
Mathematica Bohemica

Imrich Abrhan
On minimal ideals in semigroups with respect to their subsets. I.

Mathematica Bohemica, Vol. 122 (1997), No. 1, 1–12

Persistent URL: http://dml.cz/dmlcz/126184

Terms of use:
© Institute of Mathematics AS CR, 1997

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/126184
http://dml.cz


122 (1997) MATHEMATICA BOHEMICA No. 1, 1-12 

Í-A 4Ш/Ш. WЯ . 
ON MINTMAL^TOEALS IN SEMIGROUPS WITH RESPECT T O 

^ \ THEIR SUBSETS, I 

I JH0VNA5JiM F 

N(BLecfiiyjBd'September 13, 1994, revised February 5, 1996) 

174 91 / i 
Summary. In the paper, the following concept are defined: 
(i) a minimal left (right, two-sided) ideal with respect to a subset B of a semigroup 5, 
(ii) a kernel with respect to a subset B of a semigroup S, 

and their basic properties are investigated. 
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In many papers concerning the algebraic theory of semigroups, properties of the 

following types of ideals in semigroups are investigated: 

1) the minimal left (right, two-sided) ideals (see for example [3], [5], [6], [7], [8], 

[9], in]); 
2) the 0-minimal left (right, both-sided) ideals (see for example [4]); 

3) the minimal quasi-ideals (see for example [12]); 

4) the simple left (right, two-sided) ideals (see for example [8], [10]). 

In this paper, the following concepts are defined: 

a) a minimal left (right, two-sided) ideal with respect to a subset B of a semi

group S; 

b) a kernel with respect to a subset B of a semigroup S. 

An example of two semigroups, each satisfying exactly one of the following two 

properties, is given: 

a) Si does not contain any minimal left (right, two-sided) ideal (it does not have 

a kernel), and it contains infinitely many mutually different subsets such that with 
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respect to each of them Si contains minimal left (right, two-sided) ideals and the 

kernel. 

b) S2 contains at least one minimal left (right, two-sided) ideal, hence it contains 

the kernel, nonetheless it does not contain any simple left (right, two-sided) ideal and 

contains infinitely many mutually different subsets such that with respect to each of 

them S 2 has minimal, left (right, two-sided) ideals (none of them is a minimal left 

(right, two-sided) ideal of S) and with respect to each of them it also has the kernel. 

Let S be a semigroup and let 0 ^ B C S. In this paper, basic properties of a 

minimal left (right, two-sided) ideal with respect to the set B of the semigroup S 

(under certain conditions on a subset B of a semigroup S) are investigated. The main 

result of this paper is Theorem 3, which is a generalization of Corollary 9 (see [3]). 

After the basic assertions on minimal left (right, two-sided) ideals with respect to 

a set B of a semigroup S, some well known corollaries will be given, e.g. on minimal 

left, on 0-minimal right (if the semigroup S is a semigroup with the zero 0) and on 

simple left (if the semigroup S contains the kernel) ideals of a semigroup S. 

Throughout the paper, the following notation will be used: 

X C Y will mean that X is a proper subset of the set Y (to distinguish it from 

XCY which means either X C Y or X = Y). 

Let S be a semigroup and let l / K S . L(A) (R(A), .1(A)) is the left (right, 

two-sided) ideal generated by A. If a 6 S and A = {a}, then instead of L({a}) we 

will write L(a). 

J£ (£?., l/) is the Green .^-equivalence (^"-equivalence, ^-equivalence) on S 

(see [1]). 

S/Jf (S/Jf, S/3?) is the set of all if-classes (^/-classes, ^-classes) which belong 

to the equivalence _Sf (^ ,£%) on S. 

La (Jo, Ra) is the element of S / J f (S//, S/iJ?) containing the element a€ S. 

^ is a partial ordering on S/.(£ (Sj' f', S/@) (see [1]). We will write Ra < Rb 

provided Ra <. Rb and Ra ^ Rb. 

NL(A) (N(A), NR(A)) will denote the set of all elements x 6 S such that for 

each a e A: La £ Lx (Ja £ Jx, Ra £ Rx) (see [13]). 

