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Abstract. The first author and . Priifer gave an explicit classification of all Riemannian
- ifolds with distinct. Riccei eigenvalues and satisfying additional geometrical
conditions. . The. aim of the present ‘paper is to’get. the same ¢ cation under .weaker

geometrical conditions.
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1. INTRODUCTION

The problem of how- many Riemannian metrics exist on the open domains of B2
with prescribed constant Ricci eigenvalues g1 = p2 # p3 was completely solved in
the series of papers {3], {2] and [7]. The main existence theorem says that the local
isometry classes of these metrics are always parametrized by two arbitrary functions
of one variable.. Some nontrivial explicit examples are presented in [3],’as well.

The case of distinct constant Ricei eigenvalues is more interesting. The problem
of how many local isometry classes of solutions exist was definitely solved only re-
cently in [8]." Here ‘the local isometry classes are parametrized by three arbitrary
functions of two wariables. "This improves essentially. the earlier result by A.Spiro
and F. Tricerri [9]. The first nontrivial examples have been presented by K. Yamato
[11], and some others in [4]. Finally, in [5], nontrivial explicit examples have been
constructed for every choice of the Ricci eigenvalues gy > 02 > p3. (All examples in
[11] are.complete Riemannian manifolds but the range of the admissible triplets of
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Ricci eigenvalues is restricted by certain algebraic inequalities. Outside this range it
seems that, the corresponding metrics must be always incomplete.) In [6] an_ezplicit
classification was done under some additional geometric conditions, denoted as (G1),
(G2):(see below). The aim of the present paper is to show: that the second condition
is @ consequence of the first. This is a nontrivial fact which requires detailed analysis
of the basic system of PDE for the problem.

Remark. A Riemannian manifold (/#, g) is said to be curvature homogencous
if, for any pair of ‘points-p-and ¢ of A, there is o linear isometry F: T, —
T,# between the corresponding-tangent spaces such that F*R, = R, (where R
denotes the curvature tensor of type.(0,4)).. I.M.-Singer in 1960 (see [9]) ‘asked the
question whether there exist curvature homogeneous. spaces which .are not locally
homogeneous. The first example was constructed by K. Sekigawa in 1973 (cf. 5], [6]
and [1] for more details, further deyelopment and references). In dimension three,
a Riemannian manifold is curvature homogeneous if and only if it has constant Ricci
eigenvalues. The last. fact remains the main motivation for our research, as well as
the unsolved conjecture of Gromov (cf. Introduction in {10]).

2. 'THE BASIC-SYSTEM ‘OF PDE FOR THE. PROBLEM

In this section we recall the basic preparatory results from [5] (omitting routine
computational details) and we draw some simple consequences.of them.

‘We assume here that (., ¢) is a Riemannian 3-manifold of class C° with  dis-
tinct-constant Ricci eigenvalues’ o1, 02, ¢3.. Choose an’open domain % ‘C .4 -and
a smooth ‘orthonormal ‘moving frame { £, %,, E3} consisting of the corresponding
Ricei cigenvectors. at each point of %. Denoting by Ry and R;; the corresponding
components of the curvature tensor-and the Ricci tensor respectively, we obtain

(5] Ry=pi (i =1,2,8), Ry =0 fori#j,
(2) Rypip'= As, ‘Ragis = A2, Roses = Ay, where ); are constants,

Riju =0 if at least three indices are distinct.
Moreover, the numbers \; are connected with the numbers o; as follows:
(3) MimAg = =(oi— gy, hi=1,2,3

In a neighborhood %, ‘of any point p € % one -can construct a-local coordinate
system (w, %,y) such that

0 4
(4) E3'= % on %,

46



Consider the orthonormal coframe. {w!, w? w3} which is dual to {Ey, Bz, E3}. Then
the coordinate expression of the coframe {w?, w? w?} in %, must be of the form

w!'=Adw+Bdax,
(5) w¥= Cdw+Dda,
WP = dy A+ Gdw + H da,
where A, B, C, D, G, H are unknown functions to be determined.

Now, we shall compute the components w} of the connection form.. These are
determined by the standard formulas

(6) W'+ 3 wiAW =0, witw! =0, 1,j=1,23
We put
(7) w} = Za;,;w"'.

k

The components (% of the curvature form-are defermined by the standard formula
(8) Q= dw;- + Zwi /\w;f.
From (2). we obtain at once

dwé +u,‘3l /\wg =Awh A w?,
(9) dwb +wh Awd = how! Aw?,

(1w§ -,—wf /\w% = /\;w9 Aw
Differentiating (9) and substituting (9) and (6) in the new-equations, we obtain

(A= A)eP Aw? Awd + g = A)e! AP AWl =10,
(10) Az = A)wr AW Awd + (g = M) Awd AWl =0,
Ao =AWt AWl AWl + (M = A)w! Aw AWl =0

Using the notation (7) we obtain, more explicitly,

(= As)agy + (g = A2)(=adp) = 0,
(1 (ha = Ao)ads + (A2 = M)ad, =0,
g = M H=ads) + (= Ag)ab, = 0.




