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Summary. In the present paper the authors study some families of functions from a
complex linear space X into a complex linear space Y. They introduce the notion of (j, k)-
symmetrical function (k = 2,3,...; j = 0,1,...,k — 1) which is a generalization of the
notions of even, odd and k-symmetrical functions. They generalize the well know result
that each function defined on a symmetrical subset U of X can be uniquely represented as
the sum of an even function and an odd function.

Keywords: (j, k)-symmetrical functions, holomorphic function, integral formulas, unique-
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of an operator.
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Introduction. In the present paper the authors study some families of functions
from a complex linear space X into a complex linear space Y. They introduce the
notion of (j, k)-symmetrical function (¢ = 2,3,...; § = 0,1,...,k — 1) which is a
generalization of the notions of even, odd and k-symmetrical functions.

It has turned out that for every function z defined on a k-symmetrical subset U of
X there exists exactly one sequence (y°,y',...,y*"1) of (j, k)-symmetrical functions
y9 such that ¢ = y® +y' + ...+ y*~! (Theorem 1). This result is a generalization of
the well known fact that each function defined on a symmetrical subset U of X can
be uniquely represented as the sum of an even function and an odd function.

Next the authors give an interpretation and some properties of the components of
the above partition of z (Lemma 1, Theorems 2, 5, 9, 11) and present several methods
of their determination (Theorem 7, Corollaries 3, 4). The authors also show that
the theory of (j, k)-symmetrical functions which they have constructed has many
interesting applications, for instance, for the investigation of the sets of fixed points
of mappings (Theorem 15, Corollary 7), for the estimations of the absolute value
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of some integrals (Theorems 12, 13) and for obtaining some results of the type of
Cartan uniqueness theorem for holomorphic mappings (Corollary 6).

DEFINITONS AND BASIC PROPERTIES

Let k be an arbitrarily fixed integer not smaller than 2. It is clear that the set Ej
of all roots of k-th degree of unity has the form

()] Ep={%¢,....,e¥™"}

where € = exp(2ri/k).

Unless stated otherwise, the letters X and Y will represent vector spaces over
the field C of complex number. By Z(U,Y) we shall denote the vector space of all
functions from the set U C X into Y.

A set U C X will be called k-fold symmetric if eU = U. The family of all k-fold
symmetric subsets U of X will be denoted by % (X).

For every integer j and a set U € #(X) a function z € F(U,Y) will be called
(4, k)-symmetrical if for each z € U

2) z(e2) = e (z)

Of course, the set

3) f,f(U,Y) = {z € F(U,Y); z is (j, k) — symmetrical}

is a linear subspace of F(U,Y) and for m,n=0,1,...,k —1, m #n we have
FrUY)NnZFXUY) ={0}.

Let us observe that the sets #1(U,Y), F2(U,Y), FL(U,Y) are well-known families
of odd functions,of even functions and of k-symmetrical functions, respectively.

Now we define an operator Lx: F(U,Y) — F(U,Y) such that for every z €
FU,Y)andze U

4) Liz(2) = z(e2).

It is easy to see that Ly is a linear bijection of the space & (U,Y) into itself.
Now let us put for j =1,2,...

(5) LY=1I,Li=Lio...oL, L' = (Ly)™}, L7 = L7 o L,
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where I is the identity. In this way we define an operator Lf;, which is a bijection of
the space & (U,Y) into itself. Since

(6) L{z(z) =z(e2)
for every integer j and for z € F(U,Y), z € U, so for every integers m, n we have
® PoLp=Ip*™, LY=Ly
Now, for every integer ! let
k=1
®) G =kt Y VL,
3=0

Of course G}, is a linear operator from the space #(U,Y) into &(U,Y) and for every
integers m, n we have

() Gt =Gp,

Lemma 1. For every integers n, m the following relations hold

(a) LY oG} = ™G}

Gy ifk|m—n
(b) : ¥ oGL = )