LB (RB) will denote the set u{L„ | b 6 B} (U{Rh \ b £ B}). 

A is the set S \ A. 

We will use the following assertion: Let S be a semigroup and let 0 ^ A C S. 

Then (see [13]): 

If NL(A) y£ 0, (N(A) jt 0, NR(A) ^ 0), then NL(A) (N(A), NR(A)) is a left 

(two-sided, right) ideal in S. 

In what follows the definitions of new concepts will be mostly omitted and the 

theorems about them will be given only for left ideals of S. Theorems on left ideals 



of S will be referred to (without further notice) in case analogous theorems (concepts) 

concerning right (two-sided) ideals of S should be used. 

Definit ion 1. Let S be a semigroup and let 0 ^ B C S. A left ideal L of 

a semigroup S will be called a minimal left ideal with respect to a subset B of a 

semigroup S (or in S) , if Ln .B 7̂  0 and there is no left ideal V in S such that V C L 

and I ' n B / 8 . 

R e m a r k 1. a) If we put B = S (B = S\{0}) in Definition 1, then we have for 

each B / i C S : 

L is a minimal left (0-minimal left) ideal with respect to a subset B of the semi

group S (of the semigroup S with 0) if and only if L is a minimal left ideal of the 

semigroup S (of the semigroup with 0). 

b) Let S be a semigroup with the kernel K and let K ^ S. A left ideal L of the 

semigroup S is called a simple left ideal of the semigroup S, if K C L and there is 

no left ideal U in S such that A" C V C L (see [10]). Put B = S \ K. In the paper 

it is shown how to get theorems on minimal left ideals with respect to the subset B 

of the semigroup S using theorems on simple left ideals of the semigroup with the 

kernel K. 

E x a m p l e 1. Let Si be the set of all real numbers 1 6 R such that 0 < x < 1, 

A binary operation on Si will be defined in the following way: xy = min{x,y} for 

each two elements x,y G S i . Then Si is a semigroup. 

Let S2 = {a, b, c} and let a binary operation on S2 be defined in the following way: 

a b c 
a a b c 
b a b c 
c a b c 

Then S2 is a semigroup. Let S3 = Si x S2 be the direct product of semigroups St, S2 . 

For each a e (0,1) put Ma = {y \ y e R and a < y < 1} and Ba = Ma x S2 . Then 

for each a £ (0,1) the set {L(a, u) | u e S2} is the set of all minimal left ideals with 

respect to the set Ba of the semigroup S3 . It is easy to prove that the semigroup 

S 3 contains no minimal two-sided ideal. In this example instead of the set Si take a 

set S10 of all real numbers i g l such that 0 < x < 1. Define the binary operation 

on S10 analogously as on Si . Then S10 is a semigroup. Let S30 = S10 x S2 be the 

direct product of semigroups Sj 0, S2 . Then we can easily prove that the semigroup 

S3 0 has the following properties: 

a) S30 contains at least one minimal left and one minimal right ideal and hence 

S3 0 has the kernel, 



b) S30 does not contain any simple left (two-sided) ideal, 

c) S30 contains infinitely many mutually different subsets (Ba,a G (0,1)) such 

that with respect to each of them S30 has minimal left ideals (none of them is a 

minimal ideal of S). 

For each 8 G (0,1) put N0 = {y | y G R and 0 < 0 < y < 1} and B0 = JV" x S2 . 

Then for each 8 e (0,1) the set of all minimal left (right, two-sided) ideals with 

respect to the set B13 of the semigroup S3 is empty. 

R e m a r k 2. By means of an example it can be shown that there exists a semi

group having a kernel and containing no minimal left (right), simple left ideal, while 

containing infinitely many mutually different subsets such that with respect to each 

of them it has both a minimal left ideal and the kernel. 

T h e o r e m 1. Let S be a semigroup and let 0 7̂  B C S. Then for each 0 ^ L C S 

the following holds: 

(a) L is a minimal left ideal with respect to the subset B of the semigroup S if 

and only if there exists an element b 6 B such that L = L(b) and Lb is a minimal 

element ofNL(B)/J£. 