Putting

AL Ay 01 =03
12 A AL B4 S . 2
42) A mAr ez

(where obviously @ # 0, —1), we get (11) in the unified form

2o 2 1 1 a+1y
(13) Q3 = 0agy, Gy = (a4 1)ag,, dyy = - (T)“??’

Now, we shall calculate the coefficients a_,’;k using only (5) and {6).. First we introduce
new functions D, &, F (where D 5 0) by

(14) D= AD ~ BC, £ =AH - BG, F=CH-DG.
We also define a bracket of two functions f, g by
(15) ol =Fr9—fa,

Then we obtain, by a routine:calculation,

1 1
(16) )y = 5(GB, ~ HA, + A, ~B.,), aj, = 5(DA, - CB)),
1 N i
(17) aky = HGD, — HC, +C, = D), ufy = =(AD, = BC),
1 i 1 ’
(18) aly= HDG, —CHy), a2y = F(AH, — BG)),

1 .
afy = 55{[C. D)+ [4,B) - (G, H] + (i = HL)},

(19) @3 = 5110, D]~ [4,B] + (0. H] - (¢, ~ HL)},
aly = 2= ([C.D) ~ [4,B] - [G, H] + (G, ~ H)}.

2D

(In [5], there is a sign misprint in the last formula.)
Dueto (13). we have only six basic coefficient functions, namely

S L R L |
Q315 (g1, Goy, Ao, (3),. Ggy-
For the sake of brevity we put
1 L2y B T I s |
(20) P= Gy, €T 5, T = Ay, 8= gy, L= Gy, WE Gy
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Now, taking into account the formulas (13), we can rewrite (16)-(19) as a system of
partial differential equations

Ay = Au+C(r —p),
B, = Bu+D(r-p),
Ch = Alp+4) +aCu,
(21) D! = Bp+q) + aDu,
G = ot )0 S gy
- o

Hj = («+1)Dv — f_"_‘:iB,,»;
- C

AL =Bl =Dt + Eut+Flr—p),
(22) o= Doy =Ds + E(p 4 q) 4+ oFu;

G~ HY = Dl —q) = 221
o

Es (o4 1)F1.

Next,, we express explicitly the conditions (9) for the curvature components. After
lengthy but routine calculations we obtain the following system of partial differential
equations(which-is again re-arranged in-two parts-and in which the formulas (13)
are used):

Aty 4+ Csl 4+ Gp, ~pl,— AS = CT =0,
Bty + Ds\y + Hpl, =p, —=BS - CT =0,

Auy +Crl) = atl 3l = AN=m) -~ CP =0,

(23) Lata a

1 )

Buj, 4 Dr! ~ E—i—Hs; il 13:'1, ~=B(N =m).—DP =0,

R e} 03
Agy + aCuy + (o + 1)Gty = (o + D, — AK -~ C(L = 1) =0,
B, + aDul, + (a+ 1)HL, — (a + Dt = BK —D(L~ 1)=0;
At~ Bt + Cs, —Ds\, + Gply — Hpl;, = D(R—n) =£S = FT =0,

v 41
Aul ~ Bul, + Crh= Drly~ %Gs; +2 : 1]15:,)

(24) DM - E(N'=—m) - FP=0,

Aq, — Bq,, + aCul, - aDul, + (a'+ )G, — (« + 1) HL,,
“DJ - €K = F(L =) = 0.
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Here nine auxiliary functions are defined by
J=atg — (o= 1)su~ (o +2)tr,
K= Lf'll)&(—(ﬂﬂts —(a+1)ug — (@ —1)up,
L= 9{“:—152 ~(a+1)%? — aPuP + pg g+ rp,
ol 2ol
M = 2o+ (o~ 1)tu — 2t gq
5 a1)?
(25) N = (a+1)tP —u? — (—5—)—32 — Py — pri—qr,
P=(l=-a)pu=(a+1)ru+ M{)\("—“lts,
R=—t2—s* —au® + pg+qr —pr,
1
S= b (o 2)tu — 393'—1-54,
T= —atp — (a+ 2)tr — (2004 1)su,
and three constants I,m,n are defined by
(26) L=A, m= X, n= A3

In the new notation, (12) takes on the form

27) ’(\' ={l=mn)/{n=m).