0 ifktn-m,

© ' GR(EU,Y)) C FU,Y).
Proof. (a) Using (8) and (9) we compute that

k=1 k-1
moGrr=k! Ze‘“jL}c“ oLlz=k" Za‘“"LL"”z
i=o =0

= gmng-l kzl E—n(m+j)Llf:+J'I
=0
mpk—1 )
=g"mg! Z e MLz = "Gy

j=m
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(b) From (8) and from part (a) we have

k=1 k=1 k-1
PoGr=kT'Y eI oGl =kT1 Y e MG = GRak Tt YT,
=0 =0 =0

Now it is sufficient to apply the equality
k—1 B
k ifs|k
(10) Z Els - { i l
e 0 ifstk.
The inclusion (c) follows directly from (3) and (8). o

Now we prove the main property of the operators G.

Theorem 1. If U € (X)), then each function z € F(U,Y) can be written in
the form

k-1
(11) z= Z Giz
=0
k-1
and this partition is unique in the following sense: ifz = Y. y', wherey' € #}(U,Y)
=0
fort =0,1,...,k—1, then ¢ = Giz.

Proof. Letz e £ (U,Y) and z € U. Then, in view of (8), we have

k-1 k=lk=1
Z Glz(z) =kt Z Z ezl z).
=0 1=0 j=0

To get the equality (11) it is sufficient to change the order of the addition and to use
the formula (10).
To demonstrate the uniqueness, first we observe that if y* € FL(U,Y), then

(12) I L
x 0 fori=0,1,....m-1m+1,.. k-1

k~1
Now supposing that z = 3 ¢, we have from (12) that
1=0

k-1
L"z:Zkay‘ =y™m=0,1,... k-1
=0

This completes the proof. ]

16



Corollary 1.

-1
FU,Y)= P FIU,Y) and FL(U,Y) = GL(FU,Y)),

=0
where @ denotes the simple sum.

Note. The functions G3z, Gz are sometimes called the odd and the even
part of the function x, respectively (see e.g. [4]). This implies that Theorem 1 is a
generalization of a well-known fact that every function z € F(U,Y), U € #(X),
can be uniquely written as the sum of its odd and even parts. Analogously, the
functions Gz will be called (I, k)-symmetrical parts of the function z.

In the next theorem we give additional information about the partition (11).

Theorem 2. If Y is a complex Hilbert space with a scalar product (. ,.) and with
the norm |ly|| = (y,y )1/2 then for every function z € F(U,Y), where U € S(X),
we have

(13) lezs] nz—anG @I, zeU.

j=

Proof. From the assumptions, in view of (8), (6) and (10) we obtain
k=1 -1
kY lIGa(2)|? = Z (Gha(2), Ga(2))
=0

1=0
k=1
=k! Z (z(e™2),2(e2)) Y e~
jm=0 =0
k=1

= > (ale™2)a(Ex) Zux (@ 2)|2.

jm=0, m=j
a

In the next two theorems we give some other properties of the operators Ly, G{;
using the language of spectral theory.

For a linear operator A from a complex linear space X into a complex linear space
Y by o(A) we will denote the point spectrum of the operator A, while by Va(A),
with A € o(A4), we will denote the space of all eigenvectors of the operator A for the
eigenvalue A.
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Theorem 3. For every integerk > 2 and j=0,1,...,k—-1

(14) : o(Lk) = Ex

(15) Vi (&) = FL(U,Y)

Proof. If X € Ey, then there exists an integer j = 0,1,...,k—1 such that A = &7
and in consequence every element z of the space F(U,Y) satisfies the equality

(16) Liz -z =0

This gives the inclusion Ej C o(Lk).

Now assume that A € o(Li). Then there exists an element  # 0 in the space
Z(U,Y) which satisfies the equality (16). From this, according to Theorem 1 and
Lemma 1, (a), we conclude that

k-1

(17) S (e - NGz =0

=0

On the other hand, Theorem 1 gives for the function 0 the following unique partition

kzl GL0 = 0. This and (17) imply that (¢'-=X)Giz = 0,forl = 0,1,...,k~1, because
i=
GEO = 0. Since = # 0, Theorem 1 shows that there exists an integer = 0,1,...,k—1
such that G{;z # 0 and, in consequence, &/ = A. This gives A € Ej and we have
o(Lk) C Ei. This completes the proof of the equality (14).