(b) For eacJi b G B: L(b) is a minimal left ideal with respect to the subset B of 

the semigroup S if and only if L(b) n NL(B) = Lh. 

P r o o f , (a) I. Suppose that L is a minimal left ideal with respect to the subset 

B of the semigroup S. Let b G L n B. Then L(b) C L and L(b) n f l / B . It follows 

from the assumption that L = L(b). Let a G NL(B) and let L„ ^ Lb. Then there 

exists an element c £ B such that Lc <. La. This implies that L(c) = L(b), hence 

La = Lb- Therefore, LB is a minimal element of NL(B)/J£. 

II. Let b £ B, L = L(b) and let Lb be a minimal element of NL(B)/J£. Let V be 

a left ideal of the semigroup S such that V C L and V n B 7̂  0. Let c € V n B. 

Hence L(c) C L'(c) C L(6). Therefore Lc < Lb and L,„ Lc G NL(B)/J£. This is a 

contradiction with the fact that Lb is a minimal element of NL(B)jJ£. Therefore 

L(b) is a minimal ideal with respect to the subset B of the semigroup S. 

(b) Let beB. 

I. Suppose that L(b) is a minimal left ideal with respect to the subset B of the 

semigroup S. Using (a) we get that L\, C L(b) n NL(B). Suppose that there is an 

element d G L(b) nNBjB) such that d £ L6. Hence Lrf C .YL(B) and L(i < Lb. 

This is a contradiction with the fact that Lb is a minimal element of NL(B)/'.'/''. 

Therefore L(b) tlNL(B) C Lb. 

II. Suppose that L(b)nNL(B) = Lb. Further suppose that there exists a left ideal 

L of the semigroup S such that L C L(b) and L n 73 7̂  0. Then L n Li, # 0. Hence 



L(b) C L, which contradicts L C L(b). Therefore L(b) is a minimal left ideal with 

respect to the subset B of the semigroup S. D 

Corollary 1. Let S be a semigroup. Then for each I / L C S the following 

holds: 

(a) L is a minimal left ideal in S if and only if there exists an element b e S such 

that L = L(b) and Lb is a minimal element in S/J£. 

(b) For each b e S : L(b) is a minimal left ideal in S if and only if L(b) = Lb-

P r o o f . Pu t B = S. Then NL(B) = S. Using Theorem 1 we get Corollary 1. 

D 

Corollary 2. Let S be a semigroup S with zero 0. Pu t B = S\{0}. Then for 

each 8 / I C S t i e foJJowing holds: 

(a) L is a 0-minimal left ideal of the semigroup S if and only if there exists an 

element b 6 B such that L = L(b) and Lb is a minimal element in B/Jtf. 

(b) For each b £ B, L(b) is a 0-minimal left ideal of the semigroup S if and only 

ifL(b) = {0}uLb. 

P r o o f . From the assumption we have that B = S\{0}. Then NL(B) = S\{0}. 

Using Theorem 1 we get Corollary 2. D 

Corollary 3 . Let S he a semigroup with the kernel K and let S be not simple. 

Put B = S\ K. Then for each L <Z S the following holds: 

L is a simple left ideal in S if and only if there exists an element b £ B such that 

L = K U L(b) and L(b) is a minimal left ideal with respect to the subset B of the 

semigroup S. 

P r o o f . I. Let L be a simple left ideal in S. Let be L\ K. Then K U L(b) C L 

and K U L(b) is a left ideal containing the kernel A'. Then the assumption implies 

that L = KuL(b). Suppose that Lb is not a minimal element of B/J?. There exists 

an element ce B such that Lc < Lb. Then L(b) \ Lb ^ 0 and (L(b) \ Lt) D B ± 0. 

Then L{ = K U (L(b) \ Lb) is a left ideal of the semigroup S and K C L C i . This 

is a contradiction with the fact that L is a simple left ideal of S. It follows that Lb 

is a minimal element in B/J£. Using Theorem 1 we get that L = K U L(b) and L(b) 

is a minimal ideal with respect to the subset B of the semigroup S. 