3. A SPECIAL CLASSIFICATION THEOREM
Let now E, (v =1,2,3) be one of the vector fields consisting of unit Ricci eigen-
vectors and consider the following geometrical conditions:

(G1) The connection coefficients oj»k = g(Vg, E;, E;) are constant along the tra-
Jectories of E,, ie. Eq(af,) =0.

(G2) The local group of local diffeomorphisms defined by E, is volume-preserving,
ie. divE, =0,

Here we can assume, without loss of generality, that- F., = F3. This simplifies the
calculations according to (4). From the condition (G1) we get at once

(28) aby =k (w,x) (1S 6,4,k <3),
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ie., all functions (20). depend ‘only on w and .. Then the system (23) of PDE is
reduced to
P+ AS+CT =0,
P+ BS+ CT =0,
el — AN =m) - CP =0,
(29) o
byl ~ B(N'=m) ~DP =0,
(e + Dt + AK+ C(Li= 1) =0,
(a+1)th + BEK+D(L—1)=0.
Using (13) and the definition of the functions e}, we get

(30) div By =Y "ad; = (1+ a)al;,
i

and hence the condition (G2) means
(31) w=aj; =0 on %,

The following theorem was been proved in {6] (here we keep the original notation for
the curvatures \;):

Theorem 3.1, Let (#,q) be a C®-Riemannian manifold of dimension three
with distinct constant Ricci eigenavalues. If (4, g) satisfies the conditions (G1) and
(G2) (with y = 3) in a neighbourhood of each point p € J, then there is a_dense
open subset %- C-.# such that, for some neighbourhood ¥, of any point q € %, one
of the following three cases (i)—(iil) occurs:

(1).(4, g) restricted to ¥4 is Jocally isometric to a 3-dimensional Lie group with
a left-invariant metric.

(ii). (., 9) restricted to ¥4 is locally isometric to a generalized Yamato space.
This means that the adapted orthonormal coframe {w',w?,w?} is given with respect
to an-adapted system {w,x,vy) of local coordinates by ‘the formulas (5) and

A= COlpa = pi)y+ Ao,
B =Dlps~ 1)y + Dy,

~ (o1
T lapy + (@ +2)ps)es
D (#1)2

T {oo (ot 2)pa)en’
G = (a+1)Copsy -+ Go,
H = (a+1) Doy + Ho,




where @y s an arbitrary non-constant smooth function on R*[w,x], 1 (w,z) #0,
and the functions s, ¢3 are defined by

(o 1)) +(01)2 = N, —aprs = (@ +1)Aa + A2, 2(w,z) > 0.

(Mind a misprint in [6]‘and [1].)
Further, Ay, By, G and Hy are any smooth functions of w-and z satisfying the
partial differential equations

(Ao) — (Bo)y, = (DAo — CBo)pz +(DGo — CHo) (w1 = ¢3),
(Go)y = (Ho), = (DAg — CBo)(1 +¢3) —(a +1)(DGo —CHo)ps.

(iii) (., 9). restricted to ¥, has, in an adapted system of local coordinates, the
following form: an orthonormal coframe {w*,w?, w3} is again defined by (5) and

A= A(w,z), B=B(w,z), C=pAy+ Co, D= @By+Dy,
G = Ha+ 1)V Repdy? + (@ + 1)v/=25Coy +Go,
= 3(a +1)v/=As0By* + (a + 1)y/= X3 Doy + Ho,

where A, B;'Co, Dy, Go, Ho, ¢ are arbitrary smooth functions of w and x satisfying.
the system of quasilinear partial differential equations

AL~ Bl, = \/=35(ADo ~ BCy),
(Co)z ~ (Do), = w(AHo — BGo),
(Go)y = (Ho)y, = —@(ADy ~ BCo) + (@ + 1)/~ X3(CoHy = DyGo),
Al — Byl = 0v/=Agp(ADg ~ BCo).

Here ¢ = o(w, ) is a non-constant function, and the equality A1 A3 = (X\2)? and the
Inequalities Ay <0 and A3 < 0 must be satisfied.

The spaces in ‘the items (i)--(iii) “are never locally isometric to each other; in
particular, the cases (ii) and (iii) are never locally homogeneous.

Remark 3.2. It follows from:the considerations in [6] that the converse of
Theorem 3.1 also holds, i.e.; all spaces of types (i), (ii), (iii) satisfy both conditions
(G1) and (G2) for some 5 € {1,2,3}. In particular, we have (see (6], Remark 1.3
and 1.2):

Proposition 3.3, A locally homogeneous Riemannian 3-manifold with distinct
Ricci eigenvalues satisfies. the condition (G2) for some € {1,2,3}. It belongs to
type (i) of Theorem 3.1.
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Proposition 3.4.. A Riemannian 3-manifold (.#, g) with distinct constant Ricci
eigenvalues is locally homogeneous if ‘and ‘only:if-all connection coefficients @}y, are
constant (i.e., (G1) holds simultaneously for v =.1,2,3).