Now it is clear that the equality (15) holds, too.

It can be proved in a similar way. m}

Theorem 4. For every integer k > 2 and 1 =0,1,...,k — 1 we have

k-1
o(GL) = {01} V(=P FUY) Vo ()= ZUY).
§=0
i#1
Note. Theorems 1-4 can also be proved on the basis of the results of the rep-

resentation theory of finite groups. The adequate reference in this respect is for
example [2].
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Now we will give an interpretation of the functions Gix.

Let D := {z1,22,...,2m} C C and y € F(D,Y). By Opy we will denote the
mean value of the function y in the set D, that is the element of the space Y given
by the formula:

(18) Opy=m3 y(z).

=0

It is easy to check that the function 20, g,y is constant on the set £Ey, if this function
is defined on £Ej.

Theorem 5. If U € %#/(C), then for each function z € F(U,Y) and z € U

k—1

(19) a(z) =Y 2O.pm
=0

where the functions z; are defined by the formula:

(20)

27'z(z) forz#0,1=1,2,...,k—1
zo==z; wm(2) =
0 forz=0,

(For z = 0 in (19) we set 0° =1).

Proof. By Theorem 1 it suffices to show that
(21) Glz(z) = 2'0.p,m, 1=0,1,....k—1.
If z = 0, then in view of (6) and (8) we have G2z(0) = z(0), G4z(0) = z(0) for
!=1,2,...,k~1. On the other hand, according to (18) and (20) at the point z =0,
2'@, g, 2, is equal to ©(0yz(0) = z(0) forl = 0,and 0 for ! = 1,2,...,k—1. Therefore

(21) for z = 0 holds.
Now let 2 # 0. Then

k=1
Ghz(z) = 2k Zx(ejz)s’ljz" =2'0.5,71,
=0

and (21) for 2 # 0 is proved. a
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Theorems 1 and 5 yield

Corollary 2. IfU € %#(C), then every function t € #(U,Y) can be uniquely
represented in the form

k—1
(22) w(z) =Y 2 fi(z),2 €U
=0

where f; are constant functions on the sets zEy, for every z € U.

Note. The announced interpretation of the functions G4z is presented in the
equality (21).

Now we will give some connections of the notion of analyticity of functions with
the functions G4z and the mean value 0,5, 7.

Let X, Y be complex Banach spaces. For a fixed point @ € X and a real number
r > 0 we will denote the open ball {z € X; ||z — a|| < r} by B.(a). To simplify
the notation we will write B, and B for B,(0) and By, respectively. Of course
B, € % (X) for every k > 2. Let U be an open subset of X. A mappingz € F(U,Y)
is said to be holomorphic or analytic, if for each a € U there exists a ball B.(a) CU
and a sequence of homogeneous and continuous polynomials P, € #(X,Y) such
that -

#(2)= Y Pu(z-a)
m=0

and the power series converges uniformly in B,(a).We shall put
HU,Y)={z € FU,Y); z is holomorphic in U}.

The above definition and the properties of analytic functions can be found in Mu-
jica, [5).

Theorem 6. Let X,Y be complex Banach spaces, U € #:(X) an open connected
set and V € (X)) an open nonempty subset of U.

Ifz € #(U)Y) and z|V € FL(V,Y) for an integer | = 0,1,...,k — 1, then
z € FLU,Y).

Proof. In view of (12), the condition z|V € FL(U,Y) gives that GJ*(z|V) =0
for m # 1, so (G'z)|V = 0, too. From this and from the fact that GI'z € S#(U,Y),
in view of the identity principle (see [5, Pr. 5.7]) we deduce that G7*z = 0 for m # I.

