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K Y B E R N E T I K A — V O L U M E 15 (1979), N U M B E R 3 

On Axiomatic Characterization 
of Information-Theoretic Measure of Type (J; 5) 

I. J. TANEJA, H. C. GUPTA 

There are two information-theoretic measures (viz., Kullback's relative-information and 
Kerridge's inaccuracy) associated with a pair of probability distributions of a discrete random 
variable. These measures have found many applications in Statistics, Economics, Physics etc. 
Two parameter generalization of these measures has been studied by many authors. A generalized 

measure of type I a ' "\ is characterized in this paper by taking a set of axioms. This measure 

in particular contains relative-information and [inaccuracy and their generalized forms as the 
limiting cases. Cases of bivariate extensions of this generalized measure and relations between 
them have been also studied. 

1. INTRODUCTION 

Associated with a pair of discrete probability distributions P = (pu . . . , pn), pl = Q 

£ Pi = 1 and Q = (qu . . . , q„), qt > 0, £ qt :g 1 an information-theoretic mea-
i = i i = i 

- * / a , /3\ -
sure of type is given by 

\v, s) 
(i.i) igflp; G) = (2-' - r-r1 i w - - Ph*r), 

i = l 

a * y (P 4= <5) whenever /? = <5 (a = y). 

The measure (1.1) has been studied by Sharma and Taneja [13] and Sharma and 

Gupta [11] by generalizing a functional equation considered by Chaundy and 

McLeod [ l ] and by Taneja and Gupta [15] by considering a functional equation 

which is a generalization of the one considered by Daroczy [2]. 

For y = 5 — 1 (refer Sharma and Autar [9, 10]) the measure (1.1) reduces to 

(1.2) I('-"\P;Q)^(2'-"-l)-i(ip1qi-'-l), P + cc, a > 0 . 



The measure (1.2) reduces to (i) Kullback's [7] relative-information when p = 1 
and there is a limiting case a -> 1, (ii) Kerridge's [5] inaccuracy when a = 1 and there 
is a limiting case /? -» 1. 

Further when Q = P and a = y = 5 = 1, (IT) reduces to 

(1.3) / " ( P ; e ) = H"(P) = ( 2 1 - ' ! - l ) - i ( £ ^ - l ) > 0 * 1 , / ? > 0 , 
; = i 

which is entropy of type /? introduced by Havrda and Charvat [4] and later differently 
studied by Daroczy [2] and Vajda [16]. 

In this communication we characterize the measure (1.1) by taking a set of axioms 
(cf. Havrda and Charvat [4]). We also study bivariate extensions of measure (1.1) 
and establish relations between them. 

2. CHARACTERIZATION THEOREM 

Recursivity plays a vital role in characterization of information-theoretic measures. 
It is well known that the most elegant characterization of Shannon's entropy given 
by Faddeev (refer Feinstein [3]) so as those given earlier by Shannon [8] and Khin-
chine [6] use the recursive relation 

(2.1) H(Pl, . . . , - , ) - H(Pl + p2, p3 , ...,pn) = pt H(pi\Pi, p2\pt) , 

where pt + p2 = Pi > 0. 

Certain changes in this property of additive measures lead to non-additive measures. 
Havrda and Charvat [4] also used a modification of this property by introducing 
a parameter /? as 

(2.2) Hls(Pl,...,pn)-H\Pl+P2,Pi,...,Pn) = /iH\Pl\Pi,P2\P), p>0, 

where Pl + Pl = Pi > 0. 
Further, Taneja [14] generalized (2.2) by taking a general continuous function 

f(Pi) in place of p? and established that such a change does not lead to new measures 
and the only measures that arise are those studied by Shannon [8] and Havrda and 
Charvat [4]. 

