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MATEMATICKO-FYZIKALNY CASOPIS SAV, XII, 4, 1962

HOMOMORPHISMS OF A COMPLETELY
SIMPLE SEMIGROUP ONTO A GROUP

STEFAN SCHWARZ, Bratislava

The homomorphisms of a semigroup S onto a group have been studied in a great
numbcr of papers beginning with the general results of P. Dubreil and his school
(see the literature in [2]). The special case of a completely simple semigroup (without
zero) S has been studied by JI. M. ['nyckun (see the remark in his paper [3]),
R. R. Stoll [6] and in a recent paper of G. B. Preston [5].

These authors use the Rees representation theorem and prove the existence of
a maximum group homomorphic image of S.

Now [ have found that therc is a simple method of describing the homomorphisms
of a completely simple semigroup S onto a group which gives a rather unexpected
and elegant explicit description of the corresponding congruence classes, a description
which is very close to that in the group case. The congruence classes are simply
distinct classes of a double coset decomposition of S with respect to a subsemi-
group H of S. Hercby the use of double cosets is an essential one (see the example
below).

Moreover we do not need the Rees representation theorem. Our presentation
is based on the rather elementary description of S by means of minimal one-sided
idcals (as given in section | below).

Double coset decompositions of S modulo two subsemigroups of S seem to
appear first in the paper [7]. They are used then in the study of the semigroup of
measures on a compact semigroup. (See [8], [9], [10].)

The key for all the following considerations is Lemma 2, the other considerations
being of a more or less straithforward nature.

1. We shall need the following preliminary results the proof of which can be
found in [1] or [4].

A completely simple semigroup (without zero) S can be written in the form
S =UR,=UL,. where R,, L, are minimal right and left ideals of S respectively.

aeA PeAr
Also R,L, = R,nL; =G, is a group, hence S= |J U G,;. We shall call
aed; fedr
the G,,. s group-components of S. They are all isomorphic one with another. Denote

by e, the unit element of the group G, Then {e.p | a € Ay} is the set of allidempotents
contained in L, each of them being a right unit of L,. Analogously {e,; | B € 45}
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is the sct of all idempotents € R, each of them being a left unit of R,. The elements
of a group-component G,, will be always denoted by the indices o, 8. If g,, € G,
then g,,G .5 = G,;. and analogously G ;¢,, = G 4.

The following general results have been explicitly proved in the paper [7]. Let H
be any simple subsemigroup of a completely simple semigroup S containing all
idempotents of S. Then

N H is itself a completely simple semigroup (without zero).

I If a.besS, then Han Hb + 0O implies Ha = Hb and HaH n HbH + 0
implies HaH = HbH.

1) S admits a (uniquely determined) decomposition into disjoint summands
of the form
S=HuHaH v HH U ..., ah,...eS.

Hereby HaH = HbH if and only if he HaH; in particular H = HaH if and only
it ae H.

V) If G,y = G, 0 H, then HaH 0 G, = G,,aG,,; and we have
Gy = Goyu GyaGy L GubGr, O

Note further: If @ is any clement € S, then a,y = ¢,; a e,; € G,, and Ha,,H =
= He,ae,,IT = HaH, hence Ha,,;H = HaH. This says that every class HaH has
a non-empty intersection with any G,, (x€ A,, f e A,) and every class HaH can
be “generated” by means of an clement a chosen from a fixed group, say G,,.
(In the following we shall suppose always that 1 e A, n A,.)

Finally we note: If Hn R, = R,, H Ly =Ly, then H= |J R, = U L, =

aeAd, feds
U U Gy where R, Ly are the minimal right and left ideals of H respectively
2edy ffeAr
and G, arc the group-components of H.

2. Let now G be a group with the unit element ¢, G = (e, a, b, ...}. Let ¢ be
a homomorphism of S onto G and let be ¢~ '(¢) = H. H is clearly a subscmigroup
of S containing all idempotents € S.

Lemma 1. H is a simple subsemigroup of S.

