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117 (1992) MATHEMATICA BOHEMICA No.4, 349-364 

ON THE FIXED POINTS IN AN w-LIMIT SET 

J. G. CEDER, Santa Barbara 

(Received January 30, 1990) 

Summary. Let M and K be closed subsets of [0,1] with K a subset of the limit points of 
M. Necessary and sufficient conditions are found for the existence of a continuous function 
/: [0,1] —• [0,1] such that M is an u-limit set for / and K is the set of fixed points of / 
in M. 

Keywords: u>-limit set, fixed point 

AMS classification: 26A18 

In [1] it was proven that a nonvoid subset M of [0,1] = / is an cj-limit set for 
some continuous self map of I if and only if either M is closed and nowhere dense 
or M is the union of finitely many non-degenerate closed intervals. In [2] a simpler 
proof of the main part of this result was given, one which, however, gives much less 
information on the possible fixed points of the function. For example, as shown in 
[1], a countable closed set can be realized as an u>-limit set for a continuous function 
for which all the limit points are fixed. The same is true for an uncountable closed 
nowhere dense set provided the perfect part is a subset of the set of limit points 
of the countable part. On the other hand [2] shows that for "most" sets the set of 
fixed points can be empty. Moreover, there are various examples in the literature of 
functions realizing the Cantor set as an w-limit set for which there are an arbitrary 
finite number of fixed points in the Cantor set. 

These possibilities then give rise to the following question: Given a closed subset 
M of I and K a subset of the limit points of M what are necessary and sufficient 
conditions on M and K for the existence of a continuous function realizing M as an 
u-limit set and having K as its set of fixed points in M? 

When M is an w-limit set which is not nowhere dense the question has an obvious 
answer: In case M is a closed interval the set of fixed points K can be any compact 
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nowhere dense subset. In case M is a union of two or more closed intervals K must 
be empty. 

First of all one necessary condition is, in view of the [1] theorem, that M be 
nowhere dense or a union of finitely many nondegenerate closed intervals. Another 
necessary condition, which is easy to establish, is that K be closed and nowhere 
dense in M. 

We give a set of necessary and sufficient conditions in Theorem 2. As a preliminary 
result we give necessary and sufficient conditions when the additional requirement is 
imposed that each point of M is eventually fixed. 

The proofs of both Theorem 1 and Theorem 2 depend heavily on the results and 
techniques of both [1] and [2] and will be developed in the sequel. First we present 
the necessary preliminaries. 

Notat ion and Terminology. The symbol / will denote the unit interval [0,1]. 
For / : / - • / and x 6 / we define f°(x) = x; and / n + 1 ( « ) = f(fn(x)) for each 
natural number n. By the orbit of x under / we mean the set y(x,f) = {/"(x): 
n £ wo}, where LJQ is the set of natural numbers. 

The notation {xn}J£L0 denotes the sequence as a function whereas {xn: n G c*>o} 
is the range of the function. The cluster set of {xn}JJL0 *s the s e t of subsequential 
limit points of {xn}JJL0-

Let / be a continuous function. The v-limit set u> ( x , / ) (some authors use the 
term "attractor set") is defined to be the cluster set of {/"OOJULo- ^ point x is a 
fixed point for / if f(x) = x. A point is eventually fixed if there is an n for which 
f*(x) is fixed. A finite set of distinct points { x i , . . . , X*}, k > 1, is a cycle for / if 
/t*(xl) = x t+i(modfc). 

Let A' or D(A) denote the set of limit points of a set A. If A C / we may define 
inductively sets Da(A) for each ordinal a ^ wi, the first uncountable ordinal, as 
follows: 

DQ(A) = A 

Da+X(A) = D(Da(A)) 

D\(A) = pj{Da(.rl): a < A} when A is a limit ordinal. 

When A is compact in / we define the order of A, Q(A)> as follows: If card A = u\ 
(or c), put Q(A) = ci/i. If A is countable, there exists a smallest /? such Dp(A) = 0. 
Moreover, /? = a + 1 for some a by compactness. We define Q(A) = a. If A is any 
set and x € -4, the order of x in A, denoted by QA(X) (or in short by Q(Z)), is the 
smallest a such that x € Da(A). 
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Note that if A is countable and compact with g(A) = a then Da(A) consist of 
finitely (nonzero) many points of order a. We will say that x € A is a point of highest 

order if there are no other points at A of higher order than &(x). 

Our first result is Lemma 13 of [3] 

Lemma 0 [3]. If f: I --• I is continuous, xo € I and a is countable, then 

Da(w(x0,f)) = f[Da(u(xoJ))]. 

Lemma 1. Let M be a nonempty closed nowhere dense subset of I and K be a 

nonempty closed subset of M which is nowhere dense in M. 

If M — K consists of isolated points, then there exists a homeomorph N of M in 

(0,1) satisfying the following property (*): if G is any component of I — Nf with 

right hand end point 6, then (GCiN)' = {6} when b £ N. 