Also an axiomatic characterization of (1.2) which is a measure of a pair of pro
bability distributions has been studied by Sharma and Taneja [13] by considering 
the recursive relation of type (a, /?) given by 

(2.3) 7<"'«(Pi. ...,p„;qu ••-,<ln)-I(x-l!\Pi+P2,P3, . . . , f l . ;« i + 92.«3, •••.<?„) = 

= p^r* &-p) (Pl\Pi, p2jPi; qi\qh q2\q^) , 

where pt + p2 = pt > 0 , qi + q2 = Qt > 0 and a, f} are the parameters. 



06 Here we consider a much different form of the recursive relation to characterize 
(1.1) axiomatically. Precisely, for a pair of probability distributions P = (p_, . . . , p„), 

p, __ 0, _£ p, = 1 and Q = (<__, . . . , q„), <_, > 0, Y_ g, _S 1 we consider the follow-
i = i i = i 

ing axioms: 

(a) _(_;_)(_>_, . . . , p_; __, . . . , o„) is a continuous function of its arguments; 

(b)/&_](-, 0; * , * ) - - . _£«(_, 0; 1,0) = 0 ; 

(c) IfyJK-'i, • • • . P i - i . 0 . P i + i . •••,Pn,<lu • • -, _,-!, 0, gi + 1, . . . , _„ ) = 

= I(.j)(^i, ••• ,Pi- i , i>i+i , • • • , ? _ ; . 1 . • • • , 9 , - 1 , . i+i , •••>_»)> 

for every i = 1,2, . . . , n; 

(d) I(yi)(Pl, •-•,_>i-_,fl.1,»i_,_>i+l, •••>_>„; _1, ••-, _i-l.W,., W,a,g, + l l . . . , < _ „ ) = 

= Ity'JK.'i, • • • > j > i - i , P i > P i + i > • • • , ! > „ ; _i> • • •> _ i - i > _ i , _ i + i , • • • , _ „ ) + 

<4.,/» - ^ ľ > . \ P І P І _; < 7 І / 

, _jr_j „ . „ - - r r d . i ) !«___ __2 . __iì ___Д 
+ — Pi_í -(_,„) I — , — - , — , — I , 

AГlS - AЯìß \Pi Pi _, qt 
for every vit + vh = p. > 0, wit + w;_ = q, > 0, i = 1, 2, . . . , n and A%tf = 
= (2*-< i- l)andA r> ( , = ( 2 ^ - d - 1). 

Theorem 2.1. Axioms (a ) - (d ) determine a measure given by 

(2.4) /g-»(Pi,...,_>„;__, ...,.„) = K , - A.*)-1 £ Wi- - ptfn. 
1 = 1 

A_>r + A_>(5, a, y > 0 , 

where*) A->>3 = (2"-" - 1) and Ay_a = (2y"* - 1). 

The proof of the above theorem is based on the following lemmas: 

Lemma 1. If vk __ 0, k - 1,2, . . . , m, __,-* = p, > 0, wk > 0, fc = 1,2, . . . , m, 
m „=i 
___ w_ = <_, > 0, then 

„ = i 

(2.5) J^JKpi, . . . ._>.-_ . -_ . . . . , - _ I . _ » I + I , • .-,_>•; ?_. • • • ,4 ' i - i , w_, . • • , w m , 

_i+i> •••>_„) = I(r;i)(Pi> •••>!>«;-i> • • • > . « ) + 

*) Throughout this paper, we shall adopt the notation .__ p for ( 2 * - ' — 1) and Ay _ for 
( 2 ' - ' - 1). 



