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Summary. Let L,y = (8 —ac®0;) (9= —bz*8y)+kbzF 16, — g@, be a family of operators

with double characteristics and singular coefficients, where a, b are reals with ab # 0 and

a #b, k> 0is an odd integer. Let Q be the first quadrant in the plane and H4 the upper
half-plane. Consider Cauchy problems

) {Lu‘bu:O inQor Hy,
P u(z,0) = po(x), ut(x,0) = p1(x) forz € Ry orz €R

for a > 0, b > 0, and initial-boundary value problems

Lopu=0 in Qor Hy,
(P2) u(z,0) = po(z), ut(z,0) = ¢1(z) forz € Ry orc €R,
u(0,1) = o(t) for t € Ry,
Lapu=0 inQor Hy,
P u(z,0) = po(a), w(z,0) =pi(z) for sERTorzER,
* 5 uz(z,7) _
(z#)ﬂh('g:lt).:#o & ¥1(t) for t € Ry
(z.T)eR or Hy
for ab < 0 and
Lapu=0 in Qor Hy,
Po) u(z,0) = po(z), ulz,0) = p1(z) for t€ R} orz€R,
‘ = . uz(Z,7) _ .
w0, =do(®),  dim S =) forteRy

=TIEDR or Hy
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for a < 0, b < 0. Under appropriate smoothness conditions on o, ¥1, Y0 and ¥, we obtain
different sufficient and necessary conditions for each problem to have classical solutions.
Moreover, we obtain also explicit expressions of solutions in each case.

Keywords: exact solutions, Cauchy problem, double characteristics, singular coefficients

AMS classification: 35C15, 351.99

1. INTRODUCTION

Many authors have studied partial differential operators with the principal part
Oz — 220y and some analogues in spaces with higher dimension. These operators
have double characteristics at every point of the line {(z1,...,2n,t) € R*™! | 2y =
-+ =&n = 0} with n =1 or n > 1. For example, Tréves [4] discussed uniqueness of
the Cauchy problem for the partial differential equation

(11) gz — 20 + P = 0

with initial conditions being prescribed on the z-axis, i.e., t = 0, and proved that
a necessary and sufficient condition for uniqueness of solutions in a certain class of
functions for the problem is that p # 1,3,5,.... (We have changed here the direction
of the variable t). Among other things, Menikoff [3] generalized Tréves’ result to a
class of operators

(1.2) P = (8, + az*8,)(0, — bz*d;) — cz*~10,

with a,b € Ry,c € C and k an odd integer, and the corresponding result of his is
that %5 — j(k+1)#0or1for j =0,1,2,.... The author et al. [2] dealt with the
Cauchy problem and the Goursat problem for the equation (1.1) in a class of smooth
functions and showed that p # 1,3,5,... is necessary and sufficient for both the
uniqueness and existence of the solutions for the problems and that only under some
compatibility conditions with some additional data on the line {(z,t) € R? | z = 0}
when p € {1,3,5,...}, solutions of the new problems can exist and be unique. The
author [1] studied existence in the class of real analytic functions for the Goursat
problem of the operator (1.2) with @ = b = 1 and showed that for any ¢ € R when
k > 1 it is necessary that the Goursat data satisfy compatibility conditions in order
to guarantee existence of solutions.

In the present paper the homogeneous equations L, pu = 0 with real a, b, ab # 0,
a # b, and an odd integer k will be considered in the upper half-plane H,, and in
the first quadrant Q as well. We will deal with the Cauchy problems and the Cauchy
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problems with some additional (boundary) conditions for the equations L, yu = 0 in
D, where D = Hy or D = Q, i.e., the problems (P) fora > 0,5 >0, a # b, (P2)
and (P;) for ab < 0, and (P) for a < 0,5 <0, a #b.

Our aim is to prove uniqueness, to obtain sufficient and necessary conditions for
existence of classical solutions for the problems (P;)—~(Ps) and to get explicit expres-
sions of the solutions in terms of the given data o, ¥1, o and #; for the problems
(P1)-(Py), respectively. In §2 we will prove a lemma which is the base of this pa-

per. In §3 we will deal with the main results, namely, we will state and prove four
theorems for the problems (P;)-(Ps) and their two corollaries in H., while the corre-
sponding four theorems and two corollaries for (P )-(P4) in Q will be just mentioned,
of course, without proof.

