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ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS
TO A ONE-DIMENSIONAL MOTION
OF COMPRESSIBLE VISCOUS FLUIDS

SHIGENORI YANAGI, Matsuyama

(Received April 11, 1994)

Summary. We study the one-dimensional motion of the viscous gas represented by the
system v —uz = 0, ut+p(v)e = p(uz/v)c+f (f5 vdz,t), with the initial and the boundary
conditions (v(z,0),u(z,0)) = (vo(z), uo(z)), u(0,t) = u(X,t) = 0. We are concerned with
the external forces, namely the function f, which do not become small for large time t. The
main purpose is to show how the solution to this problem behaves around the stationary
one, and the proof is based on an elementary Lz-energy method.
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1. INTRODUCTION

In this paper we study the asymptotic behavior of solutions to the one-dimensional
motion of the viscous gas on a finite interval. In Lagrangian mass coordinate, such
a motion is described by the system of equations

(1.1) vy — U =0,

(1.2) uz+17(v)m=u(uz)1+f(/oxvdr,t>,

v

where v, u, p, p, and f are the specific volume, the velocity, the pressure, the
viscosity coefficient, and the external force of the fluid, respectively. We consider
these equations in a fixed domain Q. defined by

(1.3) Qoo ={(z,1) |0<z < X, t >0},
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together with the initial and the boundary conditions

(1.4) v(z,0) = vo(z), u(z,0) =up(z) on0 <z < X,
(1.5) u(0,t) = u(X,t) =0 ont > 0.

This and related problems have been investigated by a number of authors including
Kanel’ [5], Ttaya {3, 4], Kazhikhov [6], Kazhikhov & Shelukhin [9], Kazhikhov &
Nikolaev (7, 8], and so on. For their results and the historical progress, we could
refer to the paper of Solonnikov & Kazhikhov [12].

Now we proceed to review this problem in the presence of external forces. Mat-
sumura & Nishida [11] proved the global existence of a solution for any external
forces with its derivatives and itself being bounded, assuming that the gas is ideal
and isothermal, and obtained the estimate

(1.6) Cil<u(x,t) <G for (2,f) € Qoos

where Cj is a positive constant. Recently, Matsumura [10] improved their results,
showing that the solution is exponentially stable if the external force depends only
oné = f; vdz and its derivative with respect to £ is sufficiently small. For a general
barotropic gas, Tani obtained in his lecture note [13] the exponential stability of the
solution if f(£,t) belongs to L(0, 00; L*(I))NL*(Ix (0, 00)), where I = [0, fox v dz].
We shall also mention the papers of Beirdo da Veiga. In [2], he proved the global
existence of a solution if some norm of the initial date is bounded by constant which
is determined by the L°®-norm of f. We notice that his conclusion is not a result for
small data, because the constant mentioned above tends to infinity as the L*°-norm
of f tends to 0. In [1], he also obtained, in his words, the complete characterization
of time independent external forces for which the corresponding stationary solutions
are known to exist (see also [2]). Finally, we shall show Zlotnik’s interesting results.
In [15], he proved that if the stationary state of the external force is a decreasing
function of &, then the solution is exponentially stable.

Our interest in the present paper is to investigate the asymptotic behavior of the
solution with external forces depending on time ¢ and not becoming small for large
time. We will consider two cases, namely we will investigate an ideal gas in Section
2, and a general barotropic gas in Section 3. In what follows, we assume that the
viscosity coefficient is a positive constant, and that the external force f = f(¢,t),
€ = J; vdz has a limit function f©in Le=(I) satisfying

.7 folé,1) = F(6:1) = F(€) € L2 (0,00, L=(D))
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where I = [0, an vodz]. To obtain the strong solution (see [2], for example), we
impose the following assumptions on the initial data and the external force:

(1.8) (vo,u0) € H(0, X) x HY(0,X), infuo(z) >0,

(1.9) f fe, and fo € L® (I % (0,00)),

where H* and HE¥ (k > 0) are the usual Sobolev’s spaces with the norm [} - ||k, and
we use the notation || - || instead of || - lo.

a
2. THE CASE OF p= —
v

2.1. Stationary Problem and Theorem. In this section, we assume that the
gas is ideal, i.e.

(2.1) p(v) = % (a being positive constant).

