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Abstract. The aim of this paper is to define and study cardinal (direct) and ordinal
operations of addition, multiplication, and exponentiation for n-ary relational systems. n-
ary ordered sets are defined as special n-ary relational systems by means of properties
that seem to suitably generalize reflexivity, antisymmetry, and transitivity from the case of
n = 2 or 3. The class of n-ary ordered sets is then closed under the cardinal and ordinal
operations.
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In what follows n always denotes an integer not less than 2; (n] denotes the set
{1,...,n}, Py. O,, E, denotes the set of all, of all odd, of all even permutations
of the set (n}, respectively. By an n-ary relational system we understand a set G
together with a subset of G™. More precisely, let G be a nonempty set. Then a
subset R C G™ is called an n-ary relation on G, and the ordered pair G = (G, R) is
said to be an n-ary relational system. The set G is called the carrier of G.

Birkhoff’s arithmetic of ordered sets discussed in [1], [2] and [3] has been general-
ized by several authors—see e.g. [4], [5], [6], [7], [8]. Especially, in [5] V. Novak deals
with direct (cardinal) operations of addition, multiplication, and exponentiation for
n-ary relational structures. In [8], J. Slapal generalizes Novak’s results to relational
systems of any (possibly infinite) arity. In this paper we return to finite arity, but
introduce and study ordinal operations and n-ary ordered scts as well.

This research was supported by Grant Agency of the Czech Republic, grant no.
201/95/0468.
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1. Definition. ([5], [7], [8]) Let G = (G.R), B = (H,S) be two n-ary rela-
tional systems. Let ¢: G = H be a mapping such that, for any (ay,...,an) € G™,
(a1,---,an) € R implies (¢(a1)....,¢(as)) € S. Then ¢ is called a homomorphism
of G into H. The set of all homomorphisms of G into H is denoted by Hom(G, H).
A homomorphism ¢ of G into H is called strong if, for any (ai,...,a,) € G,
(a1,...,an) € R is equivalent to (¢(a1),...,¢(an)) € S. An injective strong ho-
momorphism of G into H is called an embedding of G into H. A bijective strong
homomorphism of G onto H is called an isomorphism of G onto H. We write G ~ H
and say that the n-ary relational systems G and H are isomorphic if there exists an
isomorphism of G onto H.

Clearly, the class of all n-ary rclational systems together with homomorphisms as
morphisms forms a category.

2. Definition. Let G = (G, R) be an n-ary relational system. The n-ary relation
R (and G itself as well) is called:

(1) discrete if (aq,...,an) € R is equivalent to a) = ... = a,;

(2) reflexive if (a,a,...,a) € R for any a € G;

(3) semisymmetric if (a1,...,¢,) € R, € € E, imply (ac(y,. -2 ae(n)) € Bs

(4) antisymmetric if (a1,-..,an) € R, (Gu(1),---»0u(n)) € R w € O, imply a; =
L= Qg

(5) transitive if (a;,...,an) € R, (a1,...,Qn—2.0Un,Gns1) € R imply (ar,...,
An-1,8n41) € R;

(6) complete if for any pairwise different elements ay,...,a, € G there exists a
7 € P, such that (ar(1),---»@x(n)) € R;

(7) universal if R = G*;

(8) diagonal if (ay;,...,an;) € R for any j € (n], (a1, ...,a;n) € R for any i € (n]

imply (@11,...,ann) € R.

3. Remark. Reflexivity is defined as in [7], transitivity, however, is weaker
than n-transitivity in [7].

4. Definition. Let G = (G, R) be an n-ary rclational system. The n-ary rela-
tion R is called an n-ary order if it is reflexive, semisymmetric, antisymmetric, and
transitive; G itself is then called an n-ary ordered set.

5. Remark. A binary order is clearly an order. A ternary order is a cyclic order
in the sense of [6] enriched by the set of all triads consisting of identical elements.

6. Definition. ([5], [8]) Let A = (A4, R), B = (B, S) be n-ary relational systems
such that AN B = §. The cardinal (direct) sum A + B of A and B is the n-ary
relational system C = (C,T) where C = AUB and T = RU S.
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7. Theorem. The cardinal sum of discrete, reflexive, semisymmetric, antisym-
metric, transitive, or diagonal n-ary relational systems has the same property.