Proof. We first prove that a € aHa for every ae H (i. ¢. H is a regular semi-
group). Let be @ € H. Then a is contained in some group, say a € G,;. Denote by '
the element e G, such that aa™ ' = e,,. Now ¢(a) p(a ") = ¢(e,y), i.c.e. pa ') =
= ¢, implies p(a~') = ¢, hence a~' € H. Since a = aa~'a, we have a € aHa.

Let L, be a minimal left ideal of S and denote L, n H = L # (). Clearly L,
is a left ideal of H.* We prove that Ly is a minimal left ideal of /. Suppose that

*Forifac H, xe L},, we have axc aly C alLy C Ly, further axe H .H C H, hence aveé H N
N Ly=Ly.
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this were not the case. Then there exists a lefe ideal L” of [ such that L"< Ly,
L"#+ L. Choose any clement a€ L" <= H. By regularity there is an element y e H
such that a = aya. The relation ya = yaya implies that ya is an idempotent and
¢"= yaeyl" = L" Therefore Lye” = LyL"<L". On the other hand every idempotent
€L, is a right unit of the semigroup L, hence Lye” = Ly, and finally L, = L".
This contradiction proves that L, is a minimal left ideal of H.

Now I = S H = |J (L, H)= | Ljsays that His a union of its minimal

pedr Beds

left ideals. Since it is well known that a semigroup (without zero) containing a
minimal lcft ideal is simple if and only if it is the sum of its minimal left idea's, we
conctude that H is a simple semigroup. [Moreover it follows immediately (see [7],
Lemma 1,1) that H is completely simple.]

If ae G and <p*'(&) contains an clement a e S, then ¢~ ‘(@) contains also aH,
Ha, HaH hence we have necessarily HaH < ¢~ '(a). Note also that since H contains
a left unit and a right unit for every aeS, we have aeaH < HaH and
aec Ha = HaH.

The following Lemma is of a decisive importance for all what follows:

Lemma 2. The set ¢~ '(a) is exactly one class HaH (with a suitably chosen a € S).
Proof. Suppose that ¢~ '(«) contains at lcast two distinct classes Ha,H and
Ha,H. Denote by (a)~ ' the inverse clement of « in the group G. Again ¢~ '[(a)~']
contains at least one class HhH. The relation (a)~'a = e implies @~ '[(a)~']. ¢~ '(a)=
c o '(e) i c.
{HbH U ...} {HaH v Ha,H L ...} < H.

Since Hb < HbH, a,H < Ha,H, a,H < Ha,H, we also have
(Hbo ..} {aHua,HU ...} © H,

and the relations Hba,H = H, Hba,H < H imply Hba H = Hba,H = H.

Without loss of generality (see above) we can suppose that b, a,, a, are elements
€ G,,. Denote ha, = he H. Denote further by a) the inverse of a, in G{;. Then
ba,a, = ha. be,, = ha), and b = ha,. Hence Hb = Hha|, = Ha), which implies
Hb = Ha, .

Now (Hb)(a,H) = H implies (Ha)){a,H) = H, hence aja, = h'e H. Further
ah’ = a,aia, = ¢,a, = a, implies a,H = ai'H < ayH and Ha,H < Ha,H,
hence Ha,H = Ha,H. This proves our Lemma.

3. For convenience we introduce the following.

Definition.* A simple subsemigroup H of S is called almost normal in S if

1) H contains all idempotents € S.

1) Gy = G,y » H is a normal subgroup of G,, for at least one couple o, f3.

*)y For our case (the case of a completely simple semigroup S) the almost normal subsemi-
groups are of course the same as Dubreil’s “‘normal unitary™ subsemigroups of S, since these
arce just the kernels of homomorphisms of S onto a group. (See [2], p. 257.)
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The restriction to one couple «, f is a formal one as the next lemma shows.

Lemma 3. An almost normal subsemigroup intersects each group G,, in a normal
subgroup of G,;.

Proof. Suppose that Gy, = G,, n H is a normal subgroup of G,,. We prove

that for any 6 € A, . ¢ € A, the group G,, = G,, n H is a normal subgroup of G,,.

