, -) to denote the usual duality product obtained as the extension
by continuity of the L2(0,1)- inner product fro.n L?(0,1) x HZ(0,1) to H~2(0,1) x
HZ(0,1), see [5, 43]. The L?(0,!)-inner product (energy inner-product) is given by

l
(%, 8)1, = /O ob(z) - dz)dz, b, € Ly(0,0),

whereas the HZ2(0,[)-inner product is given by -

, |
(¥, $)pz = /0 Yoa(2) - bus(@)de, w6 € HAO,1).

In order to simplify equation (2.4) above, we rewrite (2.5) as
g(wsz(t, 7)) = ELwg(t, ) a(t,z) + Elaw..(t,z) (1 — aft, z)), (3.2)
where we define the indicator function a(t, z) (the Heaviside function) by

{1 if wyz(t,z) >0

o(t, z) = 0 otherwise

In the rest of this note we denote the characteristic function X[xl,u](ﬂ:) by x1.
We now write the beam equation in weak or variational form '

(wie(t), @)Lz + (Elow(t), @)z + (cpIwi(t), o) iz . | - (33)
+ Ho(t — ") (EL xra(t) wee (t) + Elyxr(1 — a(t)) wez(t), ¢oz)r2 = (Bu(t), @)1z,
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where the test function ¢ € HZ(0,!), and the input operator B € L(U, H~2(0,1)) is
given by the right hand side of equation (2.3) and it is assumed to be known, see [13]
for well-posedness of second order systems with unbounded input operators. The
space U is called the input or control space. The initial conditions associated with
(3.3) are \

w(0,-) = wo(-) € HZ(0,1), w(0,-) = wi(-) € L*(0,1). (3.4)

The function Ho(t — t*) that represents the time profile of the failure is assumed to
be the Heaviside function given by Ho{t —t*) = 0 for t < t* and Ho(t — t*) = 1 for
>t

When the beam is actuated by a centered piezoceramic patch (Figure 2.1), we
can rewrite the above equation (3.3) explicitly in terms of integrals over the spatial
domain by

i !
/ prwie(t, ) - p(z) dz + / Elywe(t,z)  re(z)dz
0 0

1
+ /CDth”(t,:c)-go”(x)dx
0

-+

1
Ho(t - t*)/0 (ELa(t,z) + EI(1 - a(t, 2))] X(z,,2,) () Wez (¢, T) - zz(2) dz

{
( / /cBX[al,aﬂ(x)«om(x)dx) u(t), peHYOD), (35)

where u(t) € U is the voltage applied to the patch, and K& = EI-‘K—B;@L, see [13, 17,
18] for additional details on the modeling equations of a beam with piezoceramic
actuators.

Since in this note we deal with two constant parameters, then the parameter
space Q is identified with the Euclidean space R?, i.e. Q =IR%. Before we proceed
with the state and parameter estimator, we must impose a boundedness condition
on the state of the beam.

Assumption 3.1. (Boundedness of plant.) A plant is a triple (EII , EIy, w) with
w a solution to the initial-value problem (3.3) with w € HZ(0,1), a.e. t > 0, for
which there exists a constant g > 0 such that

‘ <(E[1a(t, z)+ EL(1 - aft, x)))XI(a:) Wy (t, ), ¢N>L2 ‘ <p l gg |l a2

R2

for almost every t > 0 and all ¢ € HE(0,!).

Remark 3.2. The well posedness of the plant equation (3.5) has been treated in
the paper by Banks, Gilliam and Shubov in [9, 10].
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4. ESTIMATOR AND CONVERGENCE
We now proceed with the state estimator given in the form of an initial value problem
vi(t), @)z + (EIv(t), p) gz + (ep " vi(t), @) w2 + (ETow(t), ) a3
CDI’U}t(t) gO)H2 - (EI* ( ),(p)Hg - (CDI ’U)t(t), <p>H§

<

<

(ET1(t) xra(t) wes (t) + ETa(t) x1(1 = o(t)) wea(1), paz)r2

(Bu(t), ¢)12, | (4.1)

+
+

where the parameters EI* and ¢pI* are some tuning parameters (see, for example,
[26]); i.e. they are values of the stiffness and damping parameters chosen to affect
the convergence of the estimator. The initial conditions for the state observer are
taken to be the same as the ones for the plant, namely

v(07~) = w(O,-), ’Ut(O,-): wt(O,-). (42)