II. Let L = A" U L(b) and let L(b) be a minimal left ideal with respect to the 

subset B of the semigroup S. Suppose that there exists a left ideal V in S such that 

K c L' C L. Let d e V n Lb. Then Lb = Ld C L(d) C V. We get L C V. Hence 

V = L. Therefore L is a simple left ideal of S. D 



Definition 2. We will say that a semigroup S satisfies the condition m-LB ( " » B ) 

if 0 ^ B C S and the set of all minimal left (two-sided) ideals with respect to the 

subset B in S is nonempty. 

Let S be a semigroup and let 0 / B C S. A minimal left ideal L with respect 

to the subset B of the semigroup S will be called a left mB-ideal of the semigroup 

S if L has the following property: for each left ideal L' of S the following holds: If 

V C L and c 6 S then Z/c n ATL(B) = 0. 

L e m m a 1. Let a semigroup S satisfy the condition mLB- Let either NL(B) = 0, 

or let NL(B) be a two-sided ideal ofS. Then its every minimal left ideal with respect 

to the subset B of the semigroup S is a left mB-ideal of the semigroup S. 

The proof is clear. 

Let S be a semigroup without zero (with zero 0). Put B = S (B = S \ {0}). Let 

S satisfy the condition nuB-Then each minimal (0-minimal) left ideal with respect 

to the set B = S (B = S \ {0}) of the semigroup is a left mB-ideal of S. 

It can be shown by means of an example that there is a semigroup S and its 

nonempty subset B C S with the following properties: 

a) NL(B) ^ S and NL(B) is not a two-sided ideal of S, 

b) S satisfies the condition m t B , 

c) S contains a minimal left ideal with respect to the subset B of S that is its left 

mB-ideal and contains a minimal left ideal with respect to the subset B of S that is 

left mB-ideal of S. 

E x a m p l e 2. Let S = {0,a,P,u,v,e}. Define on S a binary operation as 

follows: 

Q ß tt v e 
Q Q 0 0 u e 

ß 0 ß u 0 0 
U u 0 0 ß tt 

V 0 V e 0 0 
e e 0 0 u e 

Then S is a semigroup. Put B = { Q , / 3 } . Then ArL(B) + 0, JVL(B) is not a two-

sided ideal of S. S satisfies the condition VILB and constains a minimal left ideal 

with respect to the subset of S that is not its left mB-ideal of S and contains a 

minimal left ideal that is its left mB-ideal of S. 

L e m m a 2. Let a semigroup S satisfy the condition IIILB- Let Lbea left mB-ideal 

of the semigroup S. Then for each c e NL(B) the following holds: IfLcDNL(B) ^ 0, 

then Lc is a minimal left ideal with respect to the subset B of the semigroup S. 



P r o o f . Let c £ NL(B), and let Lc n L ^ 0. Suppose there exists a left ideal 

L* of S such that L* C Lc and L ' n B / l . By Lj we will denote the set of all 

elements a £ L such that ac £ L*. Then by the assumption we get that L\ ^ 0 and 

Li HNL(B) ^ 0. If s £ S and a £ L ] , then (sa)c = s(ac) £ sL* C L*. Hence Li is a 

left ideal of S. Due to the assumption we have L\ = L. Hence Lc = L\cQL*. This 

is a contradiction with L* C Lc. Therefore Lc is a minimal left ideal with respect to 

the subset B of the semigroup S. D 

Corollary 4 . (See [3].) Let L be a minimal left ideal of a semigroup S and let 

c £ S. Then Lc be a minimal left ideal of the semigroup S. 

P r o o f . Put B = S. Then L is a left mL-ideal of S. By Lemmas 1 and 2 we 

get Corollary 4. D 

Corollary 5. (See [4].) Let, S be a semigroup with zero 0. Let L be a 0-minhnal 

left ideal of S, and let c £ S. Then either Lc = {0} or Lc is a 0-minimal left ideal 

ofS. 

P r o o f . Put B = S \ {0}. Then NL(B) = S \ {0} and NL(B) = {0}. Due to 

Lemmas 1 and 2 we get Corollary 5. D 

Corollary 6. (See [10].) Let S be a semigroup with the kernel K and let L be a 

simple left ideal of S. Let c £ S. Then the set K U Lc is either a simple left ideal of 

S or K = KU Lc. 