4. THE MAIN RESULT
In the rest of this paper we will prove the following

Theorem 4.1. " Let (#,g) be a.Riemannian 3-manifold with distinct constant
Ricci eigenvalues satisfying the condition (G1) fory = 3. Then (.#, g) satisfies both
conditions (G1) and (G2) for some v:€ {1,2,3}.

Proof. The proof will be decomposed in a number of steps which are presented
in the subsequent sections. We always suppose that (.#,¢).is a 3-manifold with
distinct ‘constant Ricci eigenvalues ‘and satisfying (G1) for oy = 3. Our investigation
will be always local and, therefore, we will be using all formulas and notation from
the previous sections. ‘As-in [6], we will limit ourselves to a dense open subset %, of
# with the following property:-for each “basic function” involved, the value of such
function at p € % is either nonzero or the function vanishes in a neighbourhood of p.
Because the number of “basic functions” involved in the whole procedure is finite, we
see that the set % is indeed open and dense. By the continuity, it suffices to prove
the property (G2) on %. A typical argument proceeds as follows: if (G2) is not
satisfied for v = 3, 1.e., if v # 0 in some neighbourhood due to (31), then the space
is locally homogeneous in this neighbourhood. Hence, according to Propositions 3.3
and 3.4, the conditions (G1) and (G2). are satisfied for y ='l.or y = 2. u]

5. THE CLASSIFICATION OF POTENTIAL SOLUTIONS

‘We start with

Proposition 5.1.  If (G1) holds on (.#,g), then the functions A, B,C, D from
(5) satisfy the same partial differential equation

(32) vy = 2wfy +pf =0
where
(33) w=31(l+oaj, p=a+(p-r)(p+q)

are coefficients not depending on y.
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Proof. Tt follows by a routine calculation from the first four equations of (21).
]

Proposition 5.2. . For-the characteristic roots of the equation (32), we have the
following cases:

(i). Elliptic: case: w? — pu-< 0. Then each solution of (32) has the form
(34) f=e?(fieos(ey) + fasin(ey))
where f1, fo are functions of w, 2 only and

(35) Y= w?,

(i) General hyperbolic case: w2 — y >0, u % 0. Then each solution of (32) has
the form

(36) f=hetl+ per?
where.wy # wy and wy # 0, w» # 0 depend only on w-and z.

(iii) ‘Special hyperbolic case:: w # 0,1 = 0. Then ‘each solution of (32) has the
form

(37) =+ fer

(iv): Parabolic case: w? — 1= 0,w # 0. Then each solution of (32) has the form
(38) f=e(fi +fry).

(v) Planar case: w = = 0. Then each solution of (32) has the form
(39) f=fi+ly.

Proof: Obvious. O

Now. we see from (33) that the planar case implies u =0, i.e,, div E3 = 0. This
case is settled in: Theorem 3.1, Similarly, we can exclude the equality w.= 0 (i.e.,
= 0) in the cases (i) and (ii).-Now, ‘we shall prove the following

Proposition 5.3. “In the cases (1), (ii) and (iv), if w 5 0 and the corresponding
metric g exists, it must be locally-homogeneous.

=
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Proof. Substitute the corresponding expressions (34) or (36) or-(38) for the
functions A, B, C, D in the system of equations (29).-An obvious argument using
the inequality D ="AD.— BC #0.implics

' R
Sy = Sy =t =1 =0,

(40) Py =
(41) K=L-I=N-m=P=8=T=0.

From (40) it follows that p,'s and t are constants. Then the first equation (24) gives,
in-addition,

(42) R=n=0

Writing the algebraic equations (41), (42) explicitly according to. the definition for-
mulas (25), we obtain (substituting here for the moment X iz=¢, Y =7 and Z :=.u)
(oDt s (o —1)pZ —(a+1)XZ =0,
—l L (0 1P (X 4 Y) - XY = 0?22 =0,

o

—m = A2 (k)R p(X +Y) = XY - 22 =0,

(43) 9—“’-‘%'1'—”“ +(1-a)pZ—(a+1)VZ =0,
st = 2 p(X = Y) A+ XY —aZ?=0,

-};p.s - QL:QSX ~{a+2)iZ =0,

—apt = (a +2)1Y = (2a+1)sZ =0.