2. A LEMMA AND SOME NOTATION

It is well known that the operator L, has two families of characteristics

a
Cy: t+ ——2z** = const.
! k+1 ’

b
Co:t+ k—ﬂ.’c’““ = const.,

and that each of the families C) is tangent to one of the families C; at a point on
the t-axis, and the inverse is also true. Before stating and proving the lemmas let us
fix some notation for the sake of convenience and brevity. We introduce a series of

abbreviations:
b ghtl A= 1_2’
1 v a

k+1 Xéb)— b xk“,

k+1
Ao = A(2o,10), Bo = B(zo, to), ”

A=+ k+1A,B=ﬂ:‘““ kE+

a
A—A(x,t)—t+k+lz

X = 2% a
k+1

k1l X0 = gkl X(ﬂ) -

B for z > 0 and z < 0, respectively,

Ao = A(zo, t0), Bo = B(o, to), Co = {(z,t) € R? |z =0, ¢ > 0},

0, ={(z,t) e R? | A(z,£) <0, £ > 0}, QF ={(s,%) € R?| A(z,?) >0},

 ={(=,t) €R*| B(z,1) <0,t >0}, O ={(e,¢) € R?| B(z,t) >0},

CY = {(z,) € R?| A(z,0) =0}, C = {(z,1) € R? | B(z,t) =0},
and
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3@ =0i0) - @), EE) = @i(e) - —h(a),

O =W - a0, B0 =90 - h ).

We are now ready to state the lemma.

Lemma. Suppose that a C2-function u(z,t) satisfies Lapu = 0 in a domain D C
R? with the property that D N {(z,t) € R? |z =0} = 0. Let

1
(21) u(@,8) =ulz,t) - pmua(, ),
(2.2) va(z,t) = w(z,t) — al?uz(z,t).

Then, for i = 1,2, the function v; is a constant along any connected compbnent in
D of each curve of the family C;.

Proof of Lemma. Take ¢ =1. Along a connected curve {; of the family Cp,
which is in D and satisfies the equation ¢ + ﬁz"‘” = ¢ with a real ¢, the function
v1(z,t) becomes

= G k41 )
v =vlz,—- z +c).
1z) = ( E+1
A simple computation shows that the derivative of 73 () with respect to z vanishes.
In fact,

ii (@)= [3111 v, dt]
dz 7 Lo at dz

5%

= [(uu - ﬁuu + E;],;—luz) + (Uzt - Elkuzt) : (—M'“)] .

k
k 2%k
~F [um — (a+b)z"uge + abx* us — ;Um]

L%

= - L [0 - )0, ~ 0 (ot - gur)]

h

~parLest, =0

Similarly, we have %v; (z,t) = 0 along each characteristic curve of the family Ca.
The lemma follows. [}
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3. MAIN RESULTS
Theorem 1. Suppose that the Cauchy data ¢ and ¢, satisfy
(3.1) @0 € C*(R), ¢ € C*(R).

Then, problem (P) in H, witha > 0, b > 0, a # b has a solution u belonging to
CY(Hy) N C?(Hy) if and only if

¥o(@)
k

(3.2) the limit lim exists and is finite,
=20

(3.3) @ is an odd function, ¢, is an even function.

Then, the solution is unique and can be expressed for all (z,t) in Hy by the
formula

ab

(3.4) u(x, t) = T

[/A . 1 1
s pu(s)ds + —@o(B) = T@o(A)|-
B a

In addition, we have

uz(3, 1)

(35) e Com).

Remark 1. It is obvious from the definition of the functions ®; and ®, and
the oddness of k that the condition (3.3) is equivalent to the two conditions

(3.6) ®, is an even function,

&, is an even function.

Proof of Theorem 1. Suppose that (3.1) holds and that u € CY(Hy) N
C?(H,.) is a solution of Problem (P;) in Hy with a > 0, b > 0, and a # b. For all
z € R we clearly have

u(z,0) = @o(z), u(,0) = p1(z) and u(x,0) = ().

Let (zo,t0) € Hy with zo > 0, i.e., (zg,t0) € . The characteristic curve of the
family C; through the point (zo,%0) has the form

2§, 120,630,

a a
3.7 t AL =gy +
@7 Tt T EEI

13



and intersects the positive z-axis at the point (Ap,0), and the t-axis at the point
(0, Ao). Similarly, the characteristic curve of the family C> through (zo, to)

T =t + zgtt, 20,620

b
3. t+
38) kTl F¥1
intersects the positive z-axis at the point (B9,0), and the t-axis at the point (0, By).
It is known from Lemma that the functions v; and va, defined respectively by the
formulas (2.1) and (2.2), are constant along the characteristic curves (3.7) and (3.8)
respectively. Thus, we have

= v1 (@0, to} = v1(A(o, to), 0)

(zo,to)

(v 7re)

1
= (u, N bk UZ)
{(A(z0,t0),0)

1 (Al ) = 7 (Al o)) (Ao )™
= &1(A(20, %)),

and

= o1 (B(zo, 1) = ~¢h(B(z0,10))(Bao, t0)*
(z0,to)
= &(Bzo, o).