So z = GLz by Theorem 1. In order to complete the proof it is sufficient to apply
Lemma 1(c). a
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Note. Let usobserve that if X = C, then concerning V it is sufficient to assume
that V € S (X) and that it has a cluster point in U.

o
Theorem 7. Let X, Y be complex Banach spaces and let Y Pn(2) be a power

m=0
series of homogeneous and continuous polynomials P,, € #(X,Y) which converges
uniformly in a ball B,,r > 0, and let x be its sum in B,.. Then

Gialz) = 3" Piear() for 2 € B..

s=0

Proof. From the assumptions,in view of (6), (8) and the homogeneity of the
polynomials P, we have

k-1 0
Glz(z) = k7! Zs’ﬂ z €™ P, (2)
i=0

m=0

and, changing the order of addition
oo k-1
Gha(z) =k Pu(z) 3 elm=i,
m=0 j=0

To complete the proof it is sufficient to use the formula (10). (m]

Corollary 3. Let X = C and let Y be a complex Banach space. If z € #(B,,Y)
o
has in the disc B, the Taylor expansion z(z) = Y amz™, am €Y then
m=0

o oo
(23) G;z(z) =7 Za;_,_skz" and ©,g,3; = Za1+3kzs
5=0 s=0

Theorem 8. Let X = C and Y be a complex Banach space. If z € 5#(B,,Y),
then for z € B,

k-1
(24) 2() = T M) [ e - g
= Cr

where C, denotes the boundary of the disc B, C C with the positive orientation.
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Proof. For the function = the Cauchy integral formula
(25) 2 = )7 [ al0(c-27 6, seB
c. .

holds (see e.g. [1, Th. 9.9.1.]). Since
k-1
=((-2)) A
=0
we conclude from (25) that

#2) = ey [ a0t - 2 ch‘“”dc

The above, after the change of the order of the addition and integration, gives (24)
and completes the proof. a

Theorems 1 and 8 imply

Corollary 4. Under the assumptions of Theorem 8 we have

Gha() = @) [ 2O -G ze B
C,

Theorems 5 and 8 imply

Corollary 5. Under the assumptions of Theorem 8 we have

0.,z = (2ni)~" / Q)¢ ¢k - 24T d¢, 2z € B,
Cr

Now we will prove the last theorem in this part of the paper.

Theorem 9. Let X = C, let Y be a complex Banach space and C,—the boundary
of the disc B, C C. If for the function z € #(C,Y) the line integral [;_z(z)dz

exists, then
/ z(z)dz =f G’;flx(z) dz.
Cr Cr

Proof. First we observe that the definition of the line integral and the (I, k)-
symmetry of G}, give

5’1/ Gix(z)dz:/ chx(ez)dz:s'/ Giz(z) d.
C, Cr Cr

Consequently, f, Gixz(z)dz = 0 for | = 0,1,...,k — 2. From this, according to
Theorem 1, the assertion follows. O
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APPLICATIONS

Suppose that X is a complex linear-topological space and U # @, X is a set of
S%(X). Let Ay denote an increasing family {U,}r¢(o,1) consisting of those subsets
U: of U for which

i) U contains the closure U,

i) Y U,=U.
r€(0,1)
We observe that if U, in particular, is the open unit ball B in a complex linear

normed space X, then for example Ag = (rB)re(o,1)-

Theorem 10. Let X be a complex linear-topological space, Y a complex Hilbert
space and U € S (X). If for a real number M > 0, an integer m = 0,1,...,k—1
and a family Ay, the function © € F(U,Y) satisfies the assumptions

(26) lz(z)]| S M forz€U,

@) tim (it IGTa()) = M,

(28) sup |Gha(2)|| = sup IGz(2)ll, re(0,1),0€1<k—1, I #m,
[ au,

then z = GJ'z.