QOurnext goal is.to get explicit expressions for XY, Z through the other-quantities
which are already constants. We will denote the corresponding equations in (43) by.
(ED)~(ET) :whenever it will be convenient. Now, we proceed as-follows: express
Z? from the equation (E3)+(E5), express XY from the equation a(E3)—(E5) and
substitute for Z2 and XY into (E2). We obtain

(44) 20apX + 20%pY +2(a* + o + 1)(s? —ot?) £ aP(m4n) —an+ 1) =0.

Now, (EG), (E7) and (44) is a system of lincar-equations for X, Y and Z whose
determinant is, up to. a nonzero factor, equal ‘to

(9 plla +2)2 + (20 +1)%57).

If this determinant is nonzero, then XY, Z can be expressed explicitly as rational
functions of p, s, t, m,l, n,-o’and hence they are constant.According to Proposi-
tion 3.4, the corresponding space (if it exists) is locally homogeneous in a neighbowr-
hood ‘and we arc finished.




Let now-p = 0.in (45). Then the system of equations (43).can be simplified to the -
form ]

Sgﬂ,.é&i?).m —{a+1)XZ =0,

—l+ S — (1) - XY ~a?Z = 0,

—m - “:_”252 +la+ D2 - XY ~ 2% =0,

(46) Gedllletllys (o +1)YZ =0,
—n= st XY ~aZt =0,

ety (a+2)tZ =0,

—=(a+2)tY ~ (2a +1)sZ = 0.

If (4 2)t #0, then the equation (E6) shows that (2q +1)s:# 0. (otherwise Z = 0,
a contradiction).  Then Z and Y can be expressed from (E6) and (ET) as nonzero
constant multiples of X Substituting-in:(E4) for ¥.Z we see that X is a‘constant
and hence Y-and Z are also constants. If (2a + 1)s.# 0, then the equation (E7)
shows that. (a4 2)¢ # 0 and we get the same conclusion.

Suppose now (a+2)t= (2c+1)s = 0 and p.arbitrary. Then the equations (E1)
and (E4) from.(43) can be written in the form

Z{{a+ DX+ (a=1p) =0,

(47)
Z{{a+1)Y +(a=1p) =0.

Hence, because Z # 0,-X and Y are constants, Then Z:isalso constant, as follows
from (E3).
This obviously concludes the proof of Proposition 5.3. [}

6. THE SPECIAL HYPERBOLIC CASE

This is the only remaining:(and most difficult) case. According to (37) we have

A=Ay + Ae™Y,
B = By + Bye™?,
CC =0+ Cae®™,
D = Dy + Dae™,

(48)
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where A;, B;, C;, D; are functions of w and x only. Substituting in(29), we obtajn
a system of 12 equations which ‘are divided into two series:

AsS +CyT =0,

ByS+ DT =0,

Ay(N =m) + CoP =0,
By(N-—m) + DyP =0,
Ay +Co(L=1)=0,
ByK +.Dy(L 1) =0,

(49)

Do+ A S+HGT =0,

Yo+ BiS+ DT =0,

50) *““L‘S:p + A (N=m) +C1P=0,
—eH s By (N ~m) 4+ D P =0,

(a+Dt, + 4 +C {(L=1)=0,

(a+ Wi+ B+ D (L~1)=0.

Now, substituting from (48) in the first four differential equations (21), we obtain
the following algebraic conditions for the coefficients A;, B;, C;; D;:

wAy+(r=p)Ci =0,
uBy+(r—p)Dy =0,

(51) .
(p+ @A +aul; =0,
(p+q)BL +ouDy =0,
auds +(p=r1)Cs =0,
auBy +(p=1)D; =0,
52) (p=7)D2

(p+q)Ads —uCy =0,
(p+q) Bz ~uDy = 0.

These conditions are not linearly independent because, in the special hyperbolic case,
(53) n=aut+(p-r)(p+g) =0
Hence w # 0 implies

(54) uFO, p-r#£0, prg#A0




Then the conditions (51), (52) are equivalent to. the formulas

uA . uB ouA; ouB:
’:]_)1:._‘_._1.’022. 2D, = 2
p=T P17 r=p

(55) Cy=

r=p

Hence we see that one can never have A = By =0, 0r Ay = By = 0. Indeed, using
(48) ‘we obtain in each case D = AD — BC =0, which is a contradiction.
In particular, substituting from (55) into {49) we get

(r—p)S+aul =0,
(56) (r=p)}N-—m)+aouP =0,
(r:=p) <+ ou(L~1)=0.

Using (56) and (55), we can rewrite (50) in the form

apl, + (a+1)54; =0,
apl, +(a+1)SB; =0,
Sty = (N —m)A; =0,
s~ (N—=m)B, =0,
atl, + K4 =0,

ot + KB, = 0.