P

Hence we have

(3~ 3) sl t0) = 21 (Alzo, 10)) ~ 122 (B(zo, to).

a

Therefore, integration yields

(39 ulzo, to)= /0 " (o, ) dt + u(z0,0)

bt
=2 [ 1A, ) = S #aBan, )] dt + oo
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It is easy to show that

1 fto Ao
;/ <I>1(A(zo,t))dt=/ s*®,(s)ds
Jo zo

Ao N 1 1
= / sty (s)ds — E‘FU(AG) + Elﬂo(zo)y

%/Otc @;(B(zo,t))dt:/Bo #y(s) ds

zq

Bo 1 1
= [ #i9)d5 = Zon(Eo) + 2ol
E a a

Substituting these expressions into (3.9) and changing the symbol (o, to) to (z,t),
we obtain in Q the formula (3.4).

Similarly, we can get (3.4) for (z,t) € Hy N {(z,t) € R? |z < 0}.

Then, a simple computation yields that for (z,t) € Hy and z #0

(310 wa(m,t) = ;e o1 (4) ~ 1(B) + Seh(BIF — Tet(HA™],
-a a

ab 11 1 1, _ 1, —k
(1Y) ulest) = 7= 21 (A) = 301 (B) + b (BB - (A4
and
(3.12)

ab 1 1, P R | -
wa(yt) = g [ A AAT = ZA BB + o (BB = (A,

where r(z) = @j(z)/z* for x # 0. Moreover, we can obtain the expressions of uzz
and ug, in Hy — Co as well. From (3.11) and since po € C1(R), i € C°(R) and u:
is continuous at the origin (recall u € C'(Hy)), we get

m (e (B)B — gh(A)A™H) =0,
G,

which is equivalent to the condition (3.2) because of arbitrariness of the difference
|A~B| # 0 when (z,t) € H —Co. Hence u; with expression (3.11) and u, /z* where
u, is expressed by (3.10) are both in C'(Hy), and therefore so are v; and va. It
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follows that

k+1 b
= LS 23 —— k+1
@2( \/ 5 (t0+k+l( Z0) )),

i.e., ®; and P, are even functions because of arbitrariness of zg,tp € R.

The above shows the necessity of the conditions (3.2), (3.3), and the uniqueness
of the solution.

On the other hand, if the functions o, ¢1 satisfy the conditions (3.1)-(3.3) and the
function u is defined in H, by the formula (3.4), then it is trivial that v € C°(H)
and that u(z,0) = @o(z) for z € R.

It follows from (3.1), (3.2), (3.10) and (3.11) that both u, and u; belong to the
class CO(Hy), i.e., u € C'(Hy), and that u,(z,0) = ¢, (z) for = € R.

Differentiating (3.11) again with respect to the variable ¢ we get the expression
(3.12) of uy in Hy, and we see easily from (3.1) that u;; € CO(H,.). Similarly we can
get that uz, € CO(Hy), uze € C°(Hy), and combining these with « € C1(HL ), uy: €
CO(H,), we conclude that u € C*(H;) N C?(Hy).

Finally, it is not difficult to verify that L,su = 0 for (z,t) € H,. It follows by
combining all which was obtained above that the function v defined by (3.4) is the
solution of Problem (P;) in H; under the conditions (3.1)—(3.3). This completes the
proof of Theorem 1. [}

For ab < 0 we have
Theorem 2. Suppose that functions @o, w1 and ¥ satisfy (3.1) and

(3.13) ¥ € C*(Ry).
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Then problem (P,) in Hy with a > 0 > b has a solution u belonging to C*(Hy) N
C?(H,) and satisfying (3.5) if and only if the compatibility conditions (3.2), (3.6)
and

(3.14) ©0(0) = %0(0),  ¥1(0) = ¥ (0),
(3.15) lim, 'I’;Ef) = b4(0)

are satisfied, where the function v, occurring in the definition of the function ¥s is
defined by the formula

(3.16) ®,(z) = \Ill(k i lx’”'l) for z # 0.

