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Matematický časopis 17 (1967), No. 3 

RELATIVE IDEALS IN SEMIGROUPS 

RENATA HRMOVA, Bratislava 

In the papers [9] and [2] the notion of a left (right, two-sided) LMdeal of 
a semigroup has been introduced as follows: Let S be a semigroup, B c: S, 
B =j= 0. A left 5-ideal of S is a iron void set A a S such that BA <= A. Simi­
larly one defines a right 5-ideal and a two-sided FMdeal of S. 

I t turns out that it is possible to generalize the notion of a FMdeal of S. 
The generalization is given by introducing the notion of a (B\, i?2)-ideal of 
a semigroup S, B±, B2 being subsets of S. Using this notion some results of [2] 
and [10] are generalized in this paper. 

Let S b e a semigroup, A\, A2 subsets of S. We define: 
If A\ + 0, A2 4= 0, then AiA2 = {aia2 : a1eA1,a2e A2}. 
If A\ = 0, then A1A2 = A2. If A2 = 0, then A\A2 = A±. 

In the following S will denote a semigroup. 

Definition 1,1. Let B± c S, B2 c fif. F^ I(BhB2) = {A ^ S: BXA <= A, 
AB2 ^ A} and I = {I(BU B2) i ^ c ^ ^ c S}. The elements A e J(.Bi, B2) 
will be called (B±, B2)-ideals of S. The elements A e \JI will be called relative 
ideals of S. By a one-sided relative ideal we mean any (B\, B2)-ideal for ivhich 
either B\ = 0 or B2 = 0. Any (B\, B2)-ideal ofS is said to be a two-sided relative 
ideal of S if Bi * 0 and B2 * 0. 

Our definition implies: 
1) 7(0,0) = {A :A c S}. 
2) 0 e J(Hi, B2) if and only if B± = 0 and B2 = 0. 
3) I f Bx cz B[, B2 c= H;, t h e n I(B[, B2) c J(H1? H2). 
4) J(5i, H2) = J(Hi, 0)~n J(0, £2) . 

R e m a r k . The notion of a (2?i, i>2)-ideal is, evidently, not only a generali­
zation of a left, right and two-sided ideal of S but also a generalization of a left, 
right and two-sided J5-ideal of S defined in [2] and [9], 
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In [2] examples of (B, 0)-ideals, (0, H)-ideals and (B, H)-ideals have been 
given. In the following we give some examples for the notion introduced 
above. 

E x a m p l e 1,1. Let H\, H2 be subsemigroups of £ and B\,B2 subsets 
of S such that B\ <= Hi, B2 c= H2 • Then for every a e S we have a U H\a U 
U aH2 u HiaH2 = Ae I(B\, B2), hence A E I(H\, H2). 

E x a m p l e 1,2. Let G be a group, Hi, H2 subgroups of G. Then for any left 
coset H\a we have H\a E I(H\,0), for any right coset aH2 we have aH2 E 
e I(0, H2), and for any double coset H\aH2 we have H\aH2 e I(Hi, H2). 

E x a m p l e 1,3. Let A <-= S be a biideal of S, i. e. a subsemigroup of >S such 
that ASA c 4 . Then A e I(AS, SA). 

E x a m p l e 1,4. Let A <-= S be a (m, w)-ideal of fif, i. e. a subsemigroup of S 
such that AmSAn c ^4, for some integers m >l,n >l. Then i e / (-4W&41*-1, 
Am~lSAn). 

Clearly the following lemma holds: 

Lemma 1,1. Let Bn c S, B2l c S, B12 c Sf, H22 c £ , Hn n Hi2 = B\, 
B21 n H22 = B2, A\e I(B\\, B21), A2 E I(B12, B22), Then: 
1) A1vA2eI(Bi,B2). 
2) If A\C\A2 #= 0, then A\nA2eI(B\,B2). 
3) ^ M 2 G I ( H n , H 2 2 ) . 

The next two theorems show the importance of the set IJILf where IH = 
{I(Hi, II2) : Hi, H2 are subsemigroups of S}. 

In the following we shall cosider the empty set 0 as a subsemigroup of S. 
I t is easy to prove 

Theorem 1,1. I(B\, B2) = I(Hi, II2), where H\ = B\KJ B\\J B\\j ...., 
H2 = B2 u B\ u B\ u 

We shall need the following 

Definition 1,2. Le£ .4 G I(Hi, H2), for a given B\ ^ S,B2a S. A set B\ z> Hi 
u;i/Z be called the first saturation set of A if A e I(Hi, H2) and there is no subset 
Bx, Bx 2̂ Hi such that A e I(Hj, H2) holds. Analogously the second saturation 
set B2 of A is defined. If B\ = B\, B2 = B2, then A will be called a saturated 
(Hi, B2)-ideal. 

Evidently the couple Hi,H2 is uniquely defined (for given A, Hi, H2). 