(57)

Next, we integrate the last two equations of (21) using the expressions (48). We get,
using also. (55),

A. 2
(58) G=G1+5j—lA1<£‘ffL’-s)q ,Q(Eﬁi+s)ezwv
« p—1 Qu\p 1
L 7 otut
(59) f1EN s R (332_5) B Oy s)erer.
[ed P QUAP—T

Here Gy and H) are new functions of the variables w, z.

The equations (21) ‘are thus completely solved by the formulas (48), (58), (59)
togetherwith (55). The functions 41, 42, By, Ba, Gy, Hy remain arbitrary functions
of two variables w, z with the only inequality 4; B, — 4,81 # 0 (see formula (61)
below).

Introduce new determinant functions

(60) U=A1By —A;By, V.= AiHy =BGy, W = Ay Hy = BaGi:
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Then we can calculate the determinant functions from (14) as follows:

(o + 1) Uue?¥

(61) p=lot g
=D
. C(QPut+ (p 1)U 4, (a+ DU : ey
(62) €=V + {W e ]e Y gy ((p—r)s— cut)ye™?,
(©3)
Fo ui/ - [miW o {02ut + (f — :)b)U] ey {o+ Dulaut — (Zp - T)S)Uyez”’W
I P alp—1) (p—1)

Now, let us substitute in the first equation (22) from:(48), (58), (59), (60)—(63).
‘We:hence obtain three equations which are independent of -y, namely

(64) (Al); s (Bl):u =0
(65) (A, - (B, + LU

(66) oAl = Baul,) (p 1) + (4 Du(atu= (p~1)s)U = 0.

~ (a4 DuW =0,

Similarly, substitute in the second ‘equation (22).  We obtain only two additional
equations, namely

(67) (G = (D) =0,
(68) (C2)e = (Do) = (a4 Do Wit usU)/(r ~p).

Now, (67),:(55).and (64) imply

w )\ u !
e
Further, (68),(55) and (65).imply
(70) A2< u )’ —-Bz( " )' - (o +Dufaut +‘({2)~r)s)U‘

p=T /), P=1, alp—r1)

Next, we shall need
Proposition 6.1, For each function f € {p,¢,r,s,t,u} we have
(71) Afy = Bifi;=0.

Hence the functions p, g, 1, s, t, u are functionally dependent.
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Proof.: From (57) we obtain
(72) Al ~ Bipl, =0, A8y — Bysl, =0, Aitl = Byf,, = 0.

Moreover, the integrability condition for the last two pairs of equations (57) can be
written, using ‘also (64),"in the form

(73) AN, = BN, =0, A|KL —~ B K., =0.
Now, let us introduce new functions
(74) Y=p+q, Z=p—1, F=u/Z.

According to (54), all three functions are nonzero, From (53) we get au?+YZ =0
and hence we can express

(75) w=FZ, YV=—aF?Z

The six unknown functions p, ¢, r, s, ¢, u are now reduced to five unknown functions
F, Z,p, s, ton the account of the identity (53).
The equation (69) now reads

(76) AtFL ~ By FL =0,

If we write down the equations (73) explicitly. (using the definition formulas (25)),
we can still simplify them by the identities (72). Next, using the substitutions (74),
(75) and the identity (76), we are left with the following two equations:

) (ap = (@ +1)2) (A2, - B, Z},) = 0,
(p+oale+1)ZF%) (A2, — B:1Z,,) = 0.

An obvious linear combination gives

(78) (a+1)Z2(1+0’F*)(A1Z, — B Z,) =0

and, because the coefficient is nonzero, we obtain

(79) A ZL~ B 7, =0,

Proposition 6.1 now follows. from (72), (76),(79) and the transformation formulas
(74), (75). o
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Our next goal is to express explicitly the. derivatives of the basic functions p, ¢,
7,78, t, u. - We will again take advantage of the transformation formulas (74),(75).
First, using (70), (76) and Cramer’s rule, we obtain

e +1
Flo= =25 (aFt + s)F A

80,
€0 Fl =~ (aFt +5)FBy.

Next, the equation (66) can be written inthe form

(&1 aZ(A, = Buy) + (0 + DEU = 0,
where
(82) E=otu-2Zs.

Substituting « = FZ into (81) and then using (80), we get, easily
(83) Ay Z, ~ By Zl, = =2(a+ 1)FZtU.
Using (79),(83) and.Cramer’s rule, we get

Zi, =20+ 1)FZL4A,,

(84) )
ZL = 2Aa +1)FZLB;.