Then the solution is unique and can be expressed for (z,t) € f by the formula
(3-4) and for (z,t) € QF by

ab

u(z,t) = -

A B
- [ [ e s+ [Tneas+ 2000 - geolh

1 1
(3.17) + Ewﬂ(o) - 5¢0(B)

In the case of a < 0 < b we have a similar result.

Proof of Theorem 2. We shall prove the theorem only for a > 0 > b; the
proof is identical if a < 0 < b.

Let u € C1(Hy) N C?(H..) be a solution of Problem (P,) in Hy witha > 0> b
which satisfies (3.5). Then we can obtain the formula (3.4) in Q; by using the same
method as in the proof of Theorem 1. Therefore the formulas (3.10)—(3.12) for u,, u,
and uy; in Q, follow and we can derive (3.2) because v, is continuous at the origin.

Now we define

(0 = 1 200,

20

vt >0,

and we have 1 € C°(Ry) because of (3.5). Let (z,t) € @N Q. The characteristic
curve of the family C; through the point (z,t) intersects, respectively, the positive
z-axis and the t-axis at (A,0) and at (0, A), while the characteristic curve of the
family C, through the same point intersects the t-axis at (0, B) and the z-axis at no
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points. According to Lemma, we have

=u(z,t) = v1(A,0) = &:1(A),

1

(3.18) (ut - bz—ku) o
(ue = mpue)| = oa(o,t) = 1a(0.B) = Wa(B),

azk ’ ’

83

S0
ab rl 1
(e, t) = 7 [ =81 (4) - 2T2(B)].

Therefore, integration yields
t
u(z,t)= / (2, 7) d7 + u(z, - X®)
—X®

ab [t 1 ear L O en
/ [4¢‘< a (T+k+1z )

b—ajJ_xm |a

- %‘Ilz(‘r+ kj—lxkﬂ)] dr

+ b—a
(here we have used the form given by (3.4) for u(z, - X ®)y)

b A B 1
L[ /D Sr(s)ds + = /0 $1(5)ds + ~po(0)

b—a

Az
ab [‘/0 sFp1(s)ds + 2(?0(0) - %Wo(/\z)]

~ 2 A) + T40(0) - %wm],

i.e., (3.17) holds for (z,t) € RN Q.
Now we have (~z,t) € (Hy — ) NQ; when (z,t) € QN Q5. We obtain as above

(3.19) (e = ) L, = uEm) = uA = 8,
(w-—u)|  =wl-zb) = w0 B) = 0B),
azr (—z,t)
* ab 11 1
[~1(4) - ;2:(B)],

u(—2,t) = i



k+1 (t . a
k+1
verified that (3.17) holds for (z,t) € (H; — Q)N Oy, and therefore that (3.17) holds
for (z,t) € Q.
1t follows from (3.18), (3.19), v € C°(Hy) (because of u € CO(Hy), uz/z* €
C°(H7)) and Lemma that vy (,t) = v;(0, A) = v, (—z, 1), i.e.,

a 1 k+1 a
o, (¢ k+1)_ g [ w4 f k41
‘(+k+1x ) a ! a (+k+12 )
;1 _ k41 k+1 a —p)k+1
_a(pl( \/ a (t+k+1( 2 )
1 B+ L
~ (- e )

so that (3.6) and (3.16) hold.
It remains only (3.15) to be verified.
Differentiating (3.17) we see that for (z,t) € O}

where A = A(-z,t) = — “*{/ (—z)’”‘l) = —A(z,t). Thus, it is also

b
(320 ua(o) = ;7= [01(4) + 21 (B) ~ (A~ w(B)),
(321)  ulwf)= b‘% o)+ Zoa(8) - %%(A)A-“ - %%(B)]
and

_ ab 1 ’ —~k 1 ’ 1 4 —k 1 "
(322 wa(@t) = ;= A DA™ + SV (B) - o (AT = 2 (B)],
where 7(z) = @)(x)x~*. Moreover, we can obtain the expressions of u,, and uy in
Qbf Then the following series of equivalent relations is obvious (it should be noticed
that we use different expressions (3.22) and (3.12) of uy respectively in the limit
process (z,t) = +(zg, to)y and (z,t) = —(zo,t0)s )

u € C?(Hy) <= uy € C°(Hy)

uy(z,t) = uge(7,1)

lim lim
(z:8)—+(z0,t0)s (z:t)=—(zo,to)s

: ’ 1, -k _ | " _1 ’
= g - o]t = g (s - o)