P r o o f . Put B = S\K. Then using Corollary 3 and Lemma 2 we get Corollary 6. 

D 

Let a semigroup S satisfy the condition mis- By tB we will denote the set of all 

elements of B such that for each minimal left ideal with respect to the subset B there 

exists exactly one element b 6 ,B such that L = L(b) (see Theorem 1) and L(b) is 

a minimal left ideal with respect to the subset B of S for each b £ »B. The set tB 

will be called the left lower basic (minimal) set of the subset B of the semigroup S. 

Clearly tB is such a minimal subset of the set B that the sets of all minimal ideals 

with respect to B and of those with respect to , B coincide. 

Def in i t ion 3 . We will say that a semigroup S satisfies the condition m*LB if 

S satisfies the condition miB and the left lower basic set tB of the set B has the 

following properties: 

i) If b £ J , c £ S and L(6)c n NL(B) = 0, then there exists an element d £ ,B 

such that L(6)c C L(d). 

ii) NL(B) = N(B). 



R e m a r k 4. It is easy to prove that the following assertion holds: 

(a) Let a semigroup S contain at least one minimal left ideal. Put B = S. Then 

the semigroup S satisfies the condition m*LB. 

(b) Let a semigroup S with 0 contain at least one 0-minimal left ideal. Pu t 

B = S \ {0}. Then the semigroup S satisfies the condition m'LB. 

L e m m a 3. Let a semigroup S satisfy the condition m*LB. Then the set union of 

all minimal left ideals with respect to the subset B of S is a two-sided ideal of S. 

P r o o f . Pu t M = U{L(b) \ b 6 ,B}. Let a 6 M and c G S. There exists 

an element d e *B such that a e L(d). Then either a) L(d)c n NL(B) = 0. or 

/3) L(d)cnNL(B) ft 0. First suppose that a) holds. Then by the assumption, there 

exists an element d! € ,B such that L(d)c C L(d'). It follows that ac € M . In the 

case /?), due to Lemma 2 we get that there exists h e , B such that L(6)c = L(h). 

It follows that M is a right ideal of S. Clearly M is a left ideal of S. Hence M i s a 

two-sided ideal of S. • 

Definit ion 4. We will say that a semigroup S satisfies the condition m*LB if S 

satisfies the condition m*LB and for each b, c e ,B there exists an element d € NL(B) 

such that L(b)d = L(c). 

E x a m p l e 3. Let a semigroup S contain at least one minimal left ideal. Put 

B = S. Then NL(B) = S. Let »S be the left lower basic set of the subset of the set 

B (C S). Then it is easy to prove that the semigroup S satisfies the condition m*LB. 

T h e o r e m 2. Let a semigroup S satisfy the condition m*LB. Then: 

(a) For each two-sided ideal M of the semigroup S the following holds: IfMC\,B ^ 

0, then L(tB) C M. 

(b) The set L(,B) = U{L(b) \ b e ,B] is a minimal two-sided ideal with respect 

to the subset ,B of the semigroup S. 

P r o o f . (a) Let 6 6 M O ,B. Suppose that c £ ,B and c <£ M. By the 

assumption there exists an element d £ NL(B) such that L(b)d = L(c). This is a 

contradiction with L(b) C M and c $ M. Hence £(„B) C M . 

(b) By the assumption and Lemma 3, L(,B) is a two-sided ideal of the semigroup 

S. Suppose that there exists a two-sided ideal M' of the semigroup S such that 

M' C L(,B) and M' n ,B ^ 0. Using (a) we get i ( , B ) C M'. This contradicts the 

assumption. D 

Corollary 7. Let a semigroup S contain at least one minimal left ideal. Then 

the set union of all minimal left ideals of the semigroup S is its minimal two-sided 

ideal (for the kernel of the semigroup S see e.g. [3], [9]). 



R e m a r k 5. Let S be a semigroup in Example 2 and B = {a,(3}. Then 

a) S satisfies the condition m*LB and does not satisfy the condition m*LB. 

b) The set union of all minimal ideals with respect to the set B of a semigroup S 

is not a minimal two-sided ideal of S and LB # RB-

Definition 5. Let S be a semigroup and let 0 ^ B C S. Denote by KB the 

intersection of all two-sided ideals A'' of the semigroup S such that N n B ^ 0. If 

KB 7̂  0 then the two-sided ideal KB of S will be called the kernel with respect to 

the subset B of the semigroup S. 