Theorem 1,2. The saturation sets of any A e I(B\, B2) are subsemigroups of S. 
Proof. Since we consider the empty set as a subsemigroup of S, it is sufficient 

to prove it for non-empty saturation sets. Let, for instance, Hi 4= 0. Let be 
a E Hi, b e Hi, i. e. aA <= A, bA c A. Since baA c bA c A and ah A c aA c 
c A, we have ab E B\, ba E B\. Analogously for the second saturation set. 
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The following example shows that the saturation sets Hi or H2 of a (Hi, H2)-
ideal of S can be empty. 

E x a m p l e 1,5. Let S = {a, b, c,d} be a semigroup with the following 
multiplication table 

a Ъ c d 

a a a a a 

Ъ a a a a 
c a a c a 
d a Ъ a d 

and S' = {a,b, c} the semigroup with the multiplication table 

a b c 

a a a a 
b a a a 
c a a c 

The set {b} <= S is a saturated (Hi, B2)-ideal of S, Hi = {d},B2 = 0. 
(The set {&} <= S is a right antiideal of S since {b}S n {b} = 0.) The set 
{&} c £ ' is a saturated (0, 0)-ideal of £ ' . 

E x a m p l e 1,6. Any subgroup of a group O is a saturated (G, 6?)-ideal of G. 
E x a m p l e 1,7. Let S contain the unit element e and e <£ B±, e<£B2. Then 

no (Bi, H2)-ideal of S is saturated. 
The following example shows that the subsemigroups Hi, H2 of Theorem 1.1 

need not be saturation sets of a (Hi, H2)-ideal of S. 
E x a m p l e 1.8. Let S be the multiplicative semigroup of all residue classes 

mod 12, which will be denoted by 0, 1, 11. If we choose B = {2}, then 
A = {2, 4, 8} is a (B, H)-ideal of S. Evidently the saturation sets of A coincide, 
B1 = B2 = B= {2,4,8, 1,7, 10}. But Hi = H2 = B U B* V ... = {2,4,8} <= 
^B. 

This example shows also that the subsemigroups Hi, H2 considered in 
Theorem 1.1 are in general only proper subsets of the intersection of the 
saturation sets of all A e / (H i , H2). In fact the intersection of the saturation 
sets of all A e J({2}, {2}) contains the element 1 while Hi = H2 = {2, 4, 8}. 

It- can be shown further by means of this example that the saturation sets 
of two (Hi, H2)-ideals A and A' need not be the same. For instance, the sets 
A = {2, 4, 8}, A' = {7, 2, 4, 8, 10} are ({2}, {2})-ideals of S but the saturation 
sets BA of A and BA' of A' are distinct. In fact 7 e BA, but 7 £ BA

f. 
I t is easily to see that the notion of a relative ideal of S may be used to 

develop the theory in two w^ays: 
1) Given a set A <= S to find Hi, H2 such that A e / (H i , H2). 
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2) To study the elements of the set I(Bi, B2), for given Bi, B2 

fying eventually the required properties). 
With regard to 1) it will be useful to introduce the following 

S (satis-

Definition 1.3. IVe say that a set P <= S can be properly idealized in S if there 
exists asetB <= S, B 4= 0 such that P e I(B, 0)orPe 1(0, B). Denote by J the set 
of all subsets of S which can be properly idealized. Denote further by 

D = {Pє J :PєI(BuB2) forsome 
0 = {PєJ :Pє I(BU B2) foг some 
L = {PєJ :Pє I(Bi, 0) for some 
E = {PєJ:Pє 1(0, B2) for some 
i = {P c S:PфJ}. 

B! Ф Я 2 , Я i Ф &,B2 Ф 0}. 
Б i = B2 Ф 0}. 
Bг Ф 0}. 
B2 Ф 0}. 

IVe shall say that the subsets P c= S, P e D or P eO can be two-sidedly 
idealized and the subsets P <= S such that P e L or P e R can be one-sidedly 
idealized. 

Evidently the set V •= {J, D, 0, L, R, N} is partially ordered by set theoreti­
cal inclusions according to the following diagram: 

L R 
\ / 

D 

N 

0 

R e m a r k . The sets N, J are non-empty because 0 e N, SeJ. However, 
it follows from Example 1,5 that there exist semigroups containing proper 
subsets which cannot be properly idealized. The following example shows that 
there exists a svibset P c: S such t h a t P e D but P <£0. 

E x a m p l e 1,9. Let S = {a, b, c, d, e,f, g, h} be a semigroup with the follow­
ing multiplication table: 

d f 9 h 
a a b a b e f f e 
b Ъ a Ъ a f e e f 
c c đ c d h 9 g h 
d d c d c 9 h h g 
e a Ь Ь a e f e f 
f b a a Ъ f e f e 

g d c c d 9 h g h 
Һ c d d c h g Һ g 
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Choose B\ = {a, c}, B2 = {e, g}. Then the subset P = {/, g} is a saturated 
(Hi, H2)-ideal of S and therefore P e D but P £ 0. 

In the following sections we shall study relative ideals from the standpoint 
of [2]. With regard to Theorem 1,1 and 1,2 we shall study only the sets I(B\, B2), 
where B\, B2 are subsemigroups of S. In the following we shall denote them 
by Hi and H2. The results obtained will generalize some known results con­
cerning ideals of semigroups and some results of [2], [9], [10]. 