P r o o f . Case 1: K is countable. We show the existence of such a set N by 

induction on the order of K. It is obviously true when Q(K) = 1. Now assume 

that the assertion is true for any ordinal a less than a specific countable ordinal 

/?. Suppose Q(K) = /?. Then Q^x(0) = {X\,...,XK} and we can find disjoint open 
k 

intervals I\, . . . , 7* such that xt G 1% for each t and M C \J Jt-. It then follows that 
1=1 

there exists a sequence of ordinals {/?n}I?Li with j3n < fi for each n and for each 

1 ^ t ^ Jb a sequence of open sets {Win}J5°=1 such that Wn H Wj = 0 when n ^ t, 

Win C /,--{a?*} and g(WinnM) = /?n for each t and n and ( M - { x t } ) n J t C \J Win 

n = l 

for each t. 

Now pick distinct points yi, . . . , yt in (0,1) and for each t a sequence of open 

intervals { ^ n } ^ ! in (0,1) — {j/i , . . .,2/*} converging to yt from the left such that 

Sin n Sjm = 0 whenever (t, n) -̂  (j, m). 

By inductive hypothesis we can find a subset Ntn of 5 t n and a homeomorphism 

hin from M D Win onto Ntn such that property (*) holds. Now define N = \J{Nin: 

j ^ t ^ fc, m ^ 1} and define /i = A,-n on M O lVtn and ft(xf-) = yt for each t. Then 

clearly A is a homeomorphism from M onto N and property (*) is satisfied. 

Case 2: K is uncountable. Then if = P U C where P is a Cantor set and C 
m 

is a countable set disjoint from P. Without loss of generality we may assume that 

-ft" Q (0,1); otherwise we may shrink it by a linear map to be in (0,1). Let Q be 

the set of components of [o,supP] — P. Let us enumerate Q as {((^nibn)}n
<L1. If 

(a n ,6 n ) D M is infinite, put En = Af fl (an ,6„). If (an ,6„) fl M is finite pick an 
oo 

isolated point en of (an , 6n) = HAf and put i?n = {en}. Put E = (J f?n. Then since 

if is nowhere dense in M we must have E = P . 
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By lemma 8 of [1] (and its proof) there exists a set D missing M such that 
((an> &n) ClD) = {6n} for each n and a homeomorphism ho from P U E onto P U D 
which is the identity of P. 

Let T = {n € wo: (an,6n) n M is infinite }. For n E T put Hn = (an, frn) n (Af -
En). Let Ti = {n € T: an < inf Hn} For each n € Tx we can apply case 1 (where 
Bn and If n n K play the role of Af and K respectively) to obtain a set Nn C (an, 6n) 
and homeomorphism An of /Jn onto Nn satisfying property (*). Moreover, we may 
choose 7Vn so that NnC\D = 0 and an < in(Nn and sup Hn = sup Nn for each n. 

Next let 5 consist of all components of I—(MUD). Then for each n € r 2 = -T—Ti 
we can find a sequence {Snfclib^o in S such that 

Snk n Smj = 0 when (n, i ) ^ (m, j) 

sup Snk < an for each k 

diam(Sn*U{an})<2~* for each n € T2 

For each n € r 2 pick a sequence {Tn*}£L0 of mutually disjoint open intervals on 
(&ml>n) decreasing to an such that 

sup r n 0 <*n 

if cn = sup(Af n (a n , 6n) < *n, then cn € Tn0 

each Tnk n Af / 0 
00 

(J (rnik n A/) = Af n (an, sup rn0) 

By case 1 it follows that there exists a subset Nn* of 5n* and a homeomorphism 
hnk from TnjfenAf onto Nnk either satisfying property (*) for each n € r 2 and k 6 wo 
or such that Tnk n Af is finite. 

For n € T2 define hn on Hn as follows: hn(x) = Hnk if x 6 Tn* n Af; otherwise 
M * ) = x. Put ATn = h n (F n ) . 

00 00 
Put iV = P u D U U Nn and ft = (J /in. It is easily verified that A is a homeo-

n = l n-=0 
morphism from Af onto N and property (*) is satisfied. 

Now w% can prove the following special case of Theorem 1. D 

Lemma 2. Let M be a nonempty, closed, nowhere dense subset of I and K be a 
nonempty, closed subset of M which is nowhere dense in M. 

If M — K consists of isolated points, then there exists XQ € / and a continuous g: 
J —> / sucli t/iat 

(1) w(x0,g) = M 
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(2) K is the set of fixed points of g in M 
(3) each member of M is eventually fixed. 

P r o o f . Apply Lemma 1 to obtain a set N C (0,1) and a homeomorphism h 
from M onto N such that property (*) holds. Lemma 6 of [1] and its proof shows 
that if N is infinite, closed and nowhere dense and has property (*) than there 
exists ZQ £ I and a continuous / such that u>(zoyf) = N and N' is the set of fixed 
points of / in N and* each point of N is eventually fixed. Lemmas 2 and 4 of [1] 
show that the function hfh"1 can be extended to a continuous g: I —* / such that 
M = uj(h~l(zo), g) and K is the set of fixed points of g in M. Moreover, it is easy 
to see that since points of N are eventually fixed by / , points of M are eventually 
fixed by g. 

The following is well-know and part of its proof is sketched in [2]. O 

L e m m a 3. Suppose A and B are nonempty, closed, nowhere dense subsets of 

I. There is a continuous function f mapping A onto B if any one of the following 

conditions hold 

(1) A is uncountable 

(2) A and B are countable and g(B) < g(A) 

(3) A and B are countable and g(B) = g(B) and B has exactly one point of 

highest order 

The next lemma is distilled from the proof of Theorem 1 of [2]. 