The parameters E\'Il(t) and EI(t) in (4.1) are the adaptive estimates of the unknown
parameters EI; and EI,. By denoting the state error v — w, by e = v — w we then

have that, using the Lyapunov redesign method, the unknown parameters can be
adjusted via

SELW = e wee(t), eess(0) + exs(D)12 (4.3)

—‘EIZ( ) = Aalxr(l = at) wes(t), vetzs(t) + eza(t)) L2 (4.4)
for some v > 0, A1, A2 > 0 and with initial conditions given by
ET,(0) = EI,(0) = 0. (4.5)

The choice of these initial conditions will become clear below in the treatment of
th« convergence properties of the state and parameter estimator. This is similar to
what was done in the finite dimensional case, see [35, 36].

We denote the parameter errors by ri(t) = E\Il(t)»Ell and ry(t) = ﬁz(t)—Elg,
respectively. Using the definition of the state error, and using (3.3),(4.1),(4.3) and
(4.4), we arrive at the (state and parameter) error equations

(ee(t), p)rz + (EI7e(t), o)z + (ep 7 ed(l), ) 2

(4.6)
Hra(0) a(0) + 720) (1 = a(O)] x11es(0), 9ae) 10 = 0.

S0 = Nl wer(), veisslt) + eas (D)

G0 = Aelur(l = a0) ee(0) e (1) + exx(O)

with initial conditions given by

~¢(0)

I
)
A
—
jes]
~
|
~
—
—~
fas]
~—
i
=3
%)
—
<o
~—
I
jas)
—
6N
~1
~
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Remark 4.1. The parameter errors r1(¢) and r,(t) are given by
ri(t) = ELj(1) =0  and ry(t) = EL(t) =0  fort <t*,
ri(t) = EI(t) — EI, and ry(t) = Ela(t) — EI, fort>t*,

since the unknown (failure) parameters EI;, EI, are zero prior to the (unknown)
failure time t*.

Before we present any convergence results, we define the energy functional by

V(e) =y {(BIe(t),e(®) 3 + les()Ea | + 2e(t), ee(®)) s s
4.8
+epI*e(t), e(t)) mz + ri(t) +r3(0),

where the constant 4 > 0 will be defined below. With no additional assumptions we
have the following convergence result.

Theorem 4.1. Assume that the plant satisfies the boundedness condition given
by Assumption 3.1. If the constant v satisfies

Kemy K2,
["em Y e ? - ) / 4.
7>max{x O TR (4.9)

then, for ¢t < t* we have

V(t) = le(t)lz = lec(®)lL2 = mi(t) = ro(t) = 0,

and for t > t* we have

Ol + lee(®lzs + 730+ 730+ [ {le(Olig + ler (Dl } ar
< o {le)lEs + et + i) + 13

for some p, o > 0.

Proof. Using the fact that for ¢t < t*, the term Ho(f — t*) in (3.3) is zero, we
have that FI; = EI; = 0 for that time interval and thus 71(0) = EI;(0) -0 = 0,

r2(0) = ET5(0) — 0 = 0. When the time derivative of equation (4.8) is calculated, it
yields ;

d

I

~2yepI*lee(t) 3z + 2lec(t)|12 — 2B e(V)3;2
< = (2yepI™ = 2K30,) led(t) gz — 2E T [e(t) 3y (4.10)
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Using the fact that V(t) > op {le(t) 2+ Iet(t)l%2 +r2(t) + r%(t)}, for some op > 0
o
and by integrating the above equation from 0 to ¢ < +* we obtain

€Ol + Ol + 2O+ 730+ [ {1t} +le- () } dr

< o {le@)B + ledO)Fs +r30) +15(0)} =0,

for p, o > 0, which yields the desired result. After the failure, 1.e. for ¢ > t*, we
integrate equation (4.10) from ¢* to some t > t* to obtain

Ol +lew(OlE + 730 + 730 + o [ (el +ler ()i } ar *
< o {lelt) B + ledlt)IEa + r2e) + 73}

where we used the fact that V(t) < oy {]e(t)[fp + leg(t)22 + ri(t) + r%(t)}, for some
o1 > 0. This then concludes the proof of the theorem. ]

From the above theorem, only a boundedness condition can be established for
t > t*, i.e. we have that the state error e(¢) satisfies

e € L2(**,t; H3(0,1)) N L™ (t*,t; H3(0, 1)),
with its derivative satisfying
er € L2(t*,t; H2(0, 1)) N L™ (t*,t; L*(0,1)),
while the parameter errors satisfy
ry,re € L@, t;R).