Minimal relative ideals in semigroups 

Definition 2,1. Let Hi, H2 be subsemigroups of S (including the case of empty 
subsemigroups). We shall say that a set A <= S, A e I(H\, H2) is a minimal 
(Hi, H2)-ideal of S if there is no A' c S, A' 5 A such that A' e / (H i , H2). 
The set of all minimal (Hi, H2)-ideals of S will be denoted by Im(H\, H2). 

E x a m p l e 2,1. If S contains the zero element 0, then {0} e Im(H\, H2) 
for each couple H\,H2. 

R e m a r k . If S contains the zero element 0 and Hi #= S, H2 =# S, then 
the set {0} is in general not contained in every (Hi, H2)-ideal of S. But if at 
least one of the subsemigroups Hi, H2 contains 0, then the set {0} is contained 
in every A e I(H\, H2). To obtain non trivial results concerning minimal 
(Hi, H2)-ideals of S containing the zero element 0, it is necessary to assume 
that none of the subsemigroups Hi, H2 contains 0. 

From Lemma 1,1 and Definition 2,1 there follows 

Theorem 2,1. Let A\ e Im (Hi, H2), A2 E Im (Hi, H2), A\ * A2. Then 
A\ n A2 = 0. 

Theorem 2,2. Let LeI(H\, 0), L c H\, R e 1(0, H2), R c H2, and A e 
e Im(H\, H2). Then A = LaR, for every a e A. 

Proof. Evidently LaR e I(H\, H2). Further for every a e A we have 
LaR c LAR c H\AH2 c A. Since A eIm(H\, H2), we have LaR = A. 

Notice that for Hi = 0 (H2 = 0; Hi = 0 and H2 = 0) we have L = 0 
(R = 0; L = 0 and R = 0) and in the sense of our definition the set LaR 
is of the form aR(La; {a}). 

Corollary. If A E Im (Hi, H2), then A = H\aH2 for every a e A. 
R e m a r k . The supposition of Theorem 2,2 that L and R are subsets of Hi, H2 

(in the case Hi 4= 0, H2 4= 0) is an essential one. By means of the one sided 
relative ideals not contained in Hi and H2 it is in general not possible to 
describe a minimal (Hi, H2)-ideal even in the case when Lis a minimal (Hi, 0)-
ideal of 8 and R is a minimal (0, H2)-ideal of 8. This can be shown on Example 
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1,8 if we choose H = {I, 5, 7, 11} and consider A = H eIm(H, 0) and we 
choose L = {2, 10} eIm(H, 0). Then we easily establish that A = La does 
not hold for any a G S. 

Lemma 2,1. 1. Le£ L e Im(H\, 0). Then Lc G Im(H\, 0) for every ceS. 
2. Let R G Jm(0, H2). TACTI cJ? G J^(0, H2) /or every c G AS. 

Proof. 1. If Hi = 0, then either L = 0 or L is a one point set L = {a}. 
In both cases we have Lc e Im(0, 0) for every c e S. If Hi =t= 0, by Theorem 2,2 
L H\a for every a e L, hence Lc = H\ac G J(Hi, 0). Let now H cz Lc, 
B G J(Hi, 0) and b e B ^ Lc, i.e. b = a\C for some a\eL. Then H\a\C = 

Lc = H\b <= H and therefore Lc G Im(H\, 0). 
The second case can be treated analogously. 

Corollary. Lel L be a minimal (Hi, 0)-ideal of S and R a minimal (0, H2)-
?'Jca7 O/ #. TACTI the set LaR is for every a e S an (Hi, H2)-ideal of S, which is 
a set-theoretical union of some minimal (Hi, 0)-ideals of S and also a union 
of some minimal (0, H2)-ideals of S. 

We have namely LaR = (J {Lar : r E R} = [J {laR : I e L}, and in accord 
with Lemma 2,1 the set La and therefore also the set Lar is a minimal (Hi, 0)-
ideal. Analogously the set laR is a minimal (0, H2)-ideal of S. 

Theorem 2,3. Let Lo be a minimal (Hi, 0)-ideal contained in Hi, and Ro 
a minimal (0, H2)-ideal of S contained in H2. Then the set LocRo is a minimal 
(Hi, H2)-ideal of S for every c e S. 

Proof. If Hi = 0 or H2 = 0, then the set LocRo has one of the following 
forms: cRo, LoC, {c}. By Lemma 2,1 we have cJ?o G Im(0, H2), Loc G Im(H\, 0), 
{c}elm(0,0). 

Let Hi =j= 0, H2 =|= 0. Suppose tha t for some c e S there exists a set B <-= L0cJ?0 

such that B e I(H\, H2). Let b e B. Then b = kcro, lot Lo, r0 G J?0. By Theo­
rem 2,2, L0cJ?o = H\l0croH2 = H\bH2 <= HiHH2 cz B. Hence B = L0cR0. This 
implies LOCRQ G Im(H\, H2) for every ce S. 

Corollary 1. Let Hi contain at least one minimal (Hi, 0)-ideal of S and H2 

contain at least a minimal (0, H2)-ideal of S. Let L be a minimal (Hi, 0)-ideal 
and R a minimal (0, H2)-ideal of S. Then the set LcR is for every c e S a minimal 
(Hi, H2)-ideal of S. 