Lemma 4 [2]. Let M be a closed nowhere dense subset of I. Let g: I —• / be 

continuous such that g(M) = M and for each x £ M and neighborhood W of x, 

g(W) is a neighborhood of g(x). 

If there exists a countable dense subset D of M such that for each x, y E M and 

connected compact neighborhood H of x there exists n and a compact interval J 

such that J C H and y £ gn(J), then there exists z such that M = u(z,g). 

Now we are ready to prove the characterization of those sets K which form the 
possible sets of fixed points of continuous functions which realize M as their w-limit 
sets such that all points in M are eventually fixed. 

Although the union of finitely many non-degenerate closed intervals can be an 
uMimit set we did not incorporate this possibility in the statement of Theorem 1. 
This is because K = 0 is the only option since such a set would have to contain an 
orbit point and orbit points can't be eventually fixed. 

Theorem 1. Let M be a nonempty, closed, nowhere dense subset of I and K be 

a closed subset of M which is nowhere dense in M. Then, there exists a contuinuous 
g: I—* I and xo €f such that 
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(1) u(x0,g) = M 

(2) K consists of the fixed points ofg in M 

(3) when K ^ 0 each point of M is eventually fixed 

if and only if one of the following hold 

(a) K = 0 and there is more than one point of highest order in M 

(b) K £9,M-K is countable and the set {y £ M - K: g(y) ^ g(x)} is infinite 
whenever x £ M — K 

(c) K ^ 0, M — K is uncountable and M - K has a c-limit point in K. 

P r o o f . Part 1: The Necessity. Suppose conditions (1), (2) and (3) hold. Then 
we* have three cases. 

Case 1: K = 0. Let H(M) denote the set of points of highest order. If H(M) = {z} 
for some z, then M must be countable. By Lemma 0 H(M) C g(H(M)). Hence 
{z} C g({z}) and g(z) = z, a contradiction. Hence, card H(M) > 1. 

Case 2: K ^ 0 and M - K is countable. Suppose xo £ M — K and ,o(£o) = /?• 
By Lemma 1 there exists a sequence {sn}£Lo in M such that g(xn+i) ^ ,o(:rn) ^ /? 
and <7(zn+1) = xn for all n. Clearly each xn £ M - K. If x n + m = xn for some m, 
then {xo , . . . , xm} forms a cycle. Since g*(xo) £ # for some i, this forces xo € K> a 
contradiction. Hence, {x n : n € wo} is infinite. 

Case 3: K 7-: 0 and M — A' is uncountable. Let us show that M — K has a c-limit 
point in K. Suppose the contrary. Then for each x £ K there exists an open set 
W(x) containing x such that W C) M — K is countable. Using the compactness of 
K there exists an open W such that K C W and W C\ M — K is countable. Then 
M — MP is closed and uncountable, so there exists a nonempty perfect set P and a 
countable set E such that M -W = PUE. 

Let Q = (M - W) - U f~n(M n IV). Since each f'n(M f\ W) is open, Q is 
n=l 

closed and f(Q) C Q. If Q = 0, then by compactness there would exist a k such 
* 

that M - W C |J f~'(M n W). Let m be the greatest i < k such that f~*(M D W) 

is countable. Let T = ( U ( / " ' ( M O W ) - K)) U ( (J / - ( M n W)). Then 
V i= l ' V i=m+1 ' 

T is countable and since f(M) = M it follows that / " m ( M D ^ ) C / (T) so that 
f~m(M n W) is countable, a contradiction. 

Hence, Q £ 0 and /"(Q) C Q for all n. This violates condition (3). Therefore, 
condition (c) is valid. 

Pari 2: The Sufficiency. First suppose (a) holds, that is, K = 0 and there exist 
points a and 6 in M of highest order. According to [2] there exists x0 € / and a 
continuous g: I —• / for which M = w(xo,flO, #(a) = 6, a = 0(6) and for each x 6 M 
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there exists n such that gn(x) = a. Hence, there are no fixed points and conditions 
(1), (2) and (3) are satisfied. 

Let us now consider the case when K £ 0. Without loss of generality we may 
assume K is infinite. Enumerate the one sided limit points of K as {enJ^-Q. By 
induction we may pick sequences {enk}fL0 in M — K such that en* —• en and 
enk ?-= ent, whenever (n , t ) ^ (rn,j). Also we may pick these sequences so that the 
following hold: (1) if et- G (inf if, sup if), then e,* G (inf K.snpK) for all K and (2) 
if e,- = inf A' and et- G [M 0 (0,e,)]', then e»k < et- for all k. Similarly for the case 
when e, = sup.K\ 

Now put Mi = K U {en*: n, k G wo, k is even} and Mi = M — M\. Then 
K = M[C\ M'I and both M\ and Mi are infinite. 

Now apply Lemma 2 to Mi to get XQ € I and continuous h: I —• / such that 
o;(xo/i) = Mi and K is the set of fixed points of h in Mi and each point of Mi is 
eventually fixed. Moreover, by Lemma 1 of [1] we can assume that )(xo,/»)nM = 0. 