Then the equation (1.2) is reduced to

(2.2) u;+(%)1=u(%)x+f(/;vdx,t><

For the global existence of a solution to our system, we have already known the
following theorem [11]:

Theorem 2.1. (Matsumura & Nishida) Assume (1.8) and (1.9). Then the initial
and boundary value problem (1.1), (1.4), (1.5), (2.2) has a unique global solution in
C°([0,00); H' x H}) satisfying (1.6) and the estimate

(2.3) sup (@, w)®)llx < CUli(vo, wo)lls, inf vo, |floo)-

In order to investigate the asymptotic behavior of the solution, it is necessary to
consider the stationary problem. Let (n(z),0) be the stationary solution to (1.1),
(1.4), (1.5) and (2.2), then the function 7(z) must satisfy the system of equations

(),
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‘We can easily see that this stationary problem has a unique solution in the following
way. Let w(z) be defined by w(z) = / ndz. Then (2.4) and (2.5) are reduced to
0

26) (—) = Fuw),

2.7 w(0) =0, w(X)=Y.
We rewrite (2.6) as

(2.8) —-a—= = F(w)a,

where F'(w) is defined by F(w) = / f({) d¢. Integration of (2.8) with respect to z
0
yields

(2.9) w, = Ae”sF)

where A is a constant. Since F(w) is a Lipschitz continuous function, the initial
value problem (2.9) with w(0) = 0 in (2.7) has a unique solution for an arbitrary
fixed constant A. We now proceed to show that there is a unique constant A for
which the above solution satisfies the relation w(X) =¥ in (2.7). As the proof of the
existence is trivial, we shall only prove the uniqueness. We note that A > 0 because
of Y > 0. Let A and B satisfy A > B(> 0), and let wa,wp be the corresponding
unique solutions to (2.9) with w(0) = 0. It is enough to show that w4 (x) > wa(z) for
0 <z £ X. We shall prove it by reductio ad absurdum. We assume that there exists
a point zg € (0, X] such that wa(zo) = wp(zo) and wa(z) > wp(z) for 0 < z < zq.
Then we must have waz(2o) € wps(xo). On the other hand, from (2.9), we have
waz (%o} > wBe(xo). This is a contradiction.
Then our first main theorem is

Theorem 2.2. Assume (1.7)—(1.9). Let (v,u) be the unique global solution to
(1.1), (1.4), (1.5), (2.2), and let ; be the stationary solution mentioned above. Then

there exist constants eg > 0, § > 0 and C' > 0 which depend only on the given data
such that if | feloo < €0 then the following estimate is satisfied for all t > 0:

@10)  lw=m@IE + @I < Ce‘“(l + /“ S| fos)L, ds)-
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The proof of this theorem is done in Section 2.3. In Section 2.2, we will show some
energy estimates used in Section 2.3.

2.2. Energy Estimates. In what follows, we shall denote by the letter C a
universal constant which depends only on the given data. We first prove the following
lemma.

Lemma 2.3. Let (v,u) be the unique solution of (1.1), (1.4), (1.5), (2.2), and let
1 be the unique solution of (2.4), (2.5). Then the following estimate is valid for all
t>0:
(2.11)
d [*f1 2 poXud X e 2
rr WP dets | 2z <Clfelo [ vQzdz +fo(0)5 ),
0 o v 0

—a

where P and Q are defined by P(v,n) = a(% +log2-1)>0andQ = & ,
respectively, and where | f¢|oo denotes the L (I x (0, 00))-norm of f¢, while | fo(t)loo
denotes the L (I)-norm of fo.