Proof. It follows directly from the definition. Let us show, for example, the
antisymmetry. Under the notation of 6, assume that (a1, -..,a,) € T, at least two of
the elements ai,...,a, are different, and w € O,,. We have either (ay,...,an) € R,
or (a1,...,an) € S. In the first case (au(1y- - -+ au(n)) ¢ T, for R is antisymmetric
and ay,...,a, ¢ B. Analogously in the second case. a

8. Corollary. The cardinal sum of n-ary ordered sets is an n-ary ordered set.

9. Definition. ([5], [8]) Let A = (A4, R), B = (B, S) be n-ary relational systems.
The cardinal (direct) product AB of A and B is the n-ary relational system C =
(C,T) where C = A x B and T is the n-ary relation defined as follows: For any
(a1,...,a,) € A™, (b1,...,bs) € B™, ((a1,b1),...,(an,bn)) € T & (a1,...,a,) € R,

10. Theorem. The cardinal product of discrete, reflexive, semisymmetric, anti-
symmetric, transitive, universal. or diagonal n-ary relational systems has the same
property.

Proof. We show the transitivity only, the other cases being similar. Under
the notation of 9, assume that ((a1,b1),...,(an,b,)) € T, ((a1.b1),- .., (@Gn-2,bn-2),
(@n,bn), (@nt1,0n41)) € T. Then (a1,...,a,) € R, (@1,....8n-2,8n,ans1) € R,
(b1y... bn) € S, (b1y--+ybu_2,bn,bny1) € S, so that (ay,...,an—1,a2+1) € R,
(bys.. -, bu—1,bnt1) € S. This implies that ({(a1,b1),.. ., (@n=1,bn-1), (@nt1,bnt1))
belongs to T. a

11. Corollary. The cardinal product of n-ary ordered sets is an n-ary ordered
set as well.

12. Definition. ([5], [8]) Let A = (4, R), B = (B. S) be n-ary relational systems.
The cardinal (direct) power A® with the base A and exponent B is the n-ary relational
system C = (C,T) where C = Hom(B,A) and T is the n-ary relation defined as
follows: For any fi,..., fa, € C.

(fiy-- o fo) €T & (filz),..., falz)) € R foreach z € B.

13. Theorem. The cardinal power whose base is discrete, reflexive, semisymmet-
ric, antisymmetric, transitive, universal, or diagonal has the same property.

Proof. As before, we show one of the assertions only. namely the semisym-
metry, under the notation of 12. Let (f1,...,f,) € T and let ¢ € E,. We have
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(fr(@).... . fulw)) € R for each w € B, so that (fo1y(x),. ... fon)()) € R for each
T € B, and (fs(1)7-~-,f5(n))€T» a

14. Corollary. The cardinal power whose base is an n-ary ordered set is an n-ary
ordered set as well.

15. Definition. Let A; = (4;, R;) be n-ary relational systems for each j € (n]
such that A; NA;, = 0 whenever ji,j2 € (n], ji # j2. The ordinal sum A; @... @A,

of Ay,..., A, is the n-ary relational system B = (B,S) where B = |J 4; and
=1

S=UR;Uu U Ay x.. XA
j=1 c€E,

16. Theorem. The ordinal sum of reflexive, semisymmetric, antisymmetric, or
transitive n-ary relational systems has the same property.

Proof. We limit ourselves to the case of transitivity under the notation of 15.
Let (a,,...,a,) € S and (ay,..., Q=2 Gy Qniy) € S.
(i) Let there exist a jo such that a1,...,an € Aj,. If n = 2, then either a3 € A},
and then (a1,a3) € Rj, C S, or ;, az € A, a3 € Ay, for the identity is the only
even permutation of (2], and then (a1,a3) € A1 x A2 € S. Let n > 3. Then
Any1 € Aj,, for otherwise (a;....,0n-2,0n,an41) ¢ S, and (a1,...,a,) € Rj,,
@1y Qne2y Gns Gn1) € Ry, 5o that (a1,.. . Gn-y,an41) € Ry, € S.
(ii) Let there exist no jo such that ai,...,a, € Aj,. If n = 2, then q; € Ay,
ay; € A, hence az € Az and (ay,a3) € Ay x A» € S. Admit that n > 3. We
have (ay,...,an) € L_é Ac) X . X Ag(ny, therefore a; € Agjy for each j € (n]

ec

where ¢ € E,. There e;;tists no jo such that ay,....an—2,an,an11 € Aj,, so that
(@1, Gue2, Gy Gng1) € Agry X ... X Ag(ny for some € € E,. Thus a; € Ag iy for
each i € (n =2, an € Ag(n_1)> @nt1 € Ag(n). This implies that e(i) = £(i) for each
i€ (n—2],e(n) =¢&@n—1), e(n—1) =E(n), which is a contradiction, for both € and
£ are even. a