Aъß _ « _ * - - , ( - , « / _ _ _ _-.____ 
: PІ ЧІ Һiл) ' • • •' ' > • • •' + Aa,ß - A... ' \pi PІ ЧІ ЧІ 

A-" r_ fl*"' . ^ 1 ' _ "> Vm W' 
PІ ЧІ •((.,_) — > Ay,i - A_,,J \Pi Pi qt 

Proof. We prove the lemma by induction. For m = 2 the result holds (cf. axiom 
(d)). Let us suppose that the result is true for m = t. We have (under the notation 
F = v2 + ... + vt + u W = w2 + . . . + wt + l,v^ + V=pi>0,w1 + W = qt> 0) 

(2.6) I(.'J)(-_> • • •. Pi- i . _, • • •> o*+i> _ i+i, •••>__;_> • • •, _i-i , 

w_, . . . , w,+ 1 , g f + 1 , ...,fl„) = 

= I(";5)(Pi. •••> Pi-uvu y,Pi+u •••>_?„; _i> •••> _ - i , w1 ; H7, q i + 1 , . ..,q„) + 

+ _ J _ _ _ L _ P^-»/(-« (-. , . . ., -£±S ; - _ , . . . , - W j + 
A__ - ^.,. V? ' ^ ^ W / 

+ Ay>i F . r - r j a . i ) / , ? , , . . , . ! . . ! ! , , , . , , ^ -
•47.i - A,. u) \v V W w J 

= Ify,.(_i, . • • , A ; . i , • . . . . . ) + 

+ __ __? -«_/>-« _ «•« _ 2! Z • wi E \ + 
-4..H - Ay>s \pi Pi a; qtJ 

, ____* - V f l * - J 7 d , ! ) / _ _ _ F . W l _ \ , 
H PiHi *Tv... — , — , , + 

+ -
A 

+ -
A 

Ay,S v , _ , ( l i l ) / l _ V.W, W\ 
— Pili h?,») \~ ' — , — ' — 

,,_ - Atif \Pi PÍ af čaj 

____£_ p-IF*-Jg* fe , . . ., -iti ; _-! , . . ., _____,+ 
_ - > . . * V7 F ' ÍF' ' i. j 

______ TfvWi-yríiA) (v2 u r + i . w2 ____+i\ _ 

, . . - ^ / WHF""'~V'F'•••'"¥•;-
= I((.;.](Pi,...,p„; <__....,«„) + 

+ _________ -»_,/»--/(-.« /_. Z . ___ _*_\ + 
+ „ .Pili -(1,1)1 , ' ' 1 + 

^_j - A,* VPi Pi <?; i d 
+ _______ PÍF" - /<*/> fe , . . . , !ií±i ; ^ , . . . , 2-í±i| + 

< , - ^ , . V^ F w FT / 

+ _____!___ „7fl*-. í'1'1' íVí F • Wl _T\ 4-
+ ~ T~~ Pili l(y,») ( — • — , — , — I + 

Ay,t - A_,P \Pi PÍ "i qtJ 
___j T7yM/°-y jd.i) A2 __+i . w2 ____±i\ 

-. i . , , / ( M , ( F " - - ' T " ' ¥ ' - - " 1 F J -_L л - Л, 



208 One more application of the induction premise yields 

(2.7) ^ a,...,2±i;a 
VP; PÍ 1Í 

_ П<*,p) / "1 ' . " 1 
- •'(y.á) I — ' > > 

VP; P; 1I 1i 

+ 
A„ 

A,? (VY (WV-* (..„ / t 2 ».+. . w2 w(+ A 

M - ^ W W / ( 1-HF'-'" V '?'••'• PFJ
 + 

^a (V\(W\-i aA)fv2 B . + 1 . W 2 w ( + 1 \ 

For y = (5 = 1 (2.7) gives 

(2.8) « f^,. . . ,^ ;^,. . . ,^=7^ )^,^ ;^,^U 
VP; P; <?; «; / ' VP; P; «. « . / 

(VYfWV- M)(v2 p,+ 1 . w a w ( + 1 \ 

For a = /? = 1 (2.7) gives 

(2.9) I g t f f c , ....f-tl ; 2. , ...,2!l±A -2gA>(£l, I ; *i , 1 ) + 
VP; P; «i «; / VJP; Pi 1i 1i) 

,(VY(WY-"(U1)(v2 vt+ltw2 w ( + 1 \ 

WW t,M\v'•••'T'w'-"-wy 
Expression (2.6) together with (2.8) and (2.9) gives the desired result. 