Proof. We rewrite the equation (2.2) in the form

(212)  u+Q, :u(%’—) +f(/:vdx,t) -f(/mndx)
= 0
u(%})ﬂ’(/u vdx,t) 7f(/0 ndx,t)
+f(./0 ndm,t)—f(/o ndz) v
=H(%)z+fg(-,t)/o (u—n)dz+f0(/0 ndz,t),
where we have used the relation (2.4). We multiply (1.1) by -Q, (2.12) by v and

add the results. Integration of this equation over [0, X] yields
(2.13)

d X 1 X w2 X T X
- {—u2 +P(v,n)} cl:c—HL/ —=dz =/ fsudz‘/ (11—r/)dz'+/ foudz.
dt Jy |2 b v o o o

Using (1.6) and the relation [|u|| < Clluz||, each term of the right hand side of (2.13)
is estimated as

X @
(2.14) i/o fgudz/o (v —n)dz’

X z
Vel [ tulde [0 ala’
0 0

u X u2 X
< —/ —de+0|ff|m/ vQ? da,
4y v 0

435



(2.15)

X
/ foudz
o

As discussed in [14], there exists X;(t) € [0, X] such that v(X(t),t) = n(Xa(t)),
B
so that @ can be represented by Q = / Q. dz, which gives the relation ||Q||
X1 (t)
C|lQz|l. From (2.13)-(2.15) and the above relation, we obtain (2.11).

X 2
uz
<4 [ Zars oo
o v
<
a
In the next lemma, we shall estimate Q.

- Lemma 2.4. In the same situation as in Lemma 2.3, the following estimate is
satisfied for all t > 0:
d [X(n 1 X
2.16 — £ (vQ,)? N . 2
(2.16) A {Za(vQ Y +uvQ } dz + (2 leg]co> L vQ%dz

< c(/ox %dm \fo(t)l'éo)-

Proof. Owing to the relation v; = u,, it is easy to see that

(2.17) (vQa)e + (%)qu = (J“”)z‘

v

Thus we can rewrite (2.12) in the form
(2.18)

= z z
e+ Qu+ E(0Qu). + ﬁf(/ ndz)u, - fg(«,t)/ w —n)dx+fo<[ ndz,t).
a a 0 0 o
Multiplying (2.18) by vQ. and integrating it over [0, X gives
wd (X ) x X (X
(2.19) et »/o (vQg)* dz + /0 vQ: dz + /0 wwQ; dz + P fn fuzvQ,dz
X @ X
= / fevQe dz/ (v —n)da’ +/ fovQ. dz.
JO 0 0
The third term on the left hand side of (2.19) is calculated as follows:
X a4 rx X
(2.20) / wrQ, de = — / w@Q, dr — / u(vQyz): dz
o dt Jo 0
d X X 2 auy
=a/o quIdz+/c u{fum+(7)1} dz

X X 2 X R
= i/ w@, dr — / (m—”dz —+ j uu f dz,
dt Jo o v o
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where we have used (2.17). By using (1.6) and Schwarz’s inequality, we conclude
from (2.19) and (2.20) that

d % o 2 X 2
@, {%(’UQI) +quz} dx+/0 vQ2 dz

X .2 X X N
/ Wy dz — [ / fuvQ, dz — / uu, f dz
0 i 0

v a

(2.21)

+/0X fevQ. dz/:@ —n)da’ + /OX forQe da

X ,2 X X 2
1
a/ ﬁdz+—/ UdeI-I‘C/ Ls 4y
o v 4 Jo o v

X X
1
+ leeloo/ vQ2dz + Z/ vQ2 dz + Clfo(t)%
0 0

X X ,2
(3+cli) [ v@zazse( [ arrin0i).

This completes the proof of Lemma 2.4. u]

N

We finally estimate ;.