17. Remark. In contrast to the binary case, the ordinal sum of complete n-ary
relational systems need not be complete if n > 3. Let, for example, 41 = {a,b,c},
Az = {die, f}, A = {g, ik Ry = {(@b,0)}, R = {(de. )}, Rs = {(g,h1)),
A; = (Aj, R;) for j =1,2,3. Then each of the ternary relational systems A;, Ay, Az
is complete, but their ordinal sum A; & A; & A3 is not, because S = Ry UR; UR3; U
Ay x Ay x A3 U Ay x A3 x A; U A3 x A1 x 4, and no permutation of the ordered
triad (a,b,d) belongs to S.

18. Corollary. The ordinal sum of n-ary ordered sets is an n-ary ordered set.
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19. Definition. Let A = (4, R), B = (B, S) be n-ary relational systems. The
ordinal product A o B of A and B is the n-ary relational system C = (C,T) where
C = A x B and T is the n-ary relation defined as follows: For any (ay,...,a,) € A™
and (by,...,bn) € B", ((a1,by),...,(an.bn)) € T < at least two of the elements
ai, ..., an are different, (a;,....a,) € R,or a1 = ... =an, (b1,...,bp) € S.

20. Theorem. The ordinal product of discrete, reflexive, semisymmetric, anti-
symmetric, trausitive and antisymimetric, or universal n-ary relational systems has
the same property (properties).

Proof. We show the fourth and fifth cases only. Assume the notation of 19.
(i) Antisymmetry: Let ((a1,b1),...,(an,bn)) € T, let at least two of the ele-
ments (a1,b),...,(an,by) be different, and let w € O,. If at least two of the

elements ai,...,a, are different, then (a1,...,a.) € R, consequently (au(1),---»
ay(ny) ¢ R and at least two of the elements a,(y),...,@u(n) are different, thus
((@u(1)> b(1))s - -+ (@) Dusmy)) € T- Let @1 = ... = an. Then (by,...,bn) € S and

at least two of the elements b,....,b, are different. hence again ((@u(1)bw(1))s---»
(@u(n)s bu(ny)) € T

(ii) Transitivity and antisymmetry: Antisymmetry follows from (i). Let ((a1,b1),...,
(@n,bn)) € T, ((a1,01), -+ (Gne2sbu=2), (@n,bn), (@n41,bn11)) € T. First of

all, let at least two of the clements ai,...,a, be different, and let at least
two of the elements ai,...,@n—2,@n,@ns1 be different. Then (ai,...,an) € R,
(@1, .+ Gne2,@n,any1) € R, consequently (ai,...,n-1,an41) € R. If at least
two of the clements aj,...,an—1,an41 ave different, then ({(a1,b1),- .-, (@n-1,bn-1),
(@nt1,0n41)) € T. Admit that ) = ... = ap—1 = Gnq1. Then (a1,...,01,0,) € R,
(a1,.--,0a1,an,a1) € R, a1 # a,, which is a contradiction to the antisymmetry of
R. Let @y = ... = an = apy1. Then (by,...,b,) € S, (b1,-..,bu—2,bn,bny1) € S,
so that (by,....bu—1,bnq1) € S and ((a1,b1),....(@n=1,bn=1), (Gn+1,bn41)) €
T. Let ay = ... = an # Gug1- Then (a1,...,01,8n41) € R, @y # @ny1,

so that ((a1.b1),...,(@n—1,bn-1), (@nt1,bp41)) € T. Finally, let ay = ... =
n-2 = Ay = Ang1 # Qno1. Then (ay,...,a1,@n-1,a1) € R, a1 # @n-1, 50 that
(a1, b1). ..oy (@n-1,bn-1), (Gnt1.bns1)) €T a

21. Remarlk. (i) For reflexivity of T, it is sufficient to assume reflexivity of S.

(i1) For transitivity of T, it is sufficient to assume transitivity of R and S and anti-
symmetry of R.