2(2)

L =080,

— li_x_lé

z#0

19



where (zo,%0) € Céb), and the symbols (z,t) -+ £(zo, 1), mean respectively (z,t) €
QF, (2,t) = (20, %) and (z,) € U — C, (z,t) — (z0, o). Thus, (3.15) is proved.
Now, we suppose that (3.2), (3.6), (3.14) hold, and that the function %, occurring
in the definition of the function ¥, is defined by the formula (3.16) and satisfies
(3.15). Then it follows from (3.2), (3.6), (3.14) and (3.16) that 9; € C*(Ry) and
(3.23) lim 202 “’°(‘”)

=0
=0

= 1(0).

Let the function u be defined in 2, by (3.4) and in Q by (3.17). Then we obtain
uz,uy and ug in Q) expressed by (3.10), (3.11) and (3.12), and in Q expressed by
(3.20), (3.21) and (3.22), respectively. We can also derive the formulas for u,, and
uge in Q) and Q from (3.4) and (3.17). Then it is obvious that u € C°(H+) and
u(z,0) = go(x) for z € R, and that for ¢t >

u(0,0) = o)
To t
w0 =52 [ [T a5 [+ a0

— Jn(T2) + 9(0) = (0] ®
= U0 = () + (0 - JeHTIT

(since the values at ¢ = 0 of both sides of (¥} are equal because of ((0) = 1(0))

1 a 1 a
= (@) - peb@a = v (=) - 3o ()

(taking t = kL-O—lzkH for z # 0)
<= (3.16).

Also, it is obvious from the expressions (3.10), (3.20) and (3.11), (3.21) of u,, u¢ that
u e CLQy - CP) N C1 Q) and uy(z,0) = p1(z) for « € R.
Moreover, we have the equivalent relations

we C\(HD)
lim Du(z,t) = lim Du(z,t)
(z,t)—>+(zo,to)s (z,t)=—(za,to)s

(where Du stands for any one of the derivatives u, and ut)

= @10 = 2r(0) =40 - 7410,
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and the last equality follows from ¢;(0) = 4(0) and r(0) = ;(0). Thus, we can
derive easily from (3.10), (3.15) and (3.16) that

U (2, 7)

(z,7)=+{0,t) zk -
(z.T)EH 20

i),  fort>0,

s0 (3.5) holds. As is seen in the first part of the proof, (3.15) guarantees the fact
u € C*(Hy). Then u is in the class C*(H ;)N C?(H}) and satisfies L, yu = 0 in Hy
as is verified easily. Therefore u is a solution of Problem (P,) in H; with a >0 > b.
This completes the proof of Theorem 2. [m]

Theorem 3.  Suppose that the functions po, 1 and ¥, satisfy (3.1) and
(3.24) ¥ € CY(Ry).

Then problem (Ps) in Hy with a > 0 > b has a solution u belonging to C'(Hy) N
C?(H,) if and only if the compatibility conditions (3.6), (3.15) and (3.23) are satis-
fied, where the function o occurring in the definition of the function ¥, is defined
by (3.16) and the equality

(3.25) %0(0) = ¢0(0).

Then the solution is unique and can be expressed by the same formulas as in
Theorem 2 with a >0 > b.
In the case of a < 0 < b we have a similar result.

The outline for the proof of Theorem 3 is similar to that of Theorem 2. We only
need to point out, for example, the fact that (3.16), (3.23) and (3.25) imply
¥p(0) = ¢1(0)-
For a < 0, b <0 and a # b, we have

Theorem 4. Suppose that the functions o, @1, %o and ¢, satisfy (3.1), (3.13)
and (3.24). Then problem (P;) in Hy with a < b < 0 has a solution u belonging to
CY(Hy) N C*(Hy) if and only if the compatibility conditions (3.14), (3.15), (3.23)
and

(3.26) ) lim & (z)z~* = a¥}(0)
=F#Q

hold.
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Then the solution is unique and can be expressed in —(f by (3.4), in QF no; by
(3.17) and in Q} by

ab

(3.27) —

[% /. * o) ds + Zo(d) - %wo(m].

In the case of b < a < 0 we have a similar result.