Let be ¢eG,,. Then e ce; €G,, and by supposition Gi,(e,ce,,) =
= (e ceyy) Gyy. 1. e, Gycey, = e,¢Gy,. Since ¢ =e,,c = ce,,, we have
Gii(e,,ce,,) €y = ey4(e,,ce,,) Gyy. Multiplying both sides by e,, we get
(€,0011€450) C(€,,611¢50) = (€,,¢1,6,,) c(e,,G11¢,,), i. e. G, ,cx =xcG,,. where x =
= €,,€11€,, € G,,. Define x=' by x~" € G, and xx~' = ¢,,. Then the last relation
implies (x~'G,,) e(xx~") = (x~'x) (G, ,x~ "), i. e. Gl ¢ = ¢G,,, q. e d.

Example. The following example enables a clearer insight into the role of the
almost normal subsemigroups and the role of the double coscts. Consider the
completely simple semigroup S = {a,,a,, ay, a,} with the multiplication table:

a, a, ay da,

a, a a, ay a
a, ! a, a, a, a,
as i a, a, a; 04
a, l a, a, a, a,

This semigroup admits a homomorphism ¢ onto a group of order two which we
denote by G = {e,a}. Hereby ¢ '(¢) = {a,,a;} = H and ¢ '(a) = Ha,H =
= Ha,H = {a,.a,}. In our notations we have G, = {a,,a,}, G, = {as, a,}.
The intersections G|, = Hn G, = {a,}, G/, = Hn G,, = {a;} are normal
subgroups of G, and G, respectively. Hence H is an almost normal subsemigroup
of S. The subsemigroup H is not “normal’ in the sense that Hh = bH since Ha, =
= {a,} and a,H = {a,, a,}. This makes it clear that the use of double cosets
is an essential one and that there is in general not possible to reduce a double coset
to a unique one-sided coset.
Before proving the main theorem it is useful to prove the following.

Lemma 4. /f a€G,,, be G, ,,,
then HaH . HhH = HcH with ¢ = ae

and H is an almost normal subsemigroup of S,
b

o0y "

Proof. If ae G_,, then

ap”

HaH = \J G 4aG;s = U (G,ge,,ae,,G.5) = U G,,aG, ;.
ap ap a, 6
70 70

we have HbH = |J G,,,,bG,

610y °

Analogously for be G

g1¢1
2101
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Therefore

HaH . HhH = U GagaGm,Gmm Gos = U GraG,, bG,

a, 0

G101

a, (31

Now aG,,, = (¢,,a) ¢,,,G,,,, and since e, ae,, € G,, , we have by almost normality
aG,, = G,, (e,ae,,). This implies

HaH . HhH = U G,,G,, (¢e,ae,,) bG, s = U G,,,cG, s = HcH

2,0 a, 01

with ¢ = e, ,ac,,beG, , .

4, Theorem. If ¢ is a /1()momm ‘phism of a completely simple semigroup S onto
agroup G with unit element e, then H = ¢~ '(e) is an almost normal subsemigroup of S.
For any a€ G we have ¢ '(a) = HaH with a suitably chosen a€ S. The group G
is isomorphic with the group of classes in the double coset decomposition

S=Hu HaH U HbH L ... (1)

Conversely: If H is an almost normal subsemigroup of S, then the classes in the
decompositon (1) are congruence classes of a homomorphism of S onto a group G.

Proof. a) Let ¢ '(¢) = H and H n G, = G/,. By Lemma 2 for any a € G the
set @~ '(a) is a double coset class of the form HaH with suitably chosen a € S. Since
each class HaH has a non-empty intersection with a fixed chosen group-component,
say G, ,the homomorphism ¢ restricted to G, is a homomorphism of the group G,
onto the group G. Hence G|, is a normal subgroup of G,,. Therefore H is an almost
normal subsemigroup of S. The isomorphism of G with the group of cosets in (1)
is an immediate consequence of the suppositions.

b) Let H be an almost normal subsemigroup of Sand consider the decomposition
of § into disjoint classes as given by (1).