(iti) In contrast to the binary case, the ordinal product of complete n-ary relational
systems need not be complete if n > 3. Let, for example, A = {a,b,c}, B = {d, e, f},
R = {(a,b,¢)}, S = {(d,e, f)}. A = (4,R), B = (B,S). Then both A and B are
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complete, but’ their ordinal product A o B is not, because no permutation of the
ordered triad ({a,d), (a,e), (b, f}) belongs to T

22. Corollary. The ordinal product of n-ary ordered sets is an n-ary ordered set.

23. Definition. Let A = (4, R) be a binary relational system, B = (B, S) an
n-ary relational system. The ordinal power *B with the base B and exponent A is
the n-ary relational system C = (C,T) where C is the set B4 of all mappings of
A into B and T is the n-ary relation defined as follows: For any fi,...,f, € C,
(fiyeoes fn) €T © for any a € A, (fila),..., fa(a)) ¢ S there exists a b € A such
that (b,a) € R, (fi(b),..., fa(D)) € S, at least two of the elements fi(b),..., fn(b)
are different, and (fi(z),. .., fu(x)) € S for each x € 4, (z,b) € R.

24. Theorem. The ordinal power whose base is a discrete, reflexive, semisym-
metric, antisymmetric, or universal n-ary relational system has the same property.
The ordinal power whose base is transitive and antisymmetric and whose exponent
is transitive is transitive as well.

Proof. Let us show antisymmetry and transitivity only. Assume the notation
of 23.
(i) Antisymmetry: Let (fi,....fa) € T, (fuq), -+ fun)) € T for some w € O,.
Admit that there exists an a € A for which (fi(a),..., fa(a)) ¢ S. Then there
exists a b € A4 such that (b,a) € R, (fi(b),.... (D)) € S, at least two of the
elements fi(b),..., fn(b) are different. Consequently (fu1y(0),---; fum)(b)) ¢ S.
There exists again a ¢ € A such that (c,) € R, (fu(1)(¢),. .., fuin)(c)) € S, at least
two of the elements f,)(c), ..., fum)(c) are different. But w™! € 0, as well, so
that (fi(c),....fa(c)) ¢ S. For each x € A such that (z,b) € R we have, however,
(fi(x)y.-., fulx)) € S, which is a contradiction. Hence there is no a € A such
that (fi(a),..., fu(a)) ¢ S. Consequently (fi(a),..., fu(a)) € S for each a € A.
Similarly (fo)(@), ..., fum)(a)) € S for cach a € A. As S is antisymmetric, we
have fi(a) = ... = fula) for each a € A, thus f; = ... = f, and T is antisymmetric.
(i1) Transitivity: Let (fi,...,f.) € T, (fi,--.. fuc2, fa, fus1) € T, and let a € A
be such that (fi(a),..., fu—1(a), fa+1(@)) € S. Then either (fi(a),..., fa(a)) ¢ S
or {(fi(a),..., fa—2(a), fu(a), furi1(a)) ¢ S because of transitivity of S. Let the
first case occur. As (f,...,f,) € T, there exists a b € A such that (b,a) € R,
(fL(b), ..., fu(b)) € S, at least two of the elements fi(b), ..., f.(b) are different, and
for each x € A, (z,b) € R we have (fi1(2),..., fu(x)) € S. Now, four possibilities
(a), (b), (c), (d) can occur:
(a) (fi(b),.... Fa—2(b), fu(D), fuy1(B)) € S, at least two of the elements fi(b),...,
Fa=2(b), fu(b), fas1(b) are different, and (f1(z), ... fu—2(2), fu(2), fat+1(2)) € S for
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each z € 4, (v,b) € R. Considering transitivity of S, we have (fi(b),..., fn_1(b),
fup1(0)) € S and (fi(2),.... fac1(2), far1(2)) € S for each z € A, (z,b) €
R. If at least two of the elements fi(b),..., fu_1(b), fasi(b) are different, we
have (fi,- - fu~1s fog1) € T. Admit that fi(0) = ... = foui(B) = fapr(b).
Then fn(b) # f;(b) for each j = 1,...,n = 1,  + 1. Hence (fi(b),..., fa(b)) =
(f1(®), - f1(0), Fu (D) € S, (fi (D), fn 2(b), ful), frar (1)) = (r(b), ..., f2 (D),
f,L(b),fl( b)) € S, a contradiction to annsymmetry of S.

) filb) = .. = fac2(b) = ful0) = fas1(B), (Fi(2), . fam2(2), ful2), Frs1(z)) €
S for cach z € A, (2.b) € B. Then (fi().-- -, fuc1 (D). fas1 (@) = (FL(0): -, fu(D))
€ S, at least two of the elements fi(b), ..., fa<1(]), fut1(D) axe different, (fi(z),...,
fa-1(z), fagi(x)) € S for each x € A, (z,b) € R due to trausitivity of S, so that
(frseos frm1, fur1) €T