Lemma 2. If vu _ 0,j = 1 , 2 , . . . , m,-; £ vtJ - pt > 0, i = 1, 2, . . . , n, £ p, - 1; 
j = i i = i 

wtj >0,j = l,2,..;,mh_) wtJ ~ qt > 0, i = 1,2, . . . , n, V qt _ 1, then 
j = i i = i 

(2.10) i j ;^( c i i» • • •' " W • • •> p»i> • • •> " W w u , . . . , w lmi , . . . , w„u-. • •, wnmJ = 

- " / ^ ( P I . - . - . P - ; 9 i , ••• ,«-) + 

^ M f i - . , w,., Vt .« / "« + ~ ~ LPi«i J(l,l) . 
4,,« - Л.л í = 1 VP; P; «; 

. éxЛ v я V - т r d Д ) 1'u "ÍИІ . w ; i W;».Л 
+ - - LPІІІ Jtv.«> l — >•••>—•>—•>•••> 

Л , Í - ^a.д * = 1 VP; P; 9 I «; / 



The proof of this lemma directly follows from the Lemma 1. 209 

Lemma 3. If F|*j>(m; r) = /g;J>( l/m, . . . , 1/m; l/r, . . . , l/r) 1 g m ^ r, then 

(2.11) FfcJKm; r) = - ^ ^ ( m ; r) + " ^ - * & > ; r ) , 
**«,P — ^y,i Ay,6 AH,P 

where 

(2.12) f fc«(m; r) = ^ ( m 1 - " - ' - 1), A,,, * 0 

and 

(2.13) F<J,#(m; r) = ^ ( m ^ V - 1), A,,,, * 0 . 

Proof. Replacing in Lemma 2 m,by m, p,, = l/mn, wjy = l/rs, <jj = l/s, i = 1, . . . 
. . , » , j = 1, . . . , m where m, n, r and s are positive integers such that 1 ^ m <J 

§ r, 1 g n 5a s we obtain 

(2A4) Fft$(mn; rs) - F%$(n; s) + A"' „ - - / - ' F ' t f >,(m; r) + 
^ a , ; ; ^ y . a 

+ A--~— n1--V-1 Ftf'tfO"! r) . 

(2.15) F%i\(mn; rs) = E|-j)(m; r) + ^ ro1""--' F(
(1'^(n; ,) + 

Aa,IS — Ay, I 

+ — ^ i — m - V - E ^ n ^ ) . 

Putting n = s = 1 in (2.14) and using FJ£5{(1; 1) = 0 (for all a, P, y, 5 > 0) we get 

Ffy'JXm; r) = ^ F«i\(m; r) + ^ f}J#(»i . r) 
^ a , 0 - ^y,<S Ay.J) ~ Aa,» 

which is (2.11) 
Equating (2.14) and (2.15) we get 

(2A6) F%%n; s) + — ^ — n l~ V " ' Ef^m; r) + 
^a, /J ^ y , 3 

+ - V w l -y -a f ( i . V ( m ; r ) = 

^y,a At, / . 

= Fft$(ro; r) + —--=«- m ^ V " ' ^ . ( n ; s) + 
A«,/l - ^y.a 

+ , _ A ^ m » - V - ' F(l.iVM; s) . 
^y,* - A * , 



210 Expression (2.16) together with (2.H) gives 

(2.17) Aa,„[(l - m1" >r->) F™(n; s) + ( ^ " V " " - 1) F^m; r)] = 

= AM[(1 - m 1" V - ) F ^ * ; s) + (n 1 - V - 1) .Fg;tf(m; 0 ] • 

Putting n = 1, s = 2 in (2.17) and using 

F ( «$(l ; 2) = J (*$(l , 0; J, i ) = 1 for all a, fi, y, S > 0 

we get 

A,,„[(l - m 1 - V ) + (2«-' - l).Ffcft(m; r)] = 

= A„.[(l - m 1 - V - ' ) + ( 2 ' - ' - 1) F(;;,V(m; r)] = C (say) . 