With respect to the foregoing it is sufficient to prove it in the case Hi 4= 0, 
H2 4= 0. Let by supposition L0C H\, L0e Im(H\, 0), Ro C H2, R0 G Im(0, H2). 
By Theorem 2,2 we have L = L0a, R = bRo for some a G S, b e S. Hence 
LcR — LoacbRo G Im(H\, H2). 

Corollary 2. Under the same assumptions as in the foregoing Corollary 1 
we have for every a e S, b e S either LaR n LbR = 0 or LaR = LbR. 

By summarizing we get: 
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Theorem 2,4. Let H\ contain a minimal (H\, &)-ideal Lo, and H2 contain 
a minimal (0, H2)-ideal R0. Then: 

1) Every minimal (Hi, H2)-ideal A of S is of the form: A = LoaRo with 
some a e S. 

2) The set LoaRo is for every a e S a minimal (Hi, H2)-ideal of S. 
R e m a r k . This Theorem generalizes the wellknown theorems concerning 

semigroups containing minimal one-sided ideals. 

In the following we generalize some results concerning minimal two-sided 
ideals of a semigroup. 

Lemma 2,2. Let L0 e Im(H\, 0), L0 <= H\. Then L0H\ = (J {L0h : h e Hi} e 
eIm(H\,H\). Analogously, if RoeIm(0,H2), R0 <= H2, then H2R0 = 
= IJ {hB0 :heH2}eIm(H2, H2). 

The proof follows from the known results in the theory of semigroups 
containing minimal one-sided ideals. 

For brevity we denote in the following L0H\ = NJ, H2-R0 = N\. Evidently 
we have NJ <= Hi, N55 <= H2. 

Theorem 2,5. Let Hi contain at least one minimal (Hi, $)-ideal and H2 

contain at least one minimal (0, H2)-ideal of S. Let N\ be a minimal (Hi, Hi)-
ideal and N2 a minimal (H2, H2)-ideal of S. Then the set N\aN2 is for every a e S 
an (Hi, H2)-ideal, which is a set-theoretic union of some minimal (Hi, H2)-
ideals of S. 

Proof . Let LoeIm(H\,0), L0 a H\, RoeIm(0,H2), R0 <= H2. By Theo­
rem 2,2 for every n\ e N\ we have Ni = NJ^iNJ = L0H\n\L0H\ = L0B\, 
where B\ = H\n\L0H\. Analogously for every n2 e N2 we have N2 = NQU2NQ = 
= H2R0n2H2R0 = B2R0, where B2 = H2R0n2H2. Hence for every aeS 
we have N\aN2 = \J {L0cR0 : c e B\aB2}. 

Notice that if we replace in the case of Hi = 0 (H2 = 0; Hi = 0 and H2 = 0) 
No by 0 (No by 0; NJ by 0 and No by 0), then the corresponding sets in our 
Theorem are set-theoretic unions of minimal (0, H2)-ideals ((Hi, 0)-ideals; 
(0, 0)-ideals). 

E x a m p l e 2,2. The following example shows t h a t a set N\aN2, N\ e 
eIm(H\, Hi), N2 eIm(H2, H2) need not be itself a minimal (Hi, H2)-ideal 
of S even in the case of Ni <-= H\, N2 <= H2. 

Let S = {a, b, c, d} be a semigroup with the following multiplication table: 

a b c d e 

a a a a a a 
b a a b a d 

c a a c a e 
d a b Ъ d d 

e a c c e e 
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Choose Hi = {c, e}, H2 = {d}. Then NJ = Hi, N* = H2. The set N\dNl 
is the union of two minimal (Hi, H2)-ideals of S, namely NJdNo = {a} U {e}. 

In contradistinction to Corollary 2, if N\eIm(H\, Hi), N2eIm(H2, H2), 
then N\aN2 n N\bN2 4= 0 does not imply N\aN2 = N\bN2. This can be shown 
on Example 2,2 if we consider the sets H\dH2 and H\aH2. 

Relative socles in semigroups 

In this section we again assume that Hi, H2 are subsemigroups of S (includ­
ing the case of the empty subsemigroups). 

Definition 3,1. Suppose that Im(H\, H2) is non-void. The set-theoretic 
union \J {A : A e Im(H\, H2)} will be called the (Hi, H2)-socle of S and will 
be denoted by S (H i , H2). 