(¢) (fr®)s-- . fa2(0), fu(D), fas1(0)) €S- As (fi...., fau, far fug1) €T, there
exists a ¢ € A, (¢,b) € R such that (fi(c),..., fa—2(c), fn(c), futr(c)) €

at least two of the elements fi(c),..., fa—2(c ) f,, (€), fnt+1(c) are different, and
(f1(@), -y fa2(2), fu(x), fagi(x)) € S for cach x € A, (v.¢) € R. Consxdeuug
transitivity of R we have (c,a) € R. By the preceding, we have (fi(c),.. ., fa(c))

(for (c,b) € R) and (f1(x), ..., fa(z)) € S for each x € A, (z,c) € R (by transmvxty
of R), consequently, regarding transitivity of S, (fi(c),..., fu-1(c), fas1(c)) € S
and (fi(@),..., fac1(®)y fatri1(z)) € S for each » € A, (v.¢) € R. If at least
two of the elements fi(c),..., fu=1(c), fut1(c) arve different, we are done. Admit
that fi(c) = ... = fu-1(c) = fas1(c). Then (fi(c)...., fu(e)) = (file), ..., file),
fa(€)) € 8. (fi(c)s -+ fuz2(e)s fale)s far1(€)) = (f1(e), .- fule)s ful0), fr(c)) € S,
fi(e) # fn(c), which is a contradiction to antisymmetry of S.

d) (f1(0),-.., faa(D), fo(D), fut1(b)) € S, there exists an a € A, (2,b) € R such
that (fi(x),..., fam2(@), ful@), fas1(@)) € S. As (fi,.., fu=2, fas fot1) € T,
there exists a ¢ € A, (¢,2) € R such that (fi(c),..., fn—2(c). fu(c), fryi(c)) € S
at least two of the elements fi(c),..., fu—2(c), fu(c), fusi(c) are different, and
(1) fam2 (@), fu(y)s furr 1/)) € S for each y € A, (y.¢) € R. Considering
transitivity of R we have (c,a) € R. By the preceding, we have (fi(c),... . fa(c)) € S
(for (c.b) € R) and (i(y),-... Fouly)) € S for each y € A, (y,¢) € R. Regarding
transitivity of S, we obtain (fy(c)...., fu_1(¢). fus1(c)) € Sand (fi(y),..., fa—1(y)
fogi(y)) € S for each y € A, (y,¢) € R If at least two of the elements

F1(€)s .. fu=1(¢)s fns1(c) are different, we are done. The case of fi(c) = ... =
fa-1(c ) fnt1(c), however, leads to a contradiction to antiqymmetry of S similarly
as in (c). The case of (fi(a),.... fa=2(a), fa(a), fut1(a)) € S is analogous. a

25. Corollary, The ordinal power whose base is an n-ary ordered set and whose
exponent is a transitive binary relational system is an n-ary ordered set.
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26. Definition. Let A = (A, R) be an n-ary relational system. The dual n-ary
relational system A to A is the n-ary relational system B = (A4, S) where S is the
n-ary relation defined as follows: For any (a1,...,a,) € A™,

(ar,....a,) € S & (an,...,a1) € R.

27. Theorem. The dual n-ary relational system to a discrete, reflexive, semisym-
metric, antisymmetric, semisymmetric and transitive, complete, universal, or diago-
nal n-ary relational system has the same property (properties).

Proof. For brevity, we show the third and the fifth property only. Assume the
notation of 26.
(i) Semisymmetry: Let (a,...,a,) € S, € € E,. Then (ay,...,a1) € R, thus
(@ng1-e(1)> -+ Ongi—e(n)) € R, 50 that (ae),. ., ae) €S-
(it) Semisymmetry and transitivity: Semisymmetry follows from (i). Let (a1,...,ax)
€3S, (a1, ,8n-2,an,ant1) € S. Then (an,...,a1) € R, (@ni1,8n,n-2,...,a1) €
R. The case of n = 2 is cvident. Let n > 3. Clearly (3,4,...,n,1,2) €
E,. Considering semisymmetry of R, we have (Gn_2,....41,@n,8n-1) € R,
(@n—2s-..,a1,8n+1,an) € R. Due to transitivity of R, it follows that (an—2,...,ay,
@ny1,Gn_1) € R, so that, by semisymmetry of R, (tn41,0n-1,--.,01) € R. Hence
(a1,.- - Gn-1,an41) € S. O

28. Corollary. The dual to a (complete) n-ary ordered set is a (complete) n-ary
ordered set.

29. Theorem. For any n-ary relational systems A, B with disjoint carriers and
for any n-ary relational system C we have

A+B=B+A.
(A + B)C = AC + BC,
C(A + B) = CA +CB.