For m = 1, r = 1 we get C = 0. Thus we have 

F%%(m; r) = A ^ - V - * - 1), AM + 0 

and 

F$#(m; r) = ^ ( m 1 " V " * - 1) , A,,, + 0 

which are (2.12) and (2.13) respectively. This completes the proof of the lemma. 

Now (2.11) together with (2.12) gives 

(2.18) -Fl"$(m; r) = (A,,, - A,,,)'1 (m 1 ""-«- ' - m ^ V * ) . 

P r o o f of the T h e o r e m . We prove the theorem for rational values of p's and q's 
and then the continuity axiom (a) extends the result for all real values. Therefore 
let m, a{ and bt be positive integers such that a-, «£ b ; for every i = 1, 2, . . . , n 

and if we put pt = a{\m . j ; = bt\r, i = 1,2, . . . , n where £ at — m, X ̂ > = r> 
then the application of the Lemma 2 gives , = 1 

/<;.«/a , . . . ,i , . . . ,i , . . . ,i;i , . . . ,i , . . . ,i , . . . ,i\ = 
\m m m m r r r r / 

a i an bt b„ 

= l%i](pl,...,pn,qi,...,qn) + 

+ <i y.,«./»--/(-.» li i • i i\ + 
A 7^ LPiQi - ( i , i ) l — >•••>—> — — 1 + 

4.,/ . - ^y.,5 ' = 1 Vti «» Of 0./ 
4- ^ V nV-i7(1,1) f7- i • i i » 
+ - - L PiQi Hv.s) > • • • > — > , — J 

Ar,d - AXiP i=i \at at bt bj 
or 

F^(m;r) = l^(Pu...,pn; qu..., q„) + 



+ T - Í M T - i p*ťr -«>(«., bt) + - r ^ L - i ptfr -«(«,. b,) 
A7j - Ay,6 i = 1 Ay,d - Aa,f i = 1 

i.e. 

(2.19) %%(plt ...,Vn;qu . . . ,<?„) = 

= F\W(m; r) - ^ £ ^ f - « f («,«(.,; 6|) _ 
A„« -

A„ 
IPkf-^foW^O-

• ^ y , * ^ 6 , 0 i _ 1 

Expression (2.19) together with (2.12), (2.13) and (2.18) gives (2.4). 

3. BIVARIATE DISTRIBUTIONS 

Let X = (xu ..., x„) and Y= (yu .. ., ym) be two discrete random variables. 

The information-theoretic measure of type ( ' I for two probability distributions 

\y, <v 
P(X) and Q(X) of X is given by 
(3.1) %$(P(X)l Q(X)) = iTMxt), . ..,p(xn); q(Xl), ..., q(x„)) -

= (Aa,„ - A.J-i t (f(Xi) q"-'(Xi) - p>(xt) q-%xt)), 
; = i 

where p(xt) = P(X = xf), q(xt) = Q(X = x t), i = 1, 2, . . . , n and £ p(xt) = 

- I «(*.) = -• 
i = l 

An analogous formula holds for the random variable Y 

Next if p(xh yj) = P(X = xh Y = ys) and q(xt, yj) = Q(X = xt, Y = yj) are 

the joint probabilities of (xh y'j) then the joint information-theoretic measure of type 

a,/?N 

. , is given by 
y> °J 

(3.2) lffl](P(X, Y) ; Q(X, Y)) = 

= IS'J)(p(*i> yi)> • • •> ?(xu ym)> • • •, p(*n, .Vi), • • •, p(x„, ym); 

q(xu yt), ..., q(xu ym), ..., q(xn, yt), ..., q(x„, ym) = 

= K , - A7tl)- > t t (f(xt, y}) q""(Xi, yj) - f(xh Vj) <f-\xu yt)) , 
i = i j = i 

where £ £ p(xt, y,) = X X q{xt, yt) = 1. 
; = i j = i i = i j = i 



212 Further P(Yjxt) = {p(y1lxl), . ..,p(ymjx^y] and Q(YjXi) = {q(yllxi), ..., q(ym / 

/ xt)} are complete distributions of Y given X = xh therefore the conditional informa

tion-theoretic measure of type | ' . ) of Ygiven X may be defined as follows: 