Now, we summarize the formulas (57),” (80), (84) and come. back ‘to our original
functions by the transformation formulas (74), (75). After a routine calculation we
finally get

po= sy, 4 = —(Esp,

st = (N =m)A;, s, = (N -m)By,

f = LKAy KBy
(85) w T PR iR et w
gy = 25 = 2w(p+ 1)) A1, ¢ = 552 (S — 2w(p+9)) By,

7, = —2tL(S 4 2out) Ay, 7, = —2HL (S + 20ut) By,
Uy = BB, u, = EESuEB).

Up to now, we have not investigated the differential ‘equations (24) and the last
equation (22). Substituting in the last equation (22) from (58), (59), (61)-(63),
(64), (65)-and (85), we obtain after a lengthy but routine computation the only new
condition

B ; (a+1)EV
(86) (G1), = (i), = ap—r)
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Substituting in the first equation of (24), we obtain a new algebraic equation
(87) (a+D)(R~-n)+a(N~m)+(L-1)=0.

A “careful check shows that there are no new. consequences of the system (24). We
can summarize:

Proposition 6.2.- In the special hyperbolic case the ‘basic system of partial
differential equations (21)—(24) is equivalent to. the formulas (48), (58), (59), the
system of five algebraic equations{53), (56), (87) and the system of partial differential
equations (64), (65), (85) and (86) for the functions of two variables.

We shall express the algebraic equations (56) and (87) in the new variables F, Z,
P, $,-t (eliminating hence the equation (53)). We obtain four equations

(88-1) - a((@a+1)Fs—{a+2)t)FZ +2p(ctF +5) =0,
A(a+1)2F22% — 20 (@ + VpF2Z + o 2a + 1) (o + 1)tsF

(88-2) ; ;
—a’pP+(a+ 122 - o (a+ D+ a’m =0,
A (a+1)2F3Z% 4 20(a +1)pFZ
(88-3) +a(a(@+ 1) —ap? — (a+1)s* —~e’m + ala+ 1)) F

+{a+){a+2)ts=0,
(88-4) e+ VF2Z% + ap(F? = 1)Z + (e + 1) (p* + 82 + 2 +n) = 0.
In the last two equations we have expressed the parameter { from the formula (27)

through a,m and n.
Now, we continue with

Proposition 6.3. - Ifp = consiant on an open domain ¥ C ./ then the functions
q,.7, 8, t,u are also constant in ¥ and the corresponding metric g 'on ¥ (if'it exists)
is locally homogeneous.

Proof.  From (56) and (57) we see that S = T = 0'in 7. In the auxiliary
variables F',-Z, p,s, t it means that
(89) (@a+1)Fs=(a+2)FZ+ 2 sp =0,
(20 +1)Fs = (a+2)t)Z +2(a+1)tp = 0.

This automatically satisfies the equation (88-1). Taking suitable linear combinations
of the equations (89) we obtain

(90) pls—aFt) =0, (s—aFt)((2a + 1)Fs —(a+2)t) =0.
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At each point x.€ ¥ we obtain either
(i) s—aFt=0,
or
(i) p=0 and  (2a+1)Fs - (a+2)t=0.
In the first case (i) we make the substitution s = aFt in the second equation of
(89). We get
(91) t{((Qa+1)aF? - (a+2))Z + 2+ 1)p] =0.

Let first ¢.= 0 and hence s = 0..We substitute ¢ = s = 0 in the equations (88-2) and
(88-3). The new equations are equivalent to
(92) (a+1)*F2Z% —2a(a + 1)pF*Z — p* +m = 0,

ala+ DEF2Z2 4 2(a+ 1pZ + o (n~m) ~ap? +on =0,

The resultant equation of (92) with respect to the variable F?% gives
(93) 2(a+1)%pZ°+(a(a+1)*(n—m)—4a(a+1)p*) Z+207 (p°+am~(a+1)n)p = 0.

Because n —m # 0, either the coefficient-of Z2 or the coefficient of Z:is nonzero
and ' Z must be a constant. -From the second equation of (92) we see that also F is
a constant,

Let now.t # 0, then (91).implies

(94) (2a+DaF?Z —(a+2)Z +2(a+1)p =0,
Making the substitution s = oFt into (88-2) and (88-3) we obtain

(95) (o +1)2F?Z% — 2a(a + 1)pF2Z + (20° + 20+ 1)(a + D)2 F?
—(a+ D= pPhm =0,

(96) ala+1)2F2Z% + 2(a+1)pZ —a?(a+ 1) F?

+{a+1)(e® + 20+ 20t + o (n—m)+ aln—p?) = 0.