Proof. The first equality is trivial. The second and third are special cases of
Theorem 4 in [8]. [m]

30. Theorem. For any n-ary relational systems A, B,C with pairwise disjoint
carriers we have
A+(B+C)=(A+B)+C.

Proof. It follows from [8], Theorem 1. =}
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31. Theorem. For any n-ary rclational systems A, 8,C we have
AB ~ BA,

A(BC) ~ (AB)C.

Proof. In the first case, under the notation of 9, it suffices to take the natural
bijection ¢: A x B = B x A defined by ¢((a,b)) = (b,a) for any a € A, b€ B; ¢ is
clearly an isomorphism of AB onto BA. The second case follows from [8], Theorem 2.

O

32. Theorem. For any n-avy relational systems B,C with disjoint carriers and
for any n-ary rclational system A we have

ABHC L ABAC,

Proof. It follows from [8]. Theorem 8. o
33. Theorem. For any n-ary relational systems A.B,C we have

(AB)S ~ A“B".

Proof. It follows from [8]. Theorem 7. u]

34. Theorem. Let A, B,C bLe n-ary relational systems such that A is universal
or A is reflexive and both B and C are discrete. Then

ABC ~ ( AB )( .
Proof. It follows from [8]. Corollary of Theorem 5. a
35. Theoreni. Let A, B.C be n-ary relational systems such that B and C are
reflexive. Then there exists an embedding of A®C into (AB)C. If, moreover, A is
diagonal. then

/\B( ~ (AIB)(‘-

Proof. Tt follows from {8], Theorem 9. . a



36. Corollary. Let A, B,C be n-ary ordered sets such that A is diagonal or both
B and C are discrete. Then
ABC ~ (AR)C.

37. Theorem. For any n-ary relational systems A, B with disjoint carriers we

have
A+B=A+B
Proof. It follows directly from the definitions. [m]

38. Theorem. For any n-ary relational systems A, B we have

Proof. Let us show the second equality only. Let A = (4,R), B = (B.S).
It is easy to prove that Hom(B,A) = Hom(B,A). Hence both sides of the equality
have the same carrier Hom(B, A). Denote A = (A,T), A® = (Hom(B, A),U), AB =
(Hom(B, A), V), AB = (Hom(B,A), W). Let (fi,...,fn) € V. Then (fa,..., f1)
U, thus (fu(x),..., fi(z)) € R for each z € B. consequently (f;(z),..., fa(2)) €
for each x € B and (f1,-.., f.) € W, so that V C W. Similarly W C V.

O~8m

39. Theorem. For any n-ary relational systems A, B, C we have

Ao(BoC)~ (AoB)oC.

Proof. Denote A = (4.R), B = (B,S). C = (C.T), AoB = (4 x
B.U), BoC = (BxC,V), Ao(BoC) = (Ax (BxC),W), (AcB)oC =
((Ax B) x C,X). Let ¢ be the natural bijection of A x (B x C) onto (A x
B) x C defined by ©((a, (b,c))) = ((a.b),c) for any a € A, b € B, ¢ € C. Let
((a1,(b1,c1)), . .-, (an, (bn,cn))) € W. Then at least two of the elements ay,....an
are different, (aj,...,an) € Ror a1 = ... = an, ((bi,c1)s...,(bn,cn)) € V, s0
that at least two of the elements ay,...,a, are different, (ay,...,a,) € R or
a; = ... = ayn, at least two of the elements by, ....b, are different, (by,...,0,) € §
ora; =...=ay, bt =...= by, (c1,...,cn) € T, consequently at least two of the
elements (a;,by),. . -, (an, b,) are different, ((a1,b1),...,(an,0,)) € U or (a1,b)) =

.= (an,by), (c1,---,¢y) € T, hence (p({a1,(b1,c1))),---,9((@n, (bn,cn)))) =
(((a1,b1),¢1), - - ((@nsbn)ycy)) € X and ¢ is a homomorphism of A o (B o C)
onto (A o B)oC. Similarly (W((ﬂly(bl,cl)))w---,‘P((an:(bmcn)))) € X implies
((a1,(b1sc1),- - -y (@ns (bn,ycpy))) € W oand ¢ is an isomorphism of A o (B o C) onto
(AoB)oC. 0
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40. Theorem. Let Ay, ..., A, be n-ary relational systems with pairwise disjoint
carriers. Then, for any n-ary relational system B, we Lave