(3.3) « i t r W ; e ( W -

= . A*\ t A*d «'""(*.) nrt\(PW*i); fi(-7*.)) + 
Aa,fi ~ ^ ' " I 

ip\xi)q^xi)l{l;d\\P(Ylxl);Q(Ylxi)), 
A„„ - A„ » І=l 

where 

(3.4) I^W*.); Q( W ) « iCj [ I P8(^/X() s'-Ov/*.) - i] 
; = i 

and 

(3.5) i g A W W ; e O M = -tf [ t f(yjl*i) t-W*) - - ] . 

i = 1,2, . . . , n . 

Similarly we can obtain the information-theoretic measure of type I ' I of X 
given Y V' ' 

The interdependence and relationships among these bivariate measures are studied 
in the following theorems: 

Theorem 3.1. If X and Yare two discrete random variables then 

(3.6) /<«y;>>(P(X, Y); Q(X, Y)) = I^(P(X); Q(X)) + I%^(P(YJX); Q(YjX)) = 

- / ^ ( P ( Y ) ; Q(Y)) + itfMXJY); Q(X\Y)), 

where p(xt, y}) = p(xt) p(yJlxi) = p(yj) p(xi\yi), i - 1,2, . . . , n, j = 1,2 m. 

Proof. From the definitions given above we have 

«p(x) ; e(*)) + I&.IW*); e(r/x)) = 

= ( ^ - A,,,)"1 £ (p'(x.) «'-«(*.) - P>(xt) q"ixt)) + 
( = 1 

+ K , - .4-,)": I /(*,) •I'-fa) [ I jty,/*,) «"-^>/x,) - 1] + 
i = l y = l 

+ (-4,,, - A,,)"11 P'(x() ._<">(*.) 1 1 JPtFjW ^V//* . ) - 1] = 
i= i ; = i 



= (AM - Ay,ty
11 l Wx,) ptyjix,) fix,) f-iyjlx,) -

.•=i j = i 

- p'(xO^/*«) «"'(*.) a'"'^/*.)] = 

= (A,, - A,,,)-1 t t W*. . yy) q'-^xt, yj) - p\x„ yj) q>-%xh y,)] = 
1 = 1 ; = i 

= I\;H(P(X, Y); Q(Z, Y)). 

Theorem 3.2. If X and Y are statistically independent discrete random variables 
then 

(a) 

(3.7) I%H(P(X, Y); Q(X, Y)) = G\°i](P(X); Q(X)) « P ( Y ) ; Q(Y)) + 

+ G{;il(P(Y);Q(Y))l{;i](P(xy,Q(X))t 

where 

(3.8) G{;;«(P(Z); Q(X)) = i t W*«) «'"*(*«) + ^*«) a " ^ 0 ) , 

i = i 

(b) 

(3.9) /{;;|>(P(Z, Y); Q(X, Y)) £ /^j)(P(X); Q(X)) + « P ( Y ) ; Q(Y)), 

for all a, y £ 1, p - oc Jj 1 and 4 - y ̂  1. 

Proof. The proof of the part (a) follows by simple computation, 

(b) For a, y 5: 1, /J — a ^ l and <5 — y S: 1 we have from (3.8) 

(3.10) G(^](P(X); Q(X)) rg 1 . 

Expression (3.7) together with (3.10) gives (3.9). 
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