Lemma 2.5. In the same situation as in Lemma 2.3, we have the following esti-
mate for all t > 0:

1 x X 2 X 2 x
(2.22) 1d uzdz+5/ Yz gp g C / u—’dz+/ szdz+\fo(f)|go)~
2t Jy 2y b o b

Proof. Multiplying (2.12) by ~u,, and integrating it over [0, X] yields
X X .2
(2.23) 1d uideru/ Yoz gy
[} o v
X X
= / qu”dxiru/ &%dm
o Jo v

b " X
- / fetaz dz/ (v—mn)dz’' — / fouzz dz.
o 0 o

Each term on the right hand side s (2.23) is estimated as follows. First by using
Schwarz’s inequality,

X w (X X
/ Qg dz| < — / =2 dz + C/ UQ:‘; dz.
o 10/ v 0

(2.24)
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Next,

(2.25) Iz

X
VpUz Uz
U=
0 v

Because of u(0,t) = u(X,t) = 0, there exists X2(t) € [0, X] such that u,(Xa(t),t) =
0, so that

= 5 X X X
(2.26) . / —u?dz < / [Usties| dz < s/ ul, dr + C/ u?dz
Xa(0) 02 o o o

for any small ¢ > 0. Therefore, the last term on the right hand sxde of (2.25) is
estimated as follows:

(2.27) C/ viuldz 10/ "d +C/ Td

Here we have used (2.3). Next,

(2.28) [ / ¥ fetnade / "o - e’

Finally,

X ,2 X
U
< i/ —=dz+C v2u? da.
10/, v 0

X 42 X
B Uzs
SE/O - dz+C/0 vQ? dz.

X
(229) ( /O fouzz dz

X 2
© Uze 2
<L 2.
< 10/0 " dz + Clfo(t)|2

Inserting the above inequalities (2.24)-(2.29) into (2.23), we immediately obtain
(2.22). u}

2.3. Proof of Theorem 2.2. We are now in position to prove the Theorem 2.2.
Multiplying (2.16) by 81, (2.22) by 6, and adding the results together with (2.11)
implies

X 02
2 b _ce - Yz
(2.30) —E @+ ( £-ch c8) /0 do
0- 2
+ (%1 _c(1+el)|fg|m—csz) / 0@ de + 102 f Yo gy
0 [¢]
< C(L+ 6 +02)| fo®)|Zs

where E2(t) is defined by

X
(2.31) E%t):/ {;u + Plo,n) + £2 (vQ +91qu:+%u§} dz.
0
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Using Schwarz’s inequality, we can estimate the term 6 uvQ, as

Bt 1
(2.32) 101uvQ.| < T (vQz)* + m u’.

Thus if | f¢|oo is sufficiently small, we can choose the positive constants 6, and 8, to
satisfy

0
(233) 500 - CO>0, = C(1+01)|feluo — CO2 >0, %ﬁauﬁm’

so that E2(t) > 0, and the coefficient on the second and the third term of the left hand
side of (2.30) is positive. We note that because of (1.6), P and Q? are equivalent.
Furthermore, as stated in Section 2.2, we have the relation ||Q|| < C||Q.|. Thus it
follows from these remarks and (2.30) that there exists a positive constant § such
that

(2.31) SE) +5E(0) < Lol

holds for all ¢ > 0, from which we obtain
t
(2.35) E2(t) < E*(0)e™ + Ce / S fols) ds.
0

It is easy to see that (2.35) implies (2.10), and the proof of Theorem 2.2 is complete.
a

3. THE CASEOF p=av™ 7, y> 1

3.1. Stationary Problem and Theorem. In this section we consider the
general barotropic gas represented by

(3.1) p(v) =av™” (a>0,v>1 constants).

Then the equation (1.2} is reduced to

(3.2) ut+(%)I=u(%)1+f(/orvdz,t>.

As mentioned in Section 1, we have already known the following global existence
theorem [2]:

439



Theorem 3.1. (H. Beirdo da Veiga) Assume (1.8) and (1.9). Then there exists
a decreasing function R(-) satisfying R(0) = co such that if [[(vo,uo)lly < R(|f|e)
then the initial and boundary value problem (1.1), (1.4), (1.5), (2.2) has a unique
global solution in C°([0, 00); H* x H}) satisfying (1.6) and (2.3).