R e m a r k . The notion of the (Hi, H2)-socle is a generalization of the left, 
right and two-sided H-socle introduced in [2], 

Theorem 3,1. Let H\ contain at least one minimal (Hi, 0)-ideal and H2 

contain at least one minimal (0, H2)-ideal of S. Then 

S(H i , H2) = S (H i , 0) n S(0, H2) 

Proof. If Hi = 0 or H2 = 0, our statement trivially holds since S(0, 0) = S. 
Let Hi #= 0, H2 #= 0. By suppostion there exist L0 <= Hi, L0 elm (Hi, 0), 

Ro c H2, i?o e Im{0, H2). By Theorem 2,4, S (H i , 0) = L0S, S(0, H2) = SR0, 
S(H i , H2) = L0SR0 <= L0S = S (H i , 0). Analogously S (H i , H2) a SR0=, 
- S(0, H2), and therefore S (H i , H2) <= S (H i , 0) n S(0, H2). Conversely 
let a e S (H i , 0) n S(0, H2) for some a e S. Then there exists some L e Im(H\, 0) 
and R e Im (0, H2) such that a e L and a e R. Moreover a e L0a since L0a <= 
<= L0L <= L implies L = L0a. Analogously a e aR0, hence a = l0a = ar0 

for some l0 e L0 and some r0e R0. This implies a = l0ar0 e L0SR0 <= S(H i , H2). 

E x a m p l e 3,1. The following example shows that a two-sided relative socle 
can be a proper subset of a one-sided relative socle even in the case of Hi = H2. 

Let S = {a, b, c, d} be a semigroup with the following multiplication 
table: 

I a b c d 

a a b c d 

6 b a d c 
c a b c d 
d b a d c 
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If we choose Hi = H2 = {a, b} = H, then S(H, 0) = S, while S(H, H) = 
= {a, b}. 

I t is useful to notice the following. If Hi = H2 = S and there exists No c S, 
N0eIm(S, S), then S(H i , H2) = No- I t is known that No exists if there 
exists at least one minimal (S, 0)-ideal or one minimal (0, S)-ideal of S. For 
instance if there exists one L e Im(S, 0), then we have LS = S(S, 0) = N0 

= NoSNo = <5(S, S). 
But in the case of Hi = H2, Hi * 0, Hi * 8, H2 * 0, H2 4= S, for describ­

ing S(H, H) it is (in general) not sufficient to know a single relative one-sided 
minimal ideal of S. We have seen namely that in general we only have S(H, H) c: 
c= S(H, 0), and not necessarily S(H, H) = S(H, 0). 

In the case of Hi 4= H2, Hi 4= 0, H2 41 0, we may obtain an analogy with 
the case of the (S, $)-socle. In this case it is sufficient to suppose for describing 
S(H i , H2) the existence of only one one-sided relative ideal in each of the 
semigroups Hi, H2, namely the existence of a minimal (Hi, 0)-ideal in Hi and 
the existence of a minimal (0, H2)-ideal in H2. 

In the following theorem we shall give the conditions under which the sets 
S (H i , 0) and S(0, H2) coincide. 

Lemma 3,1. Let Hi contain at least one minimal (Hi, 0)-ideal and H2 contain 
at least one minimal (0, H2)-idealof'S.ThenQ(Hi, H2) = NJ/SNQ, NJ e Im (Hi, 
Hi), NJ c Hu Nl E Im(H2, H2), N* ^ H2. 

Proof . Let L0 c Hi,L0eIm(Hi,$),R0 c H2, R0 G Im(&, H2). Then we have 
S (H i ,H 2 ) = L0SR0 c NySN*. Conversely by Theorem 2,5, NlSN* c 
<=S(H i ,H 2 ) . 

Corollary. Under the suppositions of the foregoing Lemma the relative socles 
of a semigroup S are subsemigroups of S. 

Lemma 3,2. Under the same suppositions as in Lemma 3,1 S(H i , 0) = 
= S(0, H2) if and only if for every L e Im(H\, 0) and every R e Im(0, H2) we 
have L cz S (H i , H2) and R <= S(H i , H2). 

The proof follows from Theorem 3,1. 

Theorem 3,2. Under the suppositions of Lemma 3,1 suppose moreover Hi = 
= H2 = H. Then S (H i , 0) = S(0, H2) if and only if S (H i , H2) is an (S, S)-
ideal of S. 

Proof. For H = 0 the proof is trivial. Let H 4= 0. If S(H, 0) = S(0, H), 
then by Theorem 3,1 we have S(H, H) = S(H, 0) = S(0, H) = L0S = SR0 

and so S(H, H) e 1(8, S). Conversely, let S(H, H) G I(S, S). We shall prove 
that for every L e Im (H, 0) and for every R e Im (0, H) we have L <= S(H, H) 
and R <= S(H, H). If LeIm(H,$), then by Theorem 2,2 there exists an 
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element a e S such that L = L0a. Further L0a <= N0a, No e Im (H, H), No <-- H. 
Since for every n e No we have No^No = No, we conclude Lo^ ^ NonNoa c: 
cz NOSNQS CZ No^SNo = S(H, H). Similarly we can show that for every 
R e Im(0, H) we have R cz Q(H, H). By Lemma 3,2 5(H, 0) = 5(0, H). 

R e m a r k . I t follows from the proof of Theorem 3,2 that the condition 
S(H i , H2) EI(S, S) is necessary for the validity of the relation S(H i , 0) = 
— 5(0, H2) even in the case when Hi 4= H2. However, if S (H i , H2) 4= S, 
Hi =# H2, this condition is not sufficient. This can be shown on the following 
example: 

E x a m p l e 3,2. Let S = {a, b, c, d, e} be a semigroup with the following 
multiplication table: 

a b c d e 

a a a a d d 
b a b c d d 
c a c b d d 
d d d d a a 
e d e e a a 

Choose Hi = {b}, H2 = {a, d}. Then L0 = {b}, S(H i , 0) = L0S = {a, b, c, d}, 
Ro = {a, d}, 5(0, H2) = SR0 = {a, d}, <5(HU H2) = L0SR0 = {a, d}. S(H i , H2) e 
E I(S, S), but S(H i , 0) + 5(0, H2). 