(A ®..&A,)oB=AoBd...0HA, 0B,

Proof. As the n-ary relational systems Aj,.... A, have pairwise disjoint car-

riers. the n-ary relational systems A; o B,...,A, o B have pairwise disjoint carriers
n

as well. Let A; = (A;.R;) for j € (n], B =(B.5). Ayd...aA, = (U 4;.T),
=1

(B1@..9A)0B=((0 4) x BU), AoBe...0A0B = ([ 4)x B.V).
P =1

Assume that ((a1,b1), .. .J, (an,b.)) € U. Then at least two of the cicinents ag,...,Qn

are different, (a1,...,a,) € T or a; = ... = ap, (b1,...,b,) € S. Hence at least

two of the elements ay,...,a, are different, ay,...,a, € 45, (a1,...,a.) € R; for

some j € (n] or ay = ... = an, (b1,...,bs) € S or there exists an € € E, such that

a; € A,y for each i € (n] and ((a1,b1)....,(a,,b,)) € V. Similarly V C U. O

41. Remark. The second distributive law, of course, does not hold in general,
because it is even not valid for binary relational systems.

42. Theorem. For any binary relational systems A, B with disjoint carriers and
for any n-ary relational system C we have

AMB o (AC)(HC).

Proof. LetA=(AR),B=(BS),C=(C.T).C=(CAU) BC=(CB,V),
ABC = (CAVB W), (AC)(BC) = (C4 x CB,X). Let  be the natural bijection of
CAYB onto C* x OB defined by ¢(f) = (fIA, fIB). Assume that (fi,..., fa) € W.
In order to show that (p(fi).....e(fa)) = ((filA, fiIB)....,(fal4, fulB)) €
X, we must verify that (fild,...,fal4) € U, (AIB,....falB) € V. Let
((fri1A)(@),...,(fulA)(a)) ¢ T for some a € A. Then (fi(a),...,fnla)) ¢ T
and there exists a b € A U B such that (b,a) € RU S, (fi(0),..., fa(b)) € T, at
least two of the elements fi(b),..., fo(b) ave different, and (fi(2),-.., fu(z)) € T
for each & € AU B, (2,b) € RUS. But (ba) € RUS implies b € A4 and
(z,b) € RU S implies © € A. Hence there exists a b € A such that (b,a) € R,
((FLTADB), - ... (fulA)D)) € T. at least two of the elements (fi[4)(b), ..., (f21A)(b)
are different, and ((f,[4)(x), ..., (fa[A4)(z)) € T for each x € 4, (2,b) € R, so that
(filA,..., fulA) € U. Similarly (filB..... falB) € ¥ and (¢(fi1). - 0(fn)) € X.
Analogously (¢(f1).....(f.)) € X implies (fi.-.-.fa) €W- u}
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43. Theorem. For any binary relational systems A, B with disjoint carriers and
for any reflexive n-ary relational system C we have

B C~ (R0 o (BC).

Proof. Let A=(A,R),B=(B,S5).C=(C.T).Aa@B=(AUBU),*PC=
(CAVE, V), AC = (C4, 1), BC = (CB, X), (*C) o (3C) = (C* x CB,Y). Again, let
» be the natural bijection of C4UB onto €4 x C'B defined by o(f) = (fI4, fIB).
Assume that (@(f1),...,9(fa)) = (114, AIB), ..., (ful A, fuIB)) € Y, ie. either
at least two of the elements fi[A,..., f,]A are different, (fiTA, ..., falA) € W, or
filA = ... = falA, (AlB..... falB) € X. Now, let there exist an a € AUB
such that (fi(a),..., fa(a)) ¢ T. If a € A, then ((f114)(a),....(f=14)(a)) ¢ T and,
because of reﬂexwmy of T, at least two of the elements f; [A ..... fnlA are differ-
ent, thus (fil4,..., fulA4) € W. Hence there exists a b € A such that (b,a) € R,
((fL1A)(®) (fn [A) (b)) € T, at least two of the elements (fi[A)(), ..., (falA)(b)
are dlffelcm, dud for each z € A, (2,b) € R we have ((fi[A)(@),...,(falA)(z)) € T.
Consequently, there exists a b € AUB such that (b,a) € U, (fi(D),..., f2(b)) € T, at
least two of the elements fi(b), ..., f,(b) are different, and for cach z € AUB, (x,b) €
U we have (fi(z),...,fn(z)) € T. If a € B, then ((fiIB)(a),....(fa]B)(a)) &
T. If, moreover, at least two of the mappings f[A,..., falA are different, then
(filA, ..., fulA) € W. Let there exist a b € A such that ((fi[A)(b),...,(fTA)(D) ¢
T. Then there exists a ¢ € A such that (c,b) € R, ((fil4)(c)....,(folA))) € T,
at least two of the elements (fiTA)(c),...,(fulA)(c) are different, and for each
x € A, (z;¢) € R we have ((f [A)(‘,) ..... (falA)(®)) € T. Hence there exists
ac € AU B such that (c,a) € U, (fi(c)....,fu(c)) € T. at least two of the
elements fi(c),..., fu(c) are diﬁerem, and for each € AU B, (v,¢) € U we
h'\ve (fl(r) S (J:)) € T. On the contrary, let there exist no b € A such that