By Lemma 4 the classes form a semigroup with A as unit element. To prove that
they form a group it is sufficient to prove that to every class HaH there is a class
Ha*H such that HaH . Ha*H = Ha*H . HaH = H. Let be a € G,,. Denote by a*
the inverse element of a in G,, and consider the product HaH . Ha*H. By Lemma 4.
(with a* instead of b) we have HaH . Ha*H = HcH with ¢ = ¢,,ae,,a* = e,,, hence

oo

= HeH = H. Analogously Ha*H . HaH = H. This proves our theorem.

5. Consider the intersection H, of all almost normal subsemigroups of S. The
semigroup H, is non-empty, since it contains the subsemigroup H,, generated
by all idempotents € S. (Of course H,, need not be almost normal.)

We prove that H, is a (uniquely determined) almost normal subsemigroup of S.
Let {H®™, ve X} be the set of all almost normal subsemigroups of S. Write ™ _
=ULY= U UG Denote NLY =L and NG = G Clearly G

BeAs aed; Pedr veX veXl
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i spee i remains . , (0)
is a normal subgroup of the group G- Hence it remains only to show that H
is simple. We have*

H, = n O — N [U L(w =uin Ln)] - U 1‘1/14,,-

ver ped: /eAw veXl fed;

The set LY is a left ideal of H'©, (For I””L;,O’ HYLY < Ly for cvery ve X,

hence LY < (Y LY = L) We prove that LY is a minimal lefi ideal of /1,
rel
* ~ . ~ ) * E . .
LetZ, be a left ideal of H such that L, < L},O' and let be v e l.;. Then a is contained

: . . ~(0) : L .
in a group, say a € G\, o€ A;. A left ideal containing a contains the whole group

G hence e, € L/, Now (since e, is a right unit of Li") L = L{"e,, = H'VL; <
c L/,. whence L,, = L,,. Since H® is the union of its mlmmal left ideals, H‘®
is simple, which concludes the proof of our statement.

Denote by G the factor group S/H, (i. c. the group of classes of the decomposition
S = Hyu HyuH, U ...). Denote further by ¢, the corresponding homomorphism
S G.

Let  be any homomorphism of S onto a group K with unit clement e*. Then
H = = '(e*) is an almost normal subsemigroup of S, hence / > H,. The group K
is isomorphic with the factor group G = S/H (i. e. the group of classes of the
decomposition S = Hu Ha'H U ...).

Since H is itself a completely simple semigroup (and H, an almost normal sub-
semigroup of H) we have

H=H,u Hya"H, v Hb"H, U ... a’, b, ...e H.

and cach class of G may be considered as a set theoretical union of some elements € G
(or better to say G are classes of an equivalence relation on G). Since both G and G
are groups, the class H (considered as a subsct of G) is a normal subgroup of G.
There exists therefore a homomorphism 9 of G onto G. Now since ¢,: S — G
and 9: G > G (and G ~ K) we have = @,9. This means: Any homomorphism
of S onto a group K is of the form = ¢,9, where & is a homomorphism of G onto K.
In this sense G may be considered as a maximal group homomorphic image of S.

6. We have insisted on the usc of the double cosests since they are directly the
congruence classes belonging to ¢. Of course the structure of the maximal group
homomorphic image (as well as of other group homomorphic images) can be
described in terms of coset decompositions of one group-component, say G,
with respect to a certain normal subgroup.

Let H, be the minimal almost normal subsemigroup of S and denote G}, =
=G, nH,. Let

S=Hyu HyaH, v HbH, U ... (2)

* Hereby we use the fact that for 8 == 5, we have Ly, N Ly, 0, and since L(/,VI)C Ly,
L;,“,’ C Ly, we have L,,I N L;,’;) U for By = f3,.
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be the double coset decomposition of S modulo (H,, H,). Without loss of gene-
rality suppose again that a, b, ... are clements € G,,. The relation (2) implies

G, =G}, vGlaG, v G bGY L ...