Let us define a section to be any non-empty closed F of Mi which can be expressed 
as Mi n J where J is open set disjoint from K and either F is uncountable or F is 
countable and has exactly one point of highest order. 

The sufficiency of condition (b). Suppose K ^ 0, M — K is countable and for each 
x E M — K the set {y G M — K: Q(y) ^ Q(X)} is infinite. 

First it is clear that we can find a family Ti of mutually disjoint open intervals 
having end points in I — M with the properties that (i) if J is any closed interval 
inside some component of I — K, then J intersects only finitely many members of H 

a n d ( i i ) ( / - A ' ) n M C | j W . 
For each HEW, Mi OH is closed and is either empty or has a finite number of 

points of highest order. It follows that each Mi C\ H is empty or a union of finitely 
many mutually disjoint sections. Hence Mi is the union of a family A of mutually 
disjoint sections. From the assumptions it follows that for each A G A> {C G C: 
Q(C) ^ Q(A)} is infinite. 

Let B be the set of all x G M such that there exists a sequence {T^JJJLQ *n *4 
such that diam({x})UTn) —> 0. By the construction 0 ^ B C K. Without loss 
of generality we may assume B is infinite. For each 6 G B let £(6) = Qc(b) where 
C = {6} U (U-4). For b € B and a sequence { C m } ^ = 0 of closed sets we write 
Cm ^ b if (i) diam({6}) U C m ) ^ 0 (ii) Q(Cm) < e(Cm+i) for each m and (iii) 
£(Cm) —* £(&) whenever £(6) is a limit ordinal and .o(Cm) is eventually equal to a 
whenever £(6) = a + 1. 

Now enumerate A as {-4n}n
<L:o- For each n define An to be the point in the closed 

set {b€ B: £(b) ^ Q(An)} closest to An. Put en = diam({An} U.4n). 
Then en -» 0. To show this assume the contrary. Then there exists a subsequence 

{ n * } * ^ e > 0 and A, \L in / for which diam({Anfc} U Ank) ^ e, £(Anfc) *£ #(-4n,.), 
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Xnk -* A and diam(>lnie U {/*}) - • 0. From the definitions it follows that eventually 
M < g(Ank). But since diam(-4nfc U {/u}) —> 0 we also have g(Ank) .$ n eventually, a 
contradiction. 

Next let Co -= {An: An = A0} and 60 = diam({A0} U (U co)). Since en - • 0 we 
must have 6o = £*0 = max{en: An G Co}. Let Wo be the ^-neighborhood of Ao. 

Then we may find a sequence {5om}m
>

=0 of mutually disjoint sections in Wo such 
OO 

that 5om -^ Ao and \JCo C |J 5om. To show this we first pick a subsequence 
m=0 

{-4nfc}£L0 in Wo such that Ank -^ A0. If Co - {Ank: k e u>o) is finite we can clearly 
enumerate CoU{j4nfc: k e u/0} as { 5 o m } m = 0 in such a way that 5om -^ A0. If, on the 
other hand, Co — {Ank: k e u>o} = B is infinite then Ao is a limit point of \JB. Then 
clearly we can form a sequence of sections {SomJ^-o made up of members of {Ank: 
k e vo} union a finite number of members of Co in such a way that 5om —• Ao-

As the next step let n\ be the first member of uo — {n: An = Ao}. Let C\ = {An : 
An = An i} and 6\ = diam({Ani}sup(|JCi)). Then 6\ = Skx = max{en: An e C\}. 
Let Wi be the 6\ -neighborhood of An,. Then as before we can find a sequence 
{"Sim}£=o °f sections in W\ such that 5,m --+ An. Moreover, we can choose the 
sections 5 t m to be disjoint from the 5o; sections. 

If we continue in this way by induction we obtain a sequence {6,1)^0 in B and 
for each n a sequence of sections {5n m}m- .0 such that 

5 n m O Sij = 0 whenever (n, ra) ̂  (t, j) 

diam({6n} U 5n m ) -+ 0 for each n 

0(5n m) ^ £(5n m+i) for each m, n 
00 °° .« 

M2 = IJ IJ 5nm 
n=0m=0 

00 

diamC{6n}u(lj5nm))-0 

oo 

The latter convergence follows from the facts that \JA = |J Cn, £n ~+ 0 and 6n = 
n=0 

max{£:m:-4m 6 C n } . 
Define f on M U7(#o, n) as follows: 

{ /*n(x) if x e Skn and n > 1 

6* if xeSko 

h(x) ifxeMxU^Xo^h) 
Then f(M) = M and it is easy to verify that / is continuous on its domain, 

MU7(*o,A). 
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By Lemma 1 of [2] we may extend / to a continuous g: I —• I such that g(W) is 
a neighborhood of g(x) whenever W is a neighborhood of x and x G M U 7(xo, A). 
Then y(M) = M and conditions (2) and (3) are obviously satisfied. It remains to 
find z0 such that u(zo>g) = M. For this we must invoke Lemma 4. 