Theorem 3,3. Let Hi contain at least one minimal (Hi, 0)-ideal and a minimal 
(0, H^-ideal of S. Let H2 contain at least one minimal (H2, 0)-ideal and a minimal 
(0, H2)-ideal of S. Then 

<5(HU H2) n S(H2 , Hi) = S(H i , Hi) n S(H2 , H2). 

The proof follows from Theorem 3,1. 
R e m a r k . The intersection of the relative socles in the foregoing formula 

can be the void set. This, e.g. is the case if we choose in Example 3,1, Hi = {a, b} 
and H2 = {c}. 

Principal relative ideals of semigroups 

In this section some notions and some results of [10] are generalized. More­
over the notion of the simplicity of a semigroup is generalized in various 
ways. 

We assume again that Hi, H2 are subsemigroups of S (including the case 
of the empty subsemigroups). 
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Definition 4,1. Let ae S. The set A = aU H\a U aH2 U H\aH2 will be called 

the principal (H\, H2)-ideal of S generated by the element a. It will be denoted 

by Hi(a)H2. 

This definition evidently generalizes not only the notion of a principal left, 
right and two-sided ideal but also the notion of a principal T-ideal defined 
in [10]. 

Theorem 4,1. Let A be a (H\, H2)-ideal of S. Then A = (J {H/a) H2' a e A). 

Proof . If A eI(H\, H2), then for every ae A we have H1(CL)H2 <= A. Con­

versely, a e H1(O)H2 for every ae A. 

Using the notion of a principal (H\, H2)-ideal of S we can generalize the 

notion of Green's relations. 

Definition 4,2. Let for a e S, b e S be H1(O)H2 = H1(b)H2. Then ioe shall write 
(a, b) e H^H2 and shall say that the elements a and b are H^H -equivalent. 

R e m a r k . The relation H^H2 is clearly an equivalence relation on S, and 
it is a generalization not only of Green's relations on S but also of the relations 
introduced in [10]. 

We shall denote the classes corresponding to this equivalence relation 

by HFH2. 

I n the following (for typographical reasons) the relations H^0, 0^H2, 
^J> 0 and the classes HF0 , 0FH2, 0F0 will be briefly denoted by HS, ^H2, «̂ \ 
and H F, FH2 , F respectively. 

Recall that for H\ = 0 and H2 = 0, the relation H^H2 = ^ is the equality 
relation on S and the corresponding classes HFH2 = F are one point sets. 

From the preceding definition there follows 

Theorem 4,2. LetT\, H\,T2, H2be subsemigroups of S such that H\^T\, 

H2 c T2. Then H/H2 <= T/T2. 
R e m a r k . The known relations between one-sided and two-sided ,,classical" 

Green's relations follow from Theorem 4,2 if we take H\ = S, H2 = 0, T\ = S, 
T2 = S and H\ = 0, H2 = S, T\ = S, T2 = S respectively. Further if we 
replace (for typographical reasons) the symbol of inclusion cz by the symbol ->, 
we get from Theorem 4,2 the following diagram: 

s ss 
/ 

sSHг 

\ 
нŁSs 

/ 
sS 

\ 
н 

/ \ 
tSнt Ss 

\ / 
J 

\ / 
Sнг 

\ / 
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Definition 4,3. Denote the class HlFHi containing the element a by HFH . 
We shall write HFHt ^ HFb

Ht if and only if Hl(a)n2 c Hl(b)n2. 

Theorem 4,3. FOr each Hl(a)Hi wz have 

HSP)H% = U {HXFH% : HlFH2 £ HFH2}. 

Proof. If for some xeS and some class HlFH2 ^ HFH2, xe HlFHi holds, 
then by the definition of our partial ordering x e Hl(a)Hi. If for x e HFHz 

we have xeHl(a)n2, then Hl(x)Hi c Hl(a)n2, hence HFHt ^ Hl
FHt-

Evidently the equivalence relation HlJ is a right congruence and the 
equivalence relation JHz is a left congruence. 

In the following we suppose the familiarity with the notion of the product 
of two relations. 

N o t a t i o n : The product of the relations HlJ and JHz : HlJ . JHi will be 
denoted by Hl2#Hz. 

Evidently: 

For Hi = 0, H2 4= 0 we have Hl9H2 = JHi. 

For Hi 4= 0, H2 = 0 we have HJ@H% = HlJ. 

For Hi = 0, H2 = 0 we have HlS)Hi = J (the equality rela­
tion on S). 