Using arguments similar to those for establishing Barbilat’s lemma, see [30, 33, 37]
for finite dimensional systems, and [14] for infinite dimensional systems, we can
establish the convergence of the state error to zero; see [25] for similar results for the
acaptive parameter identification of second order distributed parameter systems.

Theorem 4.3. Assume that the boundedness condition given by Assumption 3.1
is satisfied and that v satisfies condition (4.9). If the adaptation (4.3),(4.4) is used
with the state estimator (4.1), then we have that for t > ¢*

Jim le(t)| gz = lim fei(t)|z2 = 0.

Proof. The proof is identical to the case of parameter identification for second-
order distributed parameter systems in [25] and it is therefore omitted. ]

Because of the structure of the failure assumed, the conditions required for pa-
rameter convergence, i.e. limy_ e 71(t) = 0 and limy_ o 72(t) = 0 are identical to
those used for the parameter identification of second-order distributed parameter
systems presented in [25], namely the condition of persistence of excitation. We
present this condition as it applies to the specific problem under study.
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Definition 4.4. [25, 26] The plant (3.3) is said to be persistently excited if
there exists 7o, 60,€0 > 0, and a sequence of positive real numbers {tx}ge; With
lim;_, o tx = 00, such that for each p = (p1,p2) € R? with |p|g= = 1 and each
positive integer k, there exists a t} € [t,tx + To] such that ,

/r;+6o < <pla(7') +p2(l— a(r))) X1wes(T), ¢m> dr

i L2

sup > €o.

<1
l¢|1—1§_

The above can be written explicitly as

L7 ([ ot - atmo)]

X[-Tx,l‘z](m)wrx('r; l’) : ¢;m(.'l,‘) d.’L’) dr

/t:% (/: [pla(T, z) + pa(1 — a(r, 1:))]

Wrr (T, ) - Poe () d.r) dr

IA

sup
|¢|HgS1

€0

sup
|¢>|H331

We can now prove parameter convergence by imposing the persistence of excita-
tion condition onto the plant information.

Theorem 4.5. If the plant (3.3) is persistently excited then we have
(m’t))i = 0.
o))

Proof. The proof of this theorem is similar to the one given for the linear case

in [25]. O

Iim
t—0o0

5. NUMERICAL RESULTS

In this section we describe the implementation scheme and present some of our
numerical findings. Using the Galerkin scheme outlined in [23, 24, 25], we discretize
the beam in terms of spline expansions (see [19, 31, 40]). Modified cubic splines

on the interval (0,/) with respect to the uniform mesh {0, 1—11, %, .., 1} were used
to approximate (4.1)-(4.4). We denote the 1-D cubic splines by {B}"! and the
n-—1

approximating subspace H™ = span{B}'}7|". By letting

n—1
wn(t,z) = ) W]'(t) B} (2),
j=1
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where W™ (t) = [W(¢),..., Wr_ t)] ER" 1 is the coordinate vector for wa(t, %)
with respect to the spline ba51s {B" = 1 , we have that o

wre) = (k) | et2) [z (2)] a2

where K™ is the (n — 1) x (n — 1) stiffness matrix and is given by

br—, — T
K" = / [Bg,(x)J . [B;;(x)] dz,
0
with [ u(z)] = (B @)sas - [Bioa(@)],,] " Now we let V7 (t) = V7 (1), -
V,{‘_l(t)] €R"~! be the vector representation of the state estimator v" (¢, z),

n-1
v (t,z) = }: VP (t) B} (z).