Next we calculate the resultant R, of (94) and (95) with respect to the variable
F? and the resultant Ry of (94) and {96) with respect to the same.variable. Finally,
we calculate the resultant equation of the equations R;-= 0-and R, = 0 with respect,
to the variable #*. We obtain
(a=1*pZ%+ [2a +1)(e® +a+1){n—m)+2(a - 1)p?] Z

97
on + (20 +1)[20%m — (202 + 20 + Dnlp+ P =0.
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We see again that either the coefficient of Z? or the coefficient of Z is nonzero unless
20+ 1:=.0,p = 0. In the last case the equations (89) show that ¢t = 0, which is
a contradiction. We see again that Z = const and F' = const in the corresponding
domain.

Now, let us discuss the second case (ii). First, suppose that o +2 =0, which
implies s = 0. Substituting o = ~2, s = p =0 in (88-2) and (88-3), we obtain at
once a contradiction with the inequality n —m # 0.

Let now a+2 # 0-and let us make the substitutions p= 0, ¢ = (2a+1)Fs/(a'+2)
into (88-2) and (88-3).. ‘A simple elimination shows again a contradiction with the
inequality n — m # 0. We see that the functions F, Z, p, s, t-are constants in ¥ and
hence, passing over to the original variables, and using Proposition 3.4, we conclude
the proof of Proposition 6.3. O

As a consequence we obtain

Proposition 6.4." Let (.#,9) be not locally homogeneous on any open subset.
Then F, Z, s -and t.are functions.of p on a dense open subset: % C .#.

Proof. DuetoProposition 6.3, pis not constant on any open subset of .. Then
on ‘a dense open subset % of ./ the derivatives p, and p} are not simultaneously.
zero. According to Proposition 6.1 and its proof, the functions -F;-Z, s-and i must
be on % smooth functions of p (see a classical theorem from analysis). u]

From (85) we now obtain the following formulas:

Z’(p)=—2~a~%z—f, F'@):M,Sﬁ)ﬂ

Here we know that S # 0 on % because otherwise (57) implies p, =pi-= 0,
a contradiction. ]

Now, we shall consider the equations (88—1)«»(88—4) as algebraic equations in which
pis an independent variable and F, Z, s, t are functions of p. ‘After differentiation
with respect to p we substitute for the derivatives from the formulas (98).
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We obtain the following equations:

0¥(a® “1)F1Z% ~ 20% (PR 1)pE2Z?

+{[= e+ Dia=1)t2 —a* (20 + 1)p?
+ (20 +.1) (3(a+ 1)%s? +a?m)] F?
—2as(a+1){a+2)*F) Z

— 20 o+ DptPFY + 40P e+ D) (2a+ Dpst P

- 2[0®p® + ¥ (a+ DtP=3(a+1)%s% - a®m]p =0,

(99-1)

o*a+1)[a? (20 +1)sF? + *tF — 2(a +1)°s| F? 2°
=202 [®tF? — 4(a +1)’sF + al|pFZ
+at(a+1)(2a+ )st*F?
— o[~ a*(a+1)(2a ~ 1)t ~a?(20 — 1)p?
+{a+1)2(6a +1)s%+ o (20~ V)in]tF
=2(a+D[(a+ 1)%* + a®m — o’ (20 +3)t" — 30%p*]s = 0,

(99-2)

o*(e+1)[0*(a+ 1)tF? ~ (3a? + 6a + 4)sF + (o +2)t]| F2Z*
+2a[a?s P2+ oo + 1P — (30 + 6a +4)s]pF Z
~a[ —alo+ 1) +ap® + (a+1)s? + o*m —aa+ n]tF?
+af(a+1)(3a+2)s* = a? (e +1)Ba+ T + a(d + 3a)p*

+ 02 (o + 2)m = o*(a+ n]sF
+(a+2)[e?(a+1)t2 — (o +1)(2a + 3)s* + ap? o’mlt =0,

(99-3)

*[(2a+1)sF? — a2 + DEF? + 204 3)sF + (a + 2)t] FZ?
(99-4) +2a[(5a + 2)sF? — 3atF — (o +1)s]pZ
+2[(a+1)%% + (0’ +da+ 2P~ (a4 1)*(a - 2 +o’m]s = 0.

Now, repeating the resultant operation more times one.can see that the formulas
(99-1),.(99-2) and (99-3) are algebraic consequences of (88-1),(88-2) and (88-3).-On
the other hand, the five equations (88-1)-(88-4) and (99-4) form an algebraically
independent system (for any admissible choice of the parameters o, m and ). In
other words, the functions ‘F, :Z, p,'s, t are constant in the neighbourhood of any
generic point of (/4 g). According to Proposition 3.4, such a Riemannian manifold,
if it exists, must be locally homogeneous.- This concludes the proof of Theorem 4.1,

Let us mention that the final procedure yields rather long formulas (for which
a computer assistance and the Maple software was used).: We.do not reproduce these
formulas in full to keep this article in reasonable limits.
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