Proof. By Theorem 1 it is sufficient to prove that Giz=0forl#m,0<1<
k-1
As U € S (X), we obtain from the inequality (26) and Theorem 2 that

k—1
S IGka(2)I? < M? forz€U.
=0
From this and from i) we obtain for { = 0,1,...,m—1,m+1,...,k—1 the inequality
sup |GLz(2)|” < M? ~ inf |GT2(2)I*, 7 €(0,1).
U, v,
Consequently,

2
( > IGhaGIF) <2 — (it 16T, 7€ 0,1
because sup(-)? = (sup(.))? and il}f(4 2= (igf(. ))2, where J = [0,1]. This and (28)
J J

give

(29) (s;puctkz(z)llz)kzuh( nf IGps@)N)?, re©1), L#m.
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Now we make the following observations:
As the family {U; }re(0,1) is increasing, the left-hand side of (29) is a non-decreasing
function of the variable r € (0,1). Of course, it is non-negative, too.
It follows form (27) that the right-hand side of (29) tends to zero, if 7 — 1~.
The above observations and (29) give

sup |Gz (2)]| =0 forr € (0,1) and | # m.
7.

From this and ii) we get that G% = 0 in U. This proves the theorem. [m]

Now, for an n = 1,2,..., let X =Y = C" with the Euclidean inner product and
the Euclidean norm. Put

@30) Bk={(z1,zz,...,zn)€C"; ijj|2’c<1}.

i=1

Then the domain B* belongs to the family % (C™) and B! is the open unit Euclidean
ball in C™.

Theorem 10 yields the following interesting corollary, which is parallel to the result
obtained by G. Janiec ([3, Th. 3 and 4]).

Corollary 6. Let B* be the domain defined in (30). If for U = B* and for a
real number M > 0 the function = € S (B*,C") satisfies the inequality (26) and
Gz = Py|B*, where P, denotes the k-homogeneous polynomial

(31) Py(z) = M(2F,25,...,28), z2=(21,22,...,2,) €C",
then z = PkIB".
Proof. Let us put Age = (rB*),¢1)- Then a(ir;;k) |G (z)|| = Mr'/? for
-
r € (0,1) and, consequently, the function Gz satisfies the condition (27). On the
other hand, the functions chx forl = 1,2,...,k — 1 are holomorphic in B¥, so, in

view of the maximum norm principle (see e.g. [1; Th. 9.5.10 and Exercise 4b]) then
all satisfy the equality (28). Theorem 10 gives also that z = Gz, which completeses
the proof. a

The following generalization of the Schwarz lemma is an other interesting example
of application of the above results.

Theorem 11. Let X =Y = C and z € J#(B,B). Then
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i)foreveryl=1,2.. . k-1andze B,
(32) IGia(2)] < |2l
i) if 2(0) = 0, then
(33) IGk2(2)| < |21* for z € B;

iii) the equality in (32) holds for anl = 1,2,...,k and an 2° € B if and only if
there exists a € C, |a| = 1, such that

(34) 2(z) = az'

for every z € B.

Proof. 1) Fix ! = 1,2,...,k and observe that in the disc B the function
Giz € #(B, B) has the Taylor expansion of the form (23). From this, according to
the Schwarz lemma (see e.g. [8; Th. 12.2]) we see that the inequality (32) is fulfilled,
moreover the equality in (32) for 0 # 2° € B holds if and only if

(35) Glz(z) = 2!, ze€B.

The proof of ii) is similar to that of part i).

iii) Fix I = 1,2,...,k and suppose first that (34) holds. Then the (I, k)-symmetry
of the function z from (34), in view of Theorem 1, implies (35) and, consequently,
the equality in (32) and (33) at each point 2° € B.

Now suppose that there exist a point 0 # z° € B such that [GLz(2%)| = |20 Tt
follows then from the proofs of i) and ii) that G}« is defined by the formula (35), so

o (ot teatey) =
Jim (gt folate)) =1

As the function z satisfies also the remaining assumptions of Theorem 10, so from
Theorem 10 we obtain that z = Giz. This and (35) imply that z is represented by
formula (34). This completes the proof. [m]

Note. Theorem 11 generalize a result due to A. Pfluger ([6]).

Let X =Y = C and let u be be the two dimensional Lebesgue measure in C.

