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Summary. There exists a natural extension of the notion of preorder from binary relations
onto relations whose arities are arbitrary ordinals. In the article we find a condition under
which extended preorders coincide with preorders if viewed categorically.
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In [6] the usual n-ary relations (n a positive integer) have been generalized by
introducing relations of type @ (a an ordinal). In (8] topologies associated with
relations of type « are investigated and a property of regularity is defined for ternary
relations. In the present note, for relations of type a we introduce and study a
property of strong regularity which is useful for dealing with associated topologies.

Following the convention introduced by J. von Neumann, we identify ordinals with
the set of their predecessors—see e.g. [1]. We use only some fundamental concepts
concerning the category theory—they can be found in [4].

Given a set G # 0 and an ordinal a > 0, by a relation of type & on G we
understand any subset R C G*. In other words, a relation of type a on a set G is
a set of sequences of type a consisting of elements of G. The pair (G, R) is then
called a relational system of type a. If (G, R), (H,S) are two relational systems of
type a, then a homomorphism of (G, R) into (H,S) is any map f: G — H with
(zili<a)€R = (f(z:)]i<a)€S.

A relation R of type a on a set G (a relational system (G, R)) is called [7]:

reflezive if R is contains all constant sequences of type a consisting of elements
of G,

diagonal, if whenever z;; € G for all i,j < a, then (zi | i < a) € R, provided
(zij|j<a)€e Rforalli <aand (z;; |i<a) € Rforall j <a.
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Let us note that for binary relations diagonality is equivalent to transitivity. Hence
reflexive and diagonal relations of type a can be viewed as extensions of preorders.
‘In [7] it is shown that for any ordinal o > 0 the reflexive and diagonal relational
systems of type a together with homomorphisms for a cartesian closed tdpologica.l
category (in the sense of [3]).

Definition. Let R be a relation of type a on a set G. The relation R (the rela-
tional system (G, R)) is called strongly regular if the following condition is satisfied:

if (z; | i < a) € G has the property that for each ordinal ip, 0 < ip < @, there
exists (¥; | j < @) € R and an ordinal jo, 0 < jo < @, such that z;, = y;, and
yj € {zi; © <ig} for each j < jo, then (z; |i < a) € R.

Unary and binary relations are always strongly regular. A ternary relation R on
a set G is strongly regular iff each of the following six conditions is sufficient for
(z,y,2) € R:

1° (xvyvt) €R, (z)ziu) €ER 40 (xi-T)y) € R, (.’L',Z,’u) €ER
3° (z,y,t) €R, (v,z,2)€ER 6 (z,y,t)€R, (y,y,2) ER.

In [8] a regularity is defined for ternary relations by requiring only the conditions 1°
and 2° to se sufficient for (z,y,2) € R.

Remark. By atopology (in Cech’s sense [2]) on a set G we understand any map
u: expG =+ expG withud =0, XCG = XCuX,XCYCG = uX CuY.
The pair (G, u) is then called a topological space. With any relation R of type a on
a set G a topology ug on G is associated in [8] as follows:

X CG = urX = X U {z € G;there exists (z; | i < @) € R and an ordinal 1y,
0 < ip < a, such that z = z;, and z; € X for all i < ip}.

From the results attained in [8] it immediately follows that for any pair of reflexive
and strongly regular relations R, S of type a on a given set we have R # S =
ur # us. This fact then yields the existence of an embedding of the category of
reflexive and strongly regular relational systems of type a (with homomorphisms
as morphisms) into the category of topological spaces (with continuous maps [2] as
morphisms).

For any ordinal a > 0 denote by %, the category of reflexive, diagonal and strongly
regular relational systems of type a with homomorphisms as morphisms. Obviously,
% is the well-known (topological and cartesian closed) category of preordered sets.
The following result shows that, in substance, by having defined %, for all a > 2 we
have received no other categories.
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Theorem. %, is isomorphic to #; for each ordinal a > 2.

Proof. Let a > 2 be an ordinal. For each object (G g) € X put F(G, Q) =
(G, R,) where R, C G* is defined by

(z,-'i<a)€R,_, = To 0Ty

for each ordinal 79, 0-< ip < a. Next, for each morphism f in %2 put Ff = f.
Clearly, the reflexivity of g implies the reflexivity of R, and the transitivity of g
implies the diagonality of R,.