Let us verify the hypothesis of Lemma 4. Let x and y belong to M — K which 
in dense in M. Let H be any connected compact neighborhood of x (i.e. a closed 
interval having x in its interior). First there exists n such that gn(x) = e G if 
and gn(H) is a connected compact neighborhood of e. Since int((/n(//)) contains 
an orbit point h*(x0) and there are orbit points of the form h*+m(x0) arbitrarily 
close to inf Mi and sup Mx and M+ m(x 0) = gm(h>.(x0) G int0 m + n (#) it follows 

that (inf Mi,sup Mi) C \J int(gm(H)) and each int(gm(H)) for m ^ n is an open 
m=rn 

interval containing e. 

Next we will show that there exists a such that y G ga(H). If y G (inf Mi, sup Mi) 
this is immediate. There remain two cases. 

Case 1: y G M2. Then y G 5,-m for some z and m. Consider 6». If bi = inf If 
(or sup A') then by construction of Mi, «,-$ C (inf Mi, sup Mi) for some e > m. The 
same is true when 6, G (inf Mi,sup Mi). Moreover we can assume that S,$ is entirely 
on one side of e. Hence for some 7, St{ C intgy(H) and y G 5,m = 0m~*(Si.f) £ 

Case 2: y G Mi — K and y = inf Mi or sup Mi. We have g = h on Mi and 
(Mi — /£) C <7(Mi — K) C 5r2(Mi — /£). So there exist z and it; such that y = </(z) = 
flf2(ty). Clearly y, z and n; are all distinct. Hence, z or w lies in (inf Mi,sup Mi). 
For example, if w G (inf Mi,sup Mi) then w G inf^m(H) for some m so that y G 
0 m + 2 (H ) . 

Now applying Lemma 4 the sufficiency of (b) is proven. 

The sufficiency of (c): Assume K ^ 0, M — K is uncountable and at least one 
point of K is a c-limit point of M — /£. 

Let A consist of the sections in M2 as constructed in the sufhxiency-of-(b) part. Let 
A\ consist of all those uncountable members of A. Let Ai = A — A\. By assumption 
and the construction of A we have that A\ is infinite. Let B be the set of all x £ K 
for each there exists a sequence {Jn}%L\ in A\ such that diam(Jn U {x}) —• 0. Then 
0 ^ .S C K. Without loss of generality we may suppose B is infinite. 

Now carrying out a simplified version of the argument in the sufficiency-of-part-b 

proof, we can find a sequence {6n}£Lo ^n B an<' f°r e a c n n a sequence of uncountable 
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sections {Tnm}msO 8UC^ that 

Tn m O Tij = 0 whenever (n>m)± (ij) 

diam({6n} U Tnm -> 0 for each n 

U.4,= IJ \JTt 
n-=0m=0 

oo oo 

nm 

diamíWuí | jT n m ) j -*0 
m-=0 

If ^2 is finite put Co = .42 and Bo = 0. If A2 is infinite, then either (1) there is no 
member of highest order in A2 of highest order in A2 in which case we put B\ = A2 
and C\ = 0 or (2) there exists a member of w42 of highest order ai . 

In case (2) let C\ consists of all members of A2 of order a\. Consider A2 — C\. If 
A2 — C\ is finite put C2 = A2 and B2 = 0. If-42 — Ci is infinite then either (1) there 
is no member if highest order of A2 — C\ in which case we put B2 = A2 — Ci and 
C2 = Ci or (2) there is a member of A2 — Ci of highest order 02. 

In case (2) we have 02 < ot\ and we may continue the argument on ,42 — C2. Since 
there is no decreasing sequence of ordinals, this process must stop at a finite stage 
and for some k} A2 = BkUCk where Ck is finite and disjoint from Bk which, if it is 
not empty, has the property that for all A £ Bk, {B E Bk: Q(B) ^ g(A)} is infinite. 

Since Ck is finite we may order it by increasing order and incorporate it as an initial 
segment of the sequence {TOk}^L0 so that g(Tnk) ^ g(Tnk+\) for each k and n. 

If Bk # 0 we may carry out the construction in the sufficiency-of-(b) proof to 
obtain a sequence {en}n^ :1 and for each n a sequence {5nm}m=o of sections such 
that 

Snm n Sij = 0 whenever (n, m) ^ (t, j) 

diam({en} U 5 n m ) -* 0 for each n 

Q(Snm) ^ g(Snm+\) for each m, n 

nrOm=0 

diam ({en} U ( Q 5nmJ J - 0 

Moreover 5 n m n7,-,- = d whenever (n, m) ^ (»,i) and 

ЛÍ2 = Џ И = Q U(T»mU5nm) 
n s D r n = 0 
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Let fkn be a continuous function mapping Sn*+i onto Snk and gnk be a continuous 
function mapping 7nib.fi onto Tnk} using Lemma 3. Define / as follows 

(fnk(x) i f * € S n * i f * £ i 

/(*) = { 
en if x Є Sno 

9nк(x) if x Є Tnк if JЬ ^ 1 

ь n i f * € T n 0 

M*) if x Є M\ U7(*0iЛ) 

The rest of the proof is identical with that of the sufficiency-of(b) part. This 

completes the proof of the sufficiency of condition (c) and consequently finishes the 

proof of Theorem 1. • 

Now we present several lemmas which culminate in Theorem 2. 