A)(D), ..., (fulA)(b)) ¢ T. Then for any b € A such that at least two of
the elements (fl [4) (b)A o, (fuTAYD) are different. we have b € AU B, (b,a) € U,
(f1(D)...., Fu(b)) € T, at least two of the elements fi(b),..., f,(b) are different, and
for each z € AU B, (z,b) b € U we have (fi(z),.... fu(x)) € T Finally, ifac€ B
((fi!B)(@),....(faIB) (@) ¢ T and fiTA= ... f,lI-l then (fi[B,..., fal )
thus there exists a b € B such that (b,a) € S, ((fi[B)(b)....,(f1B)(b))
at least two of the elements (f;[B)(D).. (f,,[B)(b) are (hffexem and for cach
2 € B, (x,b) € S we have ({(f1[B)(#),.. (f71 [B)(x)) € T. Hence there exists a
b € AU B such that (b,a) € U, (fl(b),.“ fa(b)) € T, at least two of the ele-
ments fi(b), ..., f,(b) are different, and for each & € AU B, (z,b) € U we have
(Ai(@),. .., fal@)) € T (for x € B this follows from the preceding, for € A from the
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reflexivity of T). In all cases we have (fis---, fu) € V. Similarly (fy,...,fa) €V
implies (@(f1),.- - @(fa)) €Y. O

44. Theorem. For any n-ary relational systems Ay, ..., A, with pairwise disjoint
carriers we have
o~ ~ ~
A .. @A, =An@... &AL

Proof. LetA; = (A; R;). /i\;- = (4;,8;5)forj € (n], A&.. DA, = (Lnj A;.T),
=1

B D A, = (U AU Ay e ... @A = (U A5V). Let (ar,....an) € U.
=1 i=1
Then (@n.-..,a1) € T, thus either (an,....a;) € R; for some j € (n] or there exists

an ¢ € E, such that an+1-5 € Ay for each j € (n]. In the first case we have
(a1,....az) € §; € V. In the second case we have a; € Ag(,41-;) for each j € (n].
Hence (a1,...,Gn) € Aen) X ... X AE(I) C V. Consequently U C V. Similarly
veu. 0

45. Theorem. For any n-ary relational systems A, B we have

AoB=AoB.

Proof. LetA=(A,R),B=(B.S).A=(4,T).B=(B.U),AoB=(4xB,V),
AcB =(AxBW), AoB = (4 x B,X). Let ((a1.b1),....(an,bn)) € W. Then
((@n,bn)s- .., (ay,b1)) € V., thus either at least two of the elements a,,...,a; are
different, (@n,...,a1) € Rora, =...=ay, (b,,...,0;) € S. This implies that either
at least two of the elements a1, . . ., a,, are different, (a;....,a,) € Tora; = ... = an,
(b1,...,bs) € U, so that ((ar,b1)...., (an.b,)) € X, and W C X. Similarly X C W.

[m]

46. Theorem. For any binary relational system A and any n-ary relational sys-
tem B we have

AB="8.

Proof. Let A = (4,R). B = (B.S), B = (B.T). *B = (BA,U), 2B =
(BAV), *B = (B, W). Let (fi,...,fa) € V. Then (fu.....f1) € U. Sup-
pose that (fi(a),...,fa(a)) ¢ T for some a € A. Then (f.(a),....fi(a)) ¢ S,
thus there exists a b € A such that (b,a) € R. {fu(b),....f1(b)) € S, at least
two of the elements f,(b),....f1(b) are different, and for each z € A, (z,b) € R
we have (fa(z),..., fi(z)) € S. Hence there exists a b € A, (b,a) € R such that

(f1(D),..., fa(k)) € T, at least two of the elements fi(b),..., fo(b) are different,
and for each * € A. (z,b) € R we have (fi(z)...., fa(z)) € T. Consequently
(fivoo o fo) EWand V C W, Similarly W C V. (m]
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