Let (z; | i < @) € G* be a sequence with the property that for each ordinal i,
0 < ip < a, there exists (y; | j < a) € R, and an ordinal jo, 0 < jo < @, such that

Tip =Yj, and y; € {.’L‘,'; i< io}

for each j < jo. Then for any ordinal ig, 0 < ip < a, there is an ordinal i; < ip such
that z;, ¢ z;,. Further, if i3 > 0, there is i3 < ¢; such that z;, ¢ z;,. Repeating this
argument,; after a finite number n of steps we get z;, o =i,_, where i, = 0. Thus,
we have

To0Tip_y 0Tip 5 0--.0%Ti; 0 Tiy

and therefore, because of the transitivity of o, o ¢ z;,. Hence (z; | i < a) € R,
which implies that R, is strongly regular.
We have shown that F(G, ) € #, whenever (G, ) € #». Clearly, for any pair
of objects (G, ), (H,0) € %2, fis a homomorphism of (G, g) into (H,o) iff fisa
homomorphism of (G, R,) into (H, R,). Therefore F is a full embedding of #; into
Zo. We aim at showing that F is surjective on objects.
To this end, let (G, R) € % be an object. Define oC G? as follows:

z gy <= thereis (z; |i < a) € R such that z =z
e and y= z;, for all ordinals g, 0 < ip < a.

The reflexivity of ¢ follows immediately from the reflexivity of R. Let z,y,z € G,
Ty, Yy ez Putie =z, ty —ywhenever0<j <a,to=y whenever 0 < i< a,
tj = z whenever i > 0 and J > 0. Then

(t,-,-|j<a)eR'fora.lli<aand(t.-,-Ii<a)€RforaHj<a.

Consequently, because of the diagonality of R, (ti | i < a) € R. Since tiyi, = 2z
for each ordinal ip, 0 < ig <a, we have z o z. Hence p is transmve, which ylelds
(G 0) € #;. ‘
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We will show that F(G, ¢) = (G, R), i.e. R, = R. Tothis end, let (z; | i < @) € R,.
Then x4 ¢ i, for each ordinal ig, 0 < 49 < a. Thus, for each ordinal ig, 0 < ip < a,
there is (y; | § < @) € R such that o = yo and z;, = y;, for all ordinals jo,
0 < jo < a, in particular for jo = 1. Consequently, because of the strong regularity
of R, we get (z; | i < a) € R. Therefore R, C R.

Conversely, let (z; | i < a) € R. For any ordinal ig, 0 < ip < @, let s(ip) € G*
denote the sequence given by s(io) = (y; | j < @) where yo = zo and y;, = z;, for
each ordinal jp, 0 < jo < a. Clearly, s(1) € R results immediately from the strong
regularity of R. Let ip be an ordinal with 1 < iy < a and assume s(i5) € R whenever
0 < iy < ig. For each i < ig and each j > ip put u;; = x:, for each j < iy and each
i > g put u;j = x;, for each i, j with ip <4 = j < a put u;; = x;,, and, finally, for
all the other i,j < a put u;; = zo. We get a matrix (ui;), 1,j < a, of the following
form:

g o o .-+ T Zo To
o o To ..- X1 Ty Ty
o o o ... X2 T2 T2
o T3 T2 - Ty To Zo
o 1 T2 ... To Ty, o
o 1 X2 ... X9 To T4y

It is easy to see that the condition s(iq) € R whenever 0 < iy < ig, the reflexivity
of R and the strong regularity of R imply that all rows and all columns of the
matrix are elements of R. Hence the diagonal is an element of R, too. But then
s(ip) € R in virtue of the strong regularity of R. Thus, according to the principle of
transfinite induction, we have proved that s(ip) € R for all ordinals ip, 0 < ip < a.
Consequently, zg ¢ z;, for each ordinal ip, 0 < ip < a. This yields (z; | ¢ < a) € R,,
so we have R C R,. Therefore R, = R and the proof is complete. O

Example. Let (G,0) € % where G = {0,1} and ¢ = <. Then for
a = 3 the relation R, C G* defined in the proof of Theorem clearly fulfils
R, = {(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,1,1)}.
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