Lemma 5 [1]. Let M be a closed nowhere dense set. Suppose {-?n}n°=o i s a 

sequence of distinct points not in M but whose set of subsequential limit points is 

M. Then there exists a continuous / : / — > / and zo € / such that o;(zo,/) = M 

provided the following condition is fulfilled: 

For all numbers a and /?, and A E M and subsequences {nk}fL0 and {mk}^L0f 

a = /? whenever lim (znk,znk+\) = (A,a) and lim (zmfc,zmfc+i) =(A,/?). 
ib-->oo k—coo 

Lemma 6. Let M and N be countable closed nonempty subsets of I and let a 

be a countable ordinal. IfM and N each have exactly one point of order a, then M 

and N are homeomorphic. 

P r o o f . We will prove it by induction on w\. It is obviously true when a = 0. 

Now assume it is true for all /? < a. 

Let first take the case when a is a limit ordinal. Let {an}n^=i be a strictly in

creasing sequence of ordinals having limit a. Let z £ M such that g(z) = a. Pick 

m n E M with g(mn) = a n . Then we must have mn —• z. We may then choose a 

sequence {</n}n1=i °f mutually disjoint open intervals with end points in / — M such 
~" oo 

that the only point of order a n which Jn contains is m n . Put J = \J Jn. Choose a 
f l=: l 

sequence {Fn}%Lx of mutually disjoint closed intervals having end points in / — M 
oo 

such that Zn = FnC)(M - J) £ 0 for each n and M - J - {z} = | J Zn. Since 
*=i 

g(Zn) < a for each n we may pick by induction a subsequence {a^n}n
<L1 such that 

g(Zn) < akn and a n < a*Nn < ar*n+l for each n. 

Put Wm = Jm U Zn if akn = m. Otherwise put Wm = Jm. Then Wmf)Wn=9 
- oo 

when m £ n and z £ Wm for each m. Moreover, M — {z} C (J iym and g(Wm) = 
m=l 

a n and Wm contains a single point of order a m . 
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Finally let z* G N with g(z*) = a and construct a similar sequence of open 
intervals {JVm}„?-.! relative to N. By the inductive hypothesis there exists a home-

omorphism hm from WmC\M onto JVm O M. Then A = {(*, **)} U ( U Am) will 

be a homeomorphism from M onto N, D 

Lemma 7. Suppose M is a nowhere dense closed set for which M = u;(xo,<7) 
and there exist mutually disjoint open sets IV, IVi, . . . , lVn where n ^ 2 such that 

M C VV U ( 0 W-J and Wi+i fl M is homeomorphic to IV< O Af (mod n). 
v t = i ' 

Then there exists a continuous h: I —• / such that Af = w(xo,/i), A(lVt D Af) = 

KVt+i fl Af (modn) for each i and for x G Af, A(x) = x if and only if g(x) = x and 

xi \jWi. 
•=i 

P r o o f . Let {xn: n G u>o} = 7 ( ^ 0 J P ) . Lemma 1 of [1] we may assume that 

XQ G W and y(x0)g) C \W U f Q Wi)) - Af. Let ftt be a homeomorphism from 

(7(^0, </)U Af)nlV t onto (y(xo,g)UM)DWi+\ (modn). Since isolated points map 
into isolated points it follows that /i,(tVt H M) = lVt+i H Af (modn) for each i. 

If Xk £W we put Zk.= Xjk. If xjb G Wt we put z* = hi(xk) (modn) . We will show 
that {zk}kL\ satisfies the hypothesis of Lemma 5. Clearly 2* £ Af for all k and Af 
is the cluster set of {2*}jbLi- It remains to show that if (znk,znk+\) —> (A,/?) then 
/? is uniquely determined by X, g and the hi functions. There are numerous cases 
depending on which pair of sets among IV, W\, . . . , Wn A and /? belong to. Each 
case is similar. 

For example, suppose A G W\ and /? G W<i. Then eventually znk G W\ and 2nfc+i G 
W2. By construction xnk G Wn and xnk+\ G VVi. Hence, hn(xnit) = znfc —• A and 
/*i(xnfc+i) = rnfc+i — /?. Therefore, xnfc -> h^(X) and xnfc+i - • fc^^a). However, 
xnk+x = » (*»J - »(A^(A)) so that ,fc-*(A) = ft^G*) a n d P = h\gh^(X). As 
another example if A G IV and /? G W\, then znfc is eventually in IV and we proceed 
in a similar manner as above. 

By Lemma 5 there exists a continuous h: I —• / such that hn(x0) = zn and 
u>(x0, h) = Af. It is clear that h(Wi fl Af) = lV t+i fl M (mod n for each i. It is also 

n 
obvious that if x G Af, then h(x) = x iff <z(x) = x and x £ \J IV,. 

,s=1 

The next result is a special case of Theorem 1 of [2]. Q 

Lemma 8 [2]. Let c G / and {Pk}kL\ be a sequence of mutually disjoint nowhere 

dense perfect sets in / - {c} such that diam (Pk U{c}) -+ 0. Then, there exists xo G / 

and a continuous h: I - • / such that u;(x0,/i) = {c} U ( U P*) and A(Pi) = {c} 

andA(/aSb+i) = />* fora/it. 
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The next two lemmas are out of logic sequence because they assume Theorem 2 

part (b). They will be only used to prove part (c) of Theorem 2. 