Lemma 4,1. HiJ . JH2 = JH% . HiJ. 
Proof. Since HlJ,JHi are symmetric relations, it is sufficient to prove 

that HlJ .JHi <= JH2.HlJ. 
Let (a, b) e HlJ . JHi. Then there exists c e S such that (a, c) e HlJ, 

(c,b)eJH2. 
The following cases are possible: 
1) a = b = c. In this case evidently (a, b) e JHo . HlJ. 
2) b = c 4= a. Since (a, a) e JHi, (a, c) e # > / , we have (a, b) e JHi. HlJ. 
3) a = b 4= c. Then (a, c) G #.</, (c, a) G «/#, implies (a, a) = (a, b) e / f f l . #,</. 
4) a = c + b. We have (a,b) e JHi, and since (b,b) e JHl, we conclude 

(a, b) e / f f 2 . #.-/". 
5) a 4= c, b 4= c. Then there exist fe G Hi, fee H2 such that a = fee, b = cfe. 
Since ,/jy, is a left congruence, we have (fee, feb) e JHi, i. e. (a, feb) G - /# , . 
Analogously (afe, cfe) G H>/. This implies (fecfe, cfe) = (feb, b) G # . , / hence 
(a, b) G */ i / 2 . H ^ . This completes our proof. 

Theorem 4,4. The relation Hl9Hl is an equivalence relation. 
Proof. The reflexivity of HlS)Hi follows from the reflexivity of HlJ and JH%. 
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The symmetry follows from Lemma 4,1. The transitivity follows from Lemma 
4,1 and from the transitivity of HXJ and JH2* 

Denote by HX^H2 the equivalence relation HXJ n J> H2 -
I t is easy to prove the following 

Theorem 4,5. T7ie following inclusions J^old: 

HX^H2 <= HlS U JH%
 C H&H* <= i/^H2 

N o t a t i o n : Let T <^ S. The equivalence induced on T by the equivalence 
HX^H2, HX@H2, and H ^ H , respectively will be denoted by Hl^Ht, H&H** 

and H^H2 respectively. Denote further H,FH2 n J7 = i^-F^. 

Definition 4,6. Le£ T <= S. Then we shall say that the subset T of S is HX^H2-

simple if T consists exactly of one class HXFH2- Similarly one may define the 
HX^H2-simplicity and HX^H2 simplicity of a subset T of S. 

Theorem 4,6. An HXJH2 simple subset T of S does not contain any proper 
(Hi, H2)-ideal of S. 

Proof. Let N^T, NeI(Hx,H2). Then there exists beT, b$X. Let 
a e N. Then Hxa a HXN c N, aH2 c NH2 c N, H±aH2 c HiNH2 <z N. 
Therefore HX(O)H2 <= N. Definition 4,6 implies HX(CI)H2 = Hx(b)H2, hence b e N, 
contrary to the supposition. 

Evidently an HX^H2-simple subset T of S is an (Hi, H2)-ideal of S if and 
only if T is a minimal (Hi, H2)-ideal of S. 

Theorem 4,7. Every minimal (H\,H2)-ideal of S coincides with some class 

HXFH2 • 

Proof . If N eIm(H\, H2), then HX(O)H2 = nx(b)H2 for every a,beN, and 
thus all elements of N are contained in the same class. Further, if c is any 
element contained in that class HXFH2 which contains N, then by Theorem 4,6 
c e N . 

R e m a r k . Under the assumptions of Theorem 3,1 the sets S (H i ,H 2 ) are 
subsemigroups of S, which are disjoint unions of classes HXFH2-

Theorem 4,8. A semigroup S is HXJH2-simple if and only if S does not contain 
any proper (Hi, H2)-ideal of S. 

Proof . Since S e I(H\, H2), the statement follows from Theorem 4,6 and 
Theorem 4,7. 

R e m a r k . The notion of the i / ^^ - s imple semigroup S coincides in the 
case of Hi = S, H2 = 0 (Hi = 0, H2 = S; Hi = S and H2 = S) with the 
known notion of a left simple (right simple; simple) semigroup S. 

But if Hi #= S, H2 4= S, it is not true that any set T cz S not containing 
any proper (Hi, H2)-ideal of S is necessarily # ie/#a-simple, even in the case 
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when T is a subsemigroup of 8. We can see it on Example 1,9 if we choose 
Hi = {a, e], H2 = {c, d). The subsemigroup T = {a, c} does not contain any 
proper (Hi, H2)-ideal of S, but the elements a, c generate principal (Hi, H2)-
ideals, which do not coincide. 

In this section we shall use the notions defined in the previous sections for 
the theory of groups and completely simple semigroups without zero. The 
results obtained will complete some results of [2]. 

In [2] it was already remarked that a group G does not contain any proper 
(G, 0)-ideal, (0, C7)-ideal and (G, C7)-ideal of G but important subsets of a group, 
cosets, e. g. are relative ideals of G. 