Clearly the following holds: If B = S and KB ¥" 0. then KB is the kernel of the 

semigroup S. 

Corollary 8. Let a semigroup S satisfy the condition m*LB. Then L(tB) is the 

kernel with respect to the subset ,B of the semigroup S. 

We get Corollary 8 using Theorem 2. 

E x a m p l e 4. Let Si , S2 , S3 , S10, S30 be semigroups from Example 1. Let for 

each a e (0,1), M" and B" be the sets from Example 1. It is easy to show that 

each semigroup S 3 (S30) satisfies the condition m*LB for each a £ (0,1) (a £ (0,1)). 

The semigroup S 3 (S30) has the kernel with respect to its every subset B", a € (0,1) 

(a 6 (0,1)), contains the kernel and does not contain any simple left (right, two-

sided) ideal. 

Definit ion 6. Let S be a semigroup and let 0 ^ B C S. We will say that the 

semigroup S satisfies the condition mu*LB (mu*p*B) if it satisfies the condition m*LB 

(m*f*B) and for each a, b £ ,B (a, b e B*) we have Lab = Lb (l>Ra = R0). 

Further, we denote by Dt(B) (Dr(B)) the set of all elements b € B such that 

bB = B (Bb = B). 

Definition 7. A semigroup S will be called a partial group if and only if Dr(S) ^ 

0 a n d D r ( S ) = DL(S) (see [2]). 

Further, we will use the following lemma (its proof see e.g. [1], [2]). 

L e m m a 4. Let S be a partial group. Then 

(a) Dr(S) = S if and only if S is a group. 

(b) IfDT(S) ^ S, then S \ Dr(S) is a two-sided ideai of S and Dr(S) is a group. 

(c) The unit of the group Dr(S) is a unit of the semigroup S. 

A nonempty subset H of the semigroup S will be called a filter of the semigroup 

S if for each two elements a, 6 6 S the following holds: ab 6 H (a, b e S) if and only 



if a e H,b e H. If i? is filter of the semigroup S and S \ H £ 0, then 5 \ H is a 

two-sided ideal in S. 

L e m m a 5. Let a semigroup S satisfy the conditions mu*L*B, mu*^B. Let L,B = 

RB, and let c, d be arbitrary elements of L,B- Put G = R(c)L(d) and D = G n L B . 

Then 

(a) L,B is a filter in L(tB), 

(b) D ^ 0, 

(c) D CRcnLd, 

(d) D = DT(G) = D,(G). 

P r o o f . By the assumption and Theorem 2 we get that L(tB) is a two-sided 

ideal of 5 and R(Bt) C L(tB), L(tB) C R(Bt). Therefore L(,B) = R(Bt). By the 

assumption, we get that L(tB) \L,B = R(Bt) \ RB,. Put K = L(tB) \L,B. Then 

K = U{L6 U L(b) \Lb\be tB}\ U{Lb \be tB} = u{L(b) \ Lb \ b e tB}. Hence 

either (i) L(b) \ Lb = 0 for all b e tB, or (ii) there exists an element b e B such that 

L(b) \ Lb # 0. Suppose that (ii) holds. Then K + 0 and if is a two-sided ideal of 

S. Let a and b be elements of L > B . Then by the assumption, Lab = Lb Q L,B- It 

follows tha t L > B is a filter in L(tB) (in the case (i) we have L(tB) = L,B). 

b) Let c, d be elements of LB. Then cd e R(c)L(d) = G and by (a) we get 

cde L,B. Hence D^Q. 

c) Since G n L . B = [f i (c)L(d)]nL,B C [ i ? (c )nL(d) ]nL . B = [ i ? ( c )nL . B ]n [L(d )n 

L > B ] , the assumption and Theorem 1 yield that D C Rc n Ld . 

d) Let g be an element of D. By (c) we get g e Rc and g e Ld . By the assumption 

we get that Ld = Lg = Ldg C L(d)g C L(d)L(d) C L(d). Then L(d) = L(d) s . 