Then the finite dimensional state estimator equation corresponding to (4.1) is given
by

MV (t)+epI* K™ (V" ()~ W"(t)) +EI"K" (V”(t)—- W"(t)) +epIKmVD (‘t) |
1§ T
+EL K™V (t) + E\Iln(t) [/0 a’(t,z) [@;(m)] . [—@:(z)] dm] W™ (t)
o~ rl T
+E1; 1) [ [ 0-or2) B )] [BE ) dx] Wn(t) = KBF(1)

(5.1)

where the (n — 1) x (n — 1) mass matrix M" is given by

M" = /ﬂ jﬁ(x)] : [ﬁ(m)r de,

with [Zf?(z)} - [[B{‘(x)]‘, [B;‘_l(a:)]]T, and I(t) is given by

Py = [ / Mor et (®) [B_’m)] dw] Upaten(t)

[ / [B_;‘J(w)] dx] Uparen(?)
- ([EL{(%)] - [Ef(al)]> Upatcn(t).
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The parameter estimator equations corresponding to (4.3),(4.4) are given by

B (1) = MW (o) [ / " ar(t,2) [B—;;(x)].[ﬁgmr dz] G, 6
_ ]1, T
B, (1) = MW (o) [ [a-anay BE )] )| dx} Ga(), (5.3)

where G,(t) is given by Gp(t) = [E,,(t) + 7En(t)] with E,(t) = W™(¢)— V™(¢) and
A1, A are positive constants acting as adaptive gains (see [25]).
For our numerical simulations we assumed that the nonlinear stiffness term

(EI(t,z, wzz(t, ) = g(wz(, z))) is given by
Owez(t,z) if wee(t,z) >0

—Swz.(t,z) otherwise,

9(wzz(t, z)) = {

for 0 <z <1, t> 0, the nominal damping parameter is cpI(z) = 0.005N m?sec,
0 < z <!, the nominal stiffness parameter is Elp(z) = 15N m?, and the linear mass
density is p5 = 1.35kg/m’. The tuning parameters (see [26]) EI* and cpl* are

chosen to be
EI'(z) =20, cpI*(z)=0.01, 0<z<lLl
The adaptive gains A1, Ap in (5.2),(5.3) are
/\1:/\2’:1)(105,

the parameter v in (5.1) is ¥y = 1x 103, the initial guesses for the parameter estimates

are . g
E1,(0) = E15(0) = 0

and the plant and estimator states are
w(0,z) = v(0,z)=2x 107%2%(z — 1)?,
w(0,z) = v,(0,2) =1 x 10" 2sin?(27z/1) cos(2mz/1),
for 0 < z < {. The beam length is / = 0.60m and the (centered) patch covers a half

of the beam length, 1.e. a; = 0.15m and ay = 0.45m. The piezoceramic constant is
KB =0.002331655 and the patch voltage is

Upaten(t) = 10 [sin(1507t) + sin(6507t) + sin(400m¢) + sin(8007t)] .

We now summarize the implemented stiffness for our numerical simulations. We
simulated the plant (3.5) with

El(t,z, wzz(t, ) = 15w, (1, T) 0<t<?,

EI{t,z, wzz(1, x))

Owzz (1, ) X[0.30,0.36) (%) if weo(t,z) >0
—5wzz(t, T) X[0.30,0.36)() otherwise
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The above integrals for the matrices and input vectors were computed numerically
using a Gauss quadrature. Both the plant and the state estimator were approximated
using a 16 cubic spline finite element method. They were also integrated using the
ODE solver rk£45, a Fehlberg fourth-fifth order Runge-Kutta method solver.

We run two sets of simulations, namely one where the state initial conditions are
assumed known and another one where the plant initial conditions were unknown.
The latter, is often encountered in actual cases as it is seldom the case that initial
conditions are known exactly. This in a way, tests the robustness of the adaptive
estimator.

Case (i): Zero initial conditions of the state error. In this part, we simulated
the plant and its estimator with the same initial conditions, namely

w(0,z) = v(0,z) = 2 x 1073z%(z — 1)?
w(0,z) = v(0,z) = 1 x 10~ 2sin?(27z /1) cos(2rz/1).

This stiffness simulates a plant that initially (0 < ¢ < 2) has a linear stiffness param-
eter that becomes nonlinear for 2 <t < 5 and assumes different values depending
on the sign of the curvature (a(t) = 1 if wy; > 0). In Figure 5.3 we plot the actual
(dashed) values of the parameters (EI; = ElI; =0, fort < 2, EI} =0, EI, = -5,
for t > 2), and their estimates (solid). We observe that both parameters ET; and
ﬁz are identified and that the time (¢ = 2) that the nonlinearity occurs is sensed by
the estimator. In addition, the evolution of the state error is depicted in Figure 5.4.
There, we observe that both e, (t) and €(t) a:sume a large value at ¢t = 2 and then
converge to zero around t = 3 seconds.
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Fig. 5.3. Evolution of the parameter estimates I/‘j\fl(t) and Zﬁz(t)'
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Fig. 5.4. Evolution of state errors |e(t, x)Iyg and |e¢(t,z)|L2.