Lemma 9. Suppose M, N and K are nowhere dense closed sets such that K is a 

nowhere dense subset of M, M — K is countable and nonvoidf N is uncountable and 

has isolated N points, and M f) N = <p. Moreover suppose it is not the case that Q 

has an absolute maximum on M — K occuring at only one point. 

Then there exists ZQ G I and a continuous h: I —• J such that W(ZQ, h) = M U N 

and the set of fixed points of h in M U N is K. 

P r o o f . Let W and V be open sets separating M and IV. We may decompose 
N as PUD where P is perfect and D is a non-void countable set. Put C = M — K. 

By Theorem 2 part (b) pick a continuous f: I -* I and XQ e I such that u;(xo, / ) = 

KUC and the set of fixed points of f in KUC is K. Moreover, by Lemma 1 of [1] 

we can assume j(x0if) = {xn: n G UQ} C W - (K UC). By Theorem 1 we may find 

t/o e I and a continuous g: I —• I such that u;(yo, <7) = P U D and g has no fixed 

points in PU D. Moreover, we may assume 7(2/0, p) = {j/n ' n € wo} C V — (P U D). 

Choose a to be an isolated point of C such that g(c) = 6 G K U C. Let U be an 

open interval such that (UC\(I<UC))f = {a}. Let {xmw}£L0 = Ur\j(x0,f) and put 

an = xmn. Choose s to be an isolated point in D and put c = g(d). Choose S to be 

a neighborhood of rf such that g(S) 0 5 = <p. 

Let us symbolically represent the orbit 7(2:0,0) by 

X 0 —• X\ —• X2 —• . . . - + Xk - + Xjk.fl —• 

we will define a new "orbit" by inserting entries from 7(2/0,0) in between x* and 

Xfc+i whenever x* = am for some m. By induction suppose we have made insertions 

in between all pairs a* —• 6* where k < n. Then insert ya, ya+i), ...., J/a+0 as 

an - » 2 / a - » 2 / a + i - + . . . - * 2/o-f 0 —• bn 

where y a _i is the last previously picked point (if n = 1 then ya = y0) and /? is the 

first integer such that ya+p £ 5 . 

Let {^n}n^o be the concatenation of the xt- points together with the above insertion 

of the yi points. We will show that {2n}{?-=o satisfies the hypothesis of Lemma 5. 

First of all zn $ (M U N) for all n. Secondly it is obvious that the cluster set 

of {zn}|?ko is Af U N. Finally suppose (*n*,*nfc+l) -> (*><*)• W e n e e d t o s h o e a i s 

uniquely determined. We have several cases. 

Case 1: A = a. Then {znit}%L0 is eventually in {an: n G u;0} so that znk+x = yak 

where yais^ G S. Since a* - • 00, a0jk., - • d and .tnfc+i =* y** - • ^(rf) = c' 
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Case 2: A € W - {a}. Then eventually (*nfc,*nk+i) = (*mk,Xmk+i) for some 

{ m * } ^ and or = /(A). 
Case 3: A = d. Then {znk}kL0 is eventually in 5 so that znk = yafc for some a* 

with znk+\ = Pak for some /?*. Since bpk —• 6 we have a = b. 
Case 4: A E V t— {d}. Then eventually znje £ S so that *nk = yak where 2nfc+i = 

yofc+i- Then y«*+i = g(yQk - • g(X) so that a = y(A). 
Applying Lemma 5 we obtain a continuous h such that u>(zo> h) = M U N. It is 

clear that the set of fixed points of h in M U N is AT. • 

Lemma 10. Suppose c 6 / and {Pik}jb=i , s a sequence of mutually disjoint 
nowhere dense perfect sets in I — {c} such that diam (Pk O {c}) —• 0. 

Suppose M is a nowhere dense closed set and K is a closed set which is nowhere 

dense in M with M — K countable. Suppose NC\M = <p where N = {c}U ( Q Pk). 

Moreover^ suppose it is not the case that Q has an absolute maximum on M — K 

occuring at only one point. 

Then, there exists xo € / and a continuous h: I —• / sucA that M U N = u>(a?o, A) 
and the set of fixed points of h in M U N is K U {c}. 

P r o o f . The proof is similar to that of Lemma 9. Let W and V be open sets 
separating M and N. By Theorem 2 pick a continuous / : / — • / and x0 € / such 
that w(.ro, / ) = M and the set of / fixed points of in M is K and 7(x0, / ) C W — M. 

By Lemma 8 choose yo 6 / and g: I —> I such that o>(yo,0) = -V; flf(Pi) = c 
and y(Pjb+i) = Pk for all k and 7(yo,y) C V - N. Pick mutually disjoint open sets 

{5n}n°=i such that PncSnCV- {c} for each n with 7(yo,0) C U 5n-
n=l 

Let a be an isolated point of M such that / (a) = b € M. Let [/ be an open interval 
of a such that ([/ H M)# = {a}. Let {xmn}n°=0 = U C\ y(x0l f) and put an = xm n . 