Analogously gfl(c) = i?(c). Hence gG = gR(c)L(d) = G and Gg = R(c)L(d)g = G. 

Let g be an element of G such that g $. D. Then g e L(d) and g <£ L,B- Therefore 

g e K. By (a), L , B is a filter in L(,B) and /<" 7̂  0, hence K is a two-sided ideal 

in L(tB). It follows that Gg n L , B = 0 and gG n L,B = 0. According to (b) we 

get Gg ^ G and gG ^ G. The above considerations imply that the assertion (d) of 

Lemma 5 holds. • 

T h e o r e m 3 . Let the assumptions of Lemma 5 hold. Then: 

(a) G is a partial group. 

(b) L(d) = Se, R(c) = eS and G = R(c) n L(d) = eSe where e is the unit of the 

partial group G. 

(c) D = Rc n Ld. 

P r o o f , (a) Since L(d) is a left ideal of the semigroup S, we get that GG = 

R(c)L(d)R(c)L(d) C R(c)L(d) = G. According to (b) and (d) of Lemma 5 we get 

that G is a partial group. 

10 



(b) Let e be the unit of the partial group G. Then by Lemmas 4 and 5 we have e E 

Rc and e E Ld. It means tha t H(c) = eS and L(d) = Se. Then eSe C eL(d) C L(d) 

and eSe C R(c)e C R(c). It follows that eSe C i?(c) n L(d). Let x are an arbitrary 

element of R(c) n L(d). Then there exists elements u, v E S such that X = eu = ue. 

Then £ = eu = e(eu) = e(ev) = eve, i.e. x E eSe. Hence /?(c) n L(d) C eSe. 

Clearly R(c)L(d) C L(d) and R(c)L(d) C R(c). Therefore G C R(c) n 1(d) . Let 

x be an element of R(c) n L(d). By (b) there exists an element u E S such that 

x = ue. Then xe = (ue)e = ue = x. Therefore x E R(c)L(e) = R(c)L(d). Hence 

G = R(c) n L(d) = eSe, where e is the unit element of the partial group G. 

(c) By (b), Rc n Ld C R(c) n L(d) = G. Since Rc C L , B and L d C L , B , we get 

that flcnLjCGnL,B. Lemma 7 implies that D = Rc n L(i. D 

C o r o l l a r y 9. (See [3].) Let L(d) be a minimal left ideal and R(c) a minimal right 

ideal of a semigroup S (c, d E S). Put B = S, G = R(c)L(d) and D = G n L . B . 

Then: 

(a) G is a group. 

(b) R(c) = eS, L(d) = Se and G = R(c) n L(d) = eSe, where e is the unit of the 

group G. 

(c) G = Rc n Ld. 

P r o o f . By the assumption, the semigroup S satisfies the conditions THLB, 

m,RB, where B = S. Let „B (Bt) be the left (right) lower basic set of the subset 

B of the semigroup S. Then it is easy to prove that the semigroup S satisfies the 

assumptions of Theorem 3. Because by the assumption, L(d) is a minimal ideal of 

the semigroup S, using Theorem 1 (B = S) we have L(d) = Ld. It follows that 

G = R(c)L(d) C L(d) = Ld n L.B- Therefore D = G. Using (d) of Lemma 6 we 

conclude that G is a group. D 

E x a m p l e 5. Let Si = {0 ,1 ,2 ,4 ,5 , 7,8,10,11} be a semigroup of the semigroup 

Si 2 = { 0 , 1 , 2 , . . . , 1 1 } mod 12. S2 is the semigroup from Example 1. Let S3 = Si x S2 

be the direct product of Si , S2 . Put Bx = {2} x S2 and B2 = {1} x S2 . Then: 

a) If B = Bi then the semigroup S 3 satisfies the condition m*L*B and does not 

satisfy the condition mu*L*B. 

b) If B = B2 then tB = {1} x S2 , B, = { ( l , o )} , L , B = i?,fl and the semigroup 

S satisfies the condition mu*L*B, mu*R*B. 
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