Case (ii): Non-zero initial conditions of the state error. In this case, we
tested the robustness of the scheme by using non-zero initial conditions for the state
error (i.e e(0) = v(0) — w(0) = 0 — w(0) # 0). This was done by using zero initial
conditions of the state estimator while the plant had the same initial conditions
as above. The convergence of the state error to zero prior to the failure is not
guaranteed by Theorem 4.1. Similarly, the parameter errors for ¢ < t* are not zero.
Recalling Theorem 4.1 we have that for { < ¢* we have

(O + leeOl + 730+ 30+ [ {ler)g + ler ()l } dr
< o IO +ledO)lFa} # 0

This can be observed in Figures 5.5 and 5.6, where we plot the time evolution of the
two parameters ri,re and the state errors. In Figure 5.5 we observe that initially,
both parameters start at non zero value, converge to zero around ¢t = 0.5 sec and for
t > 2 they start converging to the true values.

In Figure 5.6 we only included the same y-axis as in Figure 5.4 so that Figures 5.4
and 5.6 can be compared on the same axes. It is noted in Figure 5.6 that for ¢ < 0.5
both [e(t){gz and |e(t)|r2 are non-zero, remain at zero for 0.5 <t < 2, assume
non-zero value at the failure time t* = 2 and converge again to zero around ¢ = 3
sec.
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6. COMMENTS AND FUTURE EXTENSIONS
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A simple model for a nonlinear stiffness in an Euler-Bernoulli beam with Kelvin-
Voigt viscoelastic damping was utilized to test an online detection scheme. The
failure was actually modeled as a nonlinear function of the beam’s stiffness occur-
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ring abruptly at some unknown failure time ¢*. A state observer in the form of an
adaptive estimator was used to first monitor any changes in the system’s dynamics,
and thus identifying implicitly the failure time ¢*, and second, to identify the non-
linear stiffness parameters. The proposed state estimator assumed the same initial
conditions as the plant (beam) and sensed the failure time ¢* (time when stiffness
abruptly changed from linear to nonlinear function). In addition it identified the
nonlinear parameters. When the state estimator was simulated with different initial
conditions, it still detected the failure time ¢*. This in a way tested the robustness
of the state estimator with respect to initial conditions. In this case, the state error
already converged to zero much before the abrupt change in the system’s dynamics
occurred. Of course, if the change occurs before this pre-failure state error evolution
has settled down, we may not see convergence of the state error with nonzero initial
conditions. Further numerical results are needed in this regard.

One might choose the tuning parameters £7* and c¢pI* to affect the convergence
properties of both |e(t)|yz and e;(t)|12, see [26]. If for certain values of the tuning
parameters, both errors (le(t)|yz and [e:(¢)|r2) are not converged to zero prior to
the failure time t*, then the estimator might not be able to sense the time of failure
t*. This robustness property is currently investigated along with some more general
cases of estimators which can not only identify the stiffness parameters E£I; and
EI, but also the location that the nonlinearities act on the beam (i.e. the length
of the characteristic function) and even the distribution. In this case, the nonlinear
part of the stiffness parameter might be given by

EI(t,z,wz(t, 1))

= X,z (Z) - [E[l(:c)w”(t, z) H(weg) + EL(z)we(t, ) (1 — H(wzs))

where the parameters FI; and EI, are not constants, but functions of the spatial
variable = that vanish outside the interval [z, z3]. A further goal is to propose an
estimator that will also identify the interval [z;,z2) and EI(z), Ely(z).

The persistence of excitation condition, needed for parameter convergence, might
be hard to check in systems governed by nonlinear hyperbolic p.d.e.’s. For the linear
case this was presented in [26], but even in linear systems with spatially varying
parameters this condition might be difficult to prove. Perhaps, by taking advantage
of the nonlinear nature of the system, the persistence of excitation condition given
by Definition 4.4 might be something that can be concluded by imposing simple
conditions on the input patch voltage. This warrants additional theoretical studies.

- (Received February 14, 1996.)
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