Theorem 12. If a function z € (B, B) has the fixed point z = 0 and U €
#(C) is a measurable subset of B, then

2n
‘/Ux(z)du‘ < 1o
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Proof. Using the theorem on change of variables in an integral for the function
Giz we have for 1 =0,1,...,k—1

/ Gla(z)dp = / Cla(ez) du =<' / Gla(z) dp.
U 1% U

Consequently, [, Giz(z)dp=0forl=1,2,...,k — 1. From Theorem 1 we get also
Jy #(2) du = [, Gz(z) dp.

On the other hand, from Theorem 11 ii) and from the theorem on change of
variables in an integral and Tonelli’s theorem we have

| [ Garan] < [ 16tatalan< [ o< [ 1atan= 2
v U U B k+2,

Now we prove that the equality | f;; G22(z) du| = 2rn/(k + 2) does not hold even
ifU=B.
Assume that | [ GRa(z)dp| = 2n/(k + 2). Then

=L|ng(z)|du=/L?|z|kdﬂ_

The first equality and the continuity of G2z, in view of [8; Th. 1.39, (c)] and Gz # 0,
imply that there exist a complex constant a, |a| = 1 such that aGx(z) = |G2z(z)|
in B. Therefore the function aG%z must be constant in B, because it is real and
holomorphic. As G9z(0) = 0, we have Gz = 0, which contradicts our assumption.

]

‘ / Gz(z)du
B

Note. Since B € S#(C), for every k > 2 s0 | [z (2) dp| < 2r/(k + 2). Hence
we obtain a new proof of the well known fact that [ () du = 0 for every function
z € #(B, B) such that z(0) = 0.

Theorem 13. Let forak=2,3,...andr € (0,11 U:= |J sE, and let p be
0<s<r

the one-dimensional Lebesgue measure on U. If z € J€(B, B), z(0) = 0, then

fraany
< —.
/Ux(Z)dut\ -

Moreover, the equality holds if and only if there exists a € C, |a| = 1, such that
2(2) = az* for z € B.

Proof. We prove the above inequality in a way similar to the estimation in
Theorem 12.
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Now we will show the second part of the theorem.

If | fy 2(z)dp| = r**'k/(k + 1), then (see the proof of Theorem 12) we get
Ju |GR2(2)|dp = [;; |2|* dps. This and Theorem 11, part iii), in view of the formula
(9), imply that there exists @ € C, |a| = 1 such that z(z) = az* in B.

If we assume that z(z) = a2* in B for an @ € C, |a| = 1, then 2 € F2(U,C) and

o = [ o] -

[u]

Note. If weput k=2, in Theorem 13 then we obtain the result due to R. Mor-
tini ([4]).

At the and we will give an application of the (I, k)-symmetrical functions in the
theory of fixed points.

Let X, Y be complex linear spaces, U € #(X) for a k > 2, and let z € F(U,Y).
Observe that if there exists a point 2° € U which is a fixed point of the function Giz
and a zero of all functions Gz, [ = 0,2,3,...,k — 1, then according to Theorem 1,
20 is a fixed point of z in U, too.

The inverse theorem is not true,nevertheless the following theorem holds.

Theorem 14. Let the set of fixed points of a function ¢ € F(U,Y) be a k-
symmetrical subset of the set U € #(X). If z° is a fixed point of z, then 2° is a
fixed point of Gz and a zero of Giz for1 =0,2,3,...,k— 1.

Proof. From (6), (8) and from the assumptions we have

k-1 k-1
Gha(®) =k7! Ze"jx(sjzo) =k712° Zej(l"”.
=0 =0

Hence, using the formula (10), we obtain that G4z(z°) = 0 for = 0,2,3,...,k— 1
and G4z(2%) = 20 for [ = 1. This complete the proof.

Corollary 7. Let X be a complex strictly convex Banach space and Y = X. If
the function & € (B, B) has a fixed points z = 0 and 2° # 0, then 2° is a fixed
point of Giz and zero of the functions Gz for | =0,2,3,...,k— 1.

Proof. It follows from the assumptions (see [7, Th. 2]) that the set of fixed
points of z coincides with the set of fixed points of the mapping Dz(0)|B. This
implies the k-symmetricality of the set of fixed points of z. Now it is sufficient to
apply Theorem 14, O
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