Following the proof of Lemma 9 we insert ya , ya+i, • • •, y<*+p as 

<*n ~+ya ~* y a + l - > . . . — • y a + 0 - • bn 

where y a - i is the last previously picked point (if n = 1, ya = yo) and /? is the first 
integer such that yQ+0 £ S\. 

The rest of the proof parallels that of Lemma 9, and will be omitted. • 

Theorem 2. Let M be a non-empty closed nowhere dense subset of I and K be 

a closed subset of M which is nowhere dense in M. 

Then, there exists a continuous g: I —• / and xo € / such that u(xoyg) = M and 

K consists of the fixed points ofg in M if and only if one of the following hold 

(1) K = (p and there is more than one point of highest order in M. 
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(2) K ^ <p, M — K is countable and it is not the case that Q has an absolute 
maximum on M — K occuring only at one point. 

(3) K ^ (p and M - K is uncountable. 

P r o o f . The Necessity. Suppose M = u>(zo, g)) and K is the set of fixed points 
of g in M. Then be have 3 cases: (a) K = <p\ (b) K ^ and M — K is countable; 
and (c) K ^ ip and M — K is uncountable. 

In case (a) Theorem 1 applies and there is more than one point of highest order 
in M. 

For case (b) suppose M = w(xo,g) where K is the set of fixed points of g in M. 
Suppose that Q has an absolute maximum on Af — K occuring at a single point z. 
Let Q(Z) = a. Then since Af — K is countable a is countable. By Lemma 1 there 
is a y such that Q(y) ^ a and g(y) = z. If #(y) > a, then y £ K and y(y) = y = z 
and : G i V , a contradiction. Hence, Q(y) = a and y = z so that y(z) = z and z € Ky 

again a contradiction. 
TAe sufficiency. Case (a): Theorem 1 gives the conclusion. 
Case (b): If Q has no absolute maximum on Af — K then for each x £ M — K{y £ 

M — K: Q(y) ^ Q(X)} is infinite. Hence by Theorem 1 there is a continuous g realizing 
Af with K as its fixed points in Af. 

If Q has an absolute maximum on M — K of a ^ 1, then A = (M — K)C\ Q~x(ct) 
consists of more than one point. If A is infinite, then again for all x £ M — K{y £ 
M — K: Q(y) ^ Q(X)} is infinite and Theorem 1 does the job. 

Hence we can assume A is finite and has at least two points. Let K\ = K U A. 
Then clearly for each x £ M - K\y {y £ M — K\: Q(y) ^ Q(X)} is infinite. Applying 
Theorem 1, part b, there exists a continuous g which realizes Af with K U A as its 
set of fixed points in M. Suppose A = { x i , . . . , x n } - Pick open intervals Wi i = 1, 
. . . , n such that ar, £ Wi C / - Ky Q(M D Wi) = a, the end points of Wi are not in 

oo mmmm 

M and Wi C)Wj = <p for i -̂  j . Put W = I - |J W,-. Now apply Lemmas 6 and 7 

to finish the sufficiency of part (b). 
Case (c): Assume K / (p and M — K is uncountable. If Af — A" has a c-limit point 

in K we may apply Theorem 1 to get the desired result. So let us assume M — K 
has no c-limit point in K. Then we may find two disjoint open sets W and V such 
that WnAf = A-fi = tfUC where C is countable and nonvoid and V D M = P U D 
where P is nonvoid perfect set and D is countable. 

Now we can find an open U C W such that U n M = y? and it is not the case that 
g has an absolute maximum on M{ — K at only one point, where M* = M — U. We 
show this as follows: suppose Q has an absolute maximum ai occuring at a single 
z\ in M\ - K. Choose an open U\ such that Z\ £ U\ C W and U C\K = (p. Next 
consider Q on M2 - A' where A/2 = Af 1 - U\. If Q has no single absolute maximum 
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on Af2 — K we are finished. Otherwise suppose g has an absolute maximum a2 

occuring at a single point z2 in M2 — K. Then a2 < a. Choose open U2 such that 
z2 € U2 Q W and U2 H K = y>. Consider # on M3 — K where M3 = M2 — 112- And 
continue the argument. Since there is no decreasing sequence of ordinals the process 
must stop at a stage where g has no single absolute maximum on some Mn — K and 
the construction of the desired U is clear. 

Now we can adjoin U D C to D so we can without loss of generality assume that 
g has no single absolute maximum on Mi - K. 

We then have two cases to consider: 
Case 1: D £ <p. Apply Lemma 9 where M = M\ and N = P U D to get desired 

result. 
Case 2: D = <p. Then let c\ and C2 be the inf a sup of P. Then we may 

decompose P — {ci, C2} into two sequences of mutually disjoint Cantor sets {P^}^Li 
and {P$}fLi satisfying the conditions of the hypothesis of Lemma 10. It is clear 
that we can extend Lemma 10 to apply to both of these sequences in the obvious 
way and we obtain a?o € / and /*: /—>/ such that w(xo, ft) = M and the set of fixed 

points of ft in M is K U {ci,C2}. Now since {ci} U ( (j P£)) of homeomorphic to 

{^2} U ( (J P%) we can apply Lemma 7 to get ft*: i —• I and Wo £ I such that 

w(Wb. A*)- = M and the set of fixed points of ft* in M is K> finishing the proof of 
Theorem 2. • 
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