The stationary problem considered in this section is

(3),1([ )

X X
(3.4) / n(z) dz =/ w(z)dz (=Y).
0 0
Performing the same calculation as in Section 2.1, (3.3) and (3.4) are rewritten as
(3.5) P(Ws)e = F(w)z,
(3.6) w(0) =0, w(X)=Y,

where w(z), ®(w), and F{w) are defined by w(z) = foz ndz, ®(w) = %(wl“’Y - 1),
and F(w) = [;* f(¢) d¢.

From (3.5) we have
3.7 : B(w,) = F(w) +c,

where ¢ is a constant. Let M and m be defined by M = max F(w) and
0wy

m = min_F(w). Then we must have
0wy

o
(3.8) m—+—c>—ﬁ (_Oslmlulqu)(w))’

because we are looking for a solution that satisfies 0<in£X 7(x) > 0. Now let us fix a
constant ¢ that satisfies (3.8). Since ®(w) is a decreasing function of w, we can solve
(3.7) obtaining

(3.9) wy =7 (F(w) +c).

It is easy to see that the initial value problem (3.9) with w(0) = 0 in (3.6) has a
unique solution for an arbitrary fixed constant c satisfying (3.8), and we denote this
solution by wc(z). The unique existence of a constant ¢ satisfying w.(X) =Y is our
problem. As the proof of the uniqueness is easily verified by using the comparison
theorem, we shall only consider the existence. Integration of (3.9) over [0, X] yields

X
(3.10) Y =/ &~ (F(w) + ¢) da.
0
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Thus the necessary and sufficient condition for the existence is given by

X
3.11 lim / &7 (F(w) +c) dz > Y,
(311) Ldm [ R+
from which we obtain one of the sufficient condition as follows:
Y ay
. - M-m-— .
(3.12) <I>(X>> [ -m P

Then our final main theorem is

Theorem 3.2. Assume the hypotheses as in Theorem 3.1 and the existence of
the stationary solution. Then there exist constants g > 0, § > 0 and C' > 0 which
depend only on the given data such that if | f¢]oo < €0 then the following estimate is
satisfied for all t > 0:

t
619 -0+l < e (14 [ ok as)
0
The proof of this theorem is similar to that of Theorem 2.2, so we will only show
the sketch of proof in the next subsection.

3.2. Sketch of Proof of Theorem 3.2. As in Section 2.2, we derive the
following three energy estimates.

Lemma 3.3. Let (v,u) be the unique solution of (1.1), (1.4), (1.5), (3.2), and let
n be the unique solution of (3.3), (3.4). Then the following estimate is valid for all
t>20:
(3.14)

d (1 no Xl X
2 {—u2+P(v,n) dx+—/ %< |fe|w/ V12 da + o)1, ),
at J, 12 2)0 v A

where P and Q are defined by P(v,n) = a (

1 _ - v o -
1” r+1 +un viﬁn 7+1> >0
dQ:i—i respectivel
an o7 = Tespectively.
Lemma 3.4. In the same situation as in Lemma 3.3, the following estimate is
satisfied for all t > 0:
4 rx

X
(3.15) EIA {%(WQI)Z +mﬂQI} dz + (% - leglcu>_/O v'Q%dx

X .2
sc(/u %dz+[fo(t)|§o),
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Lemma 3.5. In the same situation as in Lemma 3.3, we have the following esti-
mate for all t > 0:

1d X . u X”Zr Xu2 X
16) = — = =22 dg -2 Q2 2).
(3.16) 2dt/0 u,dz+2/0 E dz\C(/O - dr+/0 v Qrdz+|f0(t)]w>

The proof of these lemmas is done by the same procedure as in Lemma 2.3-Lemma
2.5, and we ommit it only noting that we use the following relation in Lemma 3.4
instead of (2.17):

(3.17) @Qz)+ (n%) W= ()

Now the proof of Theorem 3.2 is easy; with these three inequalities, the same con-
sideration as in Section 2.3 leads to Theorem 3.2.
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