With respect to almost normality of H, we have G},aG}, = G;,(G},0) = Gj,a =
= aG',. Consider the correspondence

HoaH, —> G},aGy,,
H.bH, - G} ,bGY,.

Then (by Lemma 4) HoaHoHobH, = HyabHy,—G}abG, = (G} a) (G,b). Since
the correspondence (3) is a one-to-one, it follows that the group of classes of G|,
with respect to the normal subgroup G, is isomorphic with the group G of double
classes as introduced above. Hence: The maximal group homomorphic image G is
isomorphic with the factor group G,,/G,.
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FrOMOMOP®U3MbBI BITOJITHE NMPOCTOM MOJMYIPYIIMNbL HA TPYIIY
Hitegpan WBapu
Pe3tome

[Mycts S -— BnofAHe npocTas nosyrpynna 6e3 nHyis. Kak uzBectHo (M. [4], cTp. 263), S MOXHO

HAMHUCATBL B BH/IC OObeauHeHHst S U U Gg. rae Gy — H3oMopdHble Mexay coboi rpynmbl.
axeAdy fedr
Moanonyrpynny H noayrpynrbl S Ha30BEM NOUTH HOPMAJIbHOM, eciin a) H conep>XuT Bce HAEMITO-

TeHThl € S; 0) nepeceyenue G;/; == Gup N H aBASETCH HOPMATBHOMN NOArpynnoi rpyniibl Gup XOTs O6b1
WIS OHOM Mapbl ¢, f§. (OKA3bIBACTCS, 4TO B 3TOM ciydac (s — HOpMaslbHas noarpynna G, juis
BCAKOW mapel 3 € A, de ,).

B cTaTbe M0OKA3bIBAIOTCS CIIEAYIOUIHE YTBEPKIACHUS.

1. Myctb ¢ — romoMopdusmM S Ha HekoTopyto rpynny G ¢ eiMHUYHBbIM ieMenToM e. Toraa
HOMHBI MPooBpa3 eanunbl ¢ ~'(e) = H —— NOYTH HOPMaibHas MOANOMYTPYHNA MONYTPYANbl S.
Jins Besikoro a € G umeet mecto ¢ Ya) - HaH ¢ noaxonsiuum o6pa3oM BbIOPaHHbIM a € S.

Ipynna G w3oMopdHa rpynne KJacCcoB B OJHO3HAYHO ONMPEACTCHHOM PA3I0KEHHH

S -HyuHaH yHbH y...; a b, ... €S, (*)

NPUYEM NIPOU3BELAEHHE KJIACCOB OMNPEICIISACTCS €CTCCTBEHHBIM 00PA30M KaK 1IPOH3BCUCHUE KOMITICK-
coB B S. (3anteTum, 4yto aBa kjaacca HaH v HbH win COBIALNAIOT, WM HC NMEPECEKANOTCS, U NPOU3-
BEJICHHME JIBYX KJ1ACCOB HEKOTOPOI BECh KJjlacc.)

2. Haobopor: Ecnu H — HEKOTOPOSs MOYTH HOPMAJbHAs MOANONYIPYNIA DOJIYTPYITbI S, U eciu
NMOCTPOUM pa3zjlioxkeHue (*), TO CyLECTBYET TAKOW TOMOMOPGU3M ¢ TNOJNYIPYMIbl S HA HEKOTOPYIO
rpynny, npu KOTOPOM KaXAbli KJIACC eCTh MOJHBIA Mpoodpa3 OAHOTO sieMeHTa rpynnbt ¢(.S).

3. Ecam H = Hg - MMHMMasbHas [MOYTH HOPMAJIbHASE NOAMNOJYrpynna nojyrpynnst S, TO
COOTBETCTBYIOWAS Tpynna G sBASETCs B €CTECTBEHHOM CMbIC/IC MAKCUMAJIBHBIM TPYIITOBbIM 00pa-
3om noayrpynnet S. Jlanee, nis no0oi napwi (a, () G~ Ga,,/G;/,. rie G;,, Gup N Hy.
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