Proof of Theorem 4. It is clear that we only need to prove the theorem
with a < b < 0. Let u be a solution of Problem (P;) in H} with a < b < 0 which
belongs to C*(H;) N C?(H,). Then (3.14) holds because u € C*(Hy). Let z # 0
and (z,t) € Cé"), then Lemma, yields

1 1,
ug(z,t) — muz(-‘f‘t) =u(z,t) = 1(4) - b—A’,;‘Po(A)-

Letting (z,t) — (0,0) along Céb) and using the definition of %1 we see that (3.23)
holds.

Moreover, the same procedure as shown in the proof of Theorem 2 yields that u
possesses the forms in Hy described in the theorem, i.e., the solution of Problem
(P4) is unique. Therefore, we have in QF

ua(s) = [0 (B) = () + 90(4) - 5B,

b-a
ab 1 1 1, 1,
wlay ) = 57 [ =1 (B) — — v (4) + ~v5(4) - 794(B)]

and

b 11 1 1 1
wel@,t) = 7= [—1(B) — U (4) + 206 (4) - 394 (B)].

Thus, checking the continuity of us; at Cé") and at C(()“) respectively we obtain (3.15)
and (3.26).

Conversely, it is not difficult to show under all conditions of the theorem for
a < b < 0 that the function u expressed respectively by (3.4), (3.17) and (3.27) for
the subdomains Q;, @ NQ; and O} of Hy belongs to C'(Hy)NC?(H, ) and that
u is a solution of Problem (P;) in Hy with a <b < 0. u]

If we study Problems (P;) or (P;) in Hy. with a < 0,5 < 0 and a # b, we find from
Theorem 4 that their solutions exist if some compatibility conditions are satisfied and
they are not unique at that time. In fact, we have
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Corollary 1. Suppose that the functions @o, 1 and Yo satisfy (3.1) and (3.13).
Then, if the solutions in C*(Hy) N C?*(Hy) of problem (P,) in Hy. witha < 0,b <0
and a # b exist, they must not be unique. Moreover, such solutions exist if and only
if the compatibility conditions (3.2), (3.14) and

" ,
(3.28) the limits lim 22 Ef) and lim (“" (:)) z7* exist,
z—0 g ;:n z
i +b 1 ¢i(z)y’
3.29 2(0) = lim (22 — —k
(3.29) vE0) = tim (Zente) + 5 ) @

are satisfied. In this case, if a function 11 € CY(Ry) satisfies (3.23) and

1)
(330) (0 = g 55,

then the function u expressed in the conclusion of Theorem 4 is a solution of problem
(P2) in Hy witha<0,b<0anda#b.

For the proof we only need to notice that the compatibility conditions (3.15) and
(3.26) in Theorem 4 are equivalent to (3.29) and (3.30), and that there are infinitely
many functions ¢; € C(Ry) satisfying (3.23) and (3.30).

Corollary 2. Suppose that the functions pq, 1 and v, satisfy (3.1) and (3.24).
Then, if the solutions in C*(H, )N C?(H,.) of problem (P;) in Hy witha <0,b< 0
and a # b exist, they must not be unique. Moreover, such solutions exist if and only
if the compatibility conditions (3.23), (3.28) and (3.30) are satisfied. In this case, if
a function v € C*(Ry) satisfies (3.14) and (3.29), then the function u expressed in
the conclusion of Theorem 4 is a solution of problem (Ps) in Hy witha <0,b< 0
and a #b.

One part of the proof follows from Theorem 4 and the fact that the conditions
(3.15), (3.26) are equivalent to (3.29) and (3.30), while the other part for non-
uniqueness comes from the fact that there are infinitely many functions ¥ € C2(R})
satisfying (3.14) and (3.29).

For the case in the first quadrant we can also obtain correspondingly four theorems
and two corollaries which are almost the same as those for the upper half-plane.
What it is sufficient to notice in this case is that the data ¢; and ¢, satisfy the
corresponding conditions on R, only and that all the limits at the origin are one-
sided. Thus, it is clear that the proofs of these unstated theorems and corollaries are
just parts of proofs of Theorems 1-4 and Corollaries 1-2.
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In the end, we point out that the properties of the operators L, ; studied in this
paper are different from those of operators, such as L = d,, — i, which are of
principal type because all L, , have double characteristics at any point on the t-axis
whereas L has just a simple one everywhere. Also, we notice that different shapes of
characteristics for pairs (a,b) with various sign yield different well-posed problems,
namely, the solution is fully determined by the initial conditions for a > 0, b > 0,
and it is necessary to add one boundary condition for ab < 0 and two boundary
conditions for a < 0, b < 0.
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