In the following # ( a ) 0 , 0(a)H will be briefly denoted by H(a), (a)n-
From Definition 2,1, Theorem 2,4 and Theorem 4,8 there follows 

Theorem 5,1. Let G be a group, H a subgroup. Then for every a e G the set Ha 
is a minimal (H, 0)-ideal, the set aH is a minimal (0, H)-ideal and the set HaH 
is a minimal (H, H)-ideal of G. Moreover for every a~G we have Ha = HFa = 
- H(a), aH = F(

H = (a)H, HaH = HFH = H(a)H. 
Denote the right congruence on a group G corresponding to the right coset 

decomposition of H byr C/iCR, and the analogous left congruence by JfL. Then 
the following theorem holds: 

Theorem 5,2. Let H be a subgroup of a group G. Then XR = HJ', JfL = J H. 
Proof . Let us for a,b ~8 have (a, b) e H<f, i. e. Ha = Hb. Then ab - 1 e H, 

i. e. (a, b) ~ JfR. Analogously for JTL . Conversely, if ab~x ~ H, then Ha = 
Hab_1b = Hb, hence (a, b) ~ HJ. xVnalogously for JTL . 

Theorem 5,3. Let Gbea group, H a subgroup of G. Then H is a normal subgroup 
of G if and only if every minimal (H, 0)-ideal is a minimal (0, H)-ideal of G and 
conversely every minimal (0, H)-ideal is a minimal (H, 0)-ideal of G. 

Proof. If H is a normal subgroup of G, then for every a e G we have Ha = 
all = HaH. By Theorem 2,4 for every N ~ Im (H, 0) we have N ~ Im (0, H) 

(also N e Im(H, H)) and conversely. Let a be any element of G. By the sup­
position and Theorem 2,4, if N = Ha, Ha ~Im(H, 0), then for some b~G 
we have Ha = bH. Hence it follows that Ha = HbH, HaH = bH2 = bH = 

Ha. Consider a minimal (0, H)-ideal aH. Then for some c e G we have 
aH = He and analogously aH = HaH. Therefore aH = Ha for every a~G. 

R e m a r k . In accord with Theorem 5,1 one can state the preceding Theorem 
as follows: H is a normal subgroup of G if and only if the principal relative 
ideals #(#), (a)u> H(CI)H coincide for every a ~ G. I t further follows from the 
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foregoing Theorem that HJ = JH = HJH if and only if H is a normal sub­
group of G. 

Let Hi, H2 be subgroups of a group G. By Theorem 2,4 the sets H\aH2 

are minimal (Hi, H2)-ideals of G for every aeG. Moreover these sets are 
principal (Hi, H2)-ideals of G generated by a. Therefore the known decom­
position G = H1H2 U H±h'H2 U . . . is a decomposition of G into minimal 
(Hi,H2)-ideals of G. 

Theorem 5,4. Let H\,H2 be subgroups of a group G. Then every minimal 
(Hi,$)-ideal is a minimal (0, H2)-ideal of G and conversely every minimal 
(0, H2)-ideal is a minimal (Hi, 0)-ideal of G if and only if Hi = H2 = H, 
and H is a normal subgroup of G. 

Proof . I t is sufficient to prove the necessity of the condition. Let a be any 
element of G. I t follows from the supposition that Hia = bH2 for some b e G. 
This implies Hia = H\bH2 = H\aH2. For the same element aeG we also 
have aH2 = HiaH2. This implies H^Ja] = Hi[U^]H2, i .e . H1=H1H2. 

Analogously we get H2 = H\H2. Hence Hi = H2. Moreover Hia = aH2 for 
every aeG. Hence Hi = H2 = H is a normal subgroup of G. 

The following results will complete to a certain extent the results of section 4 
of [2] concerning completely simple semigroups without zero. Some results 
have been found by S. S c h w a r z in [6] without the use of the notion of a relative 
ideal of a semigroup. 

We shall use the following theorem proved in [6]: 
Let S be a completely simple semigroup without zero. This is in our ter­

minology a s^s-simple semigroup containing at least one minimal (S, 0)-ideal 
and at least one minimal (0, £)-ideal of S. I t is known t h a t : S = J{Ra ' Ra e 
eIm(0,S)}= J{Lp:LpeIm(S,0)}= J{Gap : Gap = Ra n Lfi}, Gap are dis­
joint maximal isomorphic groups. Let H be a subsemigroup of S, which is 
H^H-simple and contains at least one idempotent. Then 1) H = J{R'a : R'a = 
RanH}=J {L;-.L;=Lpn_H}=J {G'a(i: G'a, = R'a n L'fi}, R'aeIM{9,H), 
LpeIm(H,0). 2) The set H = J{R(X: Ra n H #= 0} = \J{L0 : Lp n H} 4= 
* 0} = J{Gap = Ra n Lp : Ra n H #= 0, Lp n H * 0} is a maximal sub-
semigroup of S containing the same idempotents as H. 

In [2] we have proved 

Theorem 5,5. Let S be a completely simple semigroup without zero, H a sub-
semigroup of S containing an idempotent. Then: 

<S(H, 0) = J{Ra : Ra e Im(Q, S), Ra n H .# 0}, 

(3(0, H) = \J{Lfi : LpeIm(S, 0), LpnH =£ 0}. 
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Corollary. If H contains all idempotents of S, then S(II, 0) = (J {Ra : Ra e 

G j w (0 , £)} = \j{L0 : Lp e Im(S, 0)} = S ( 0 , II). Further S (H, 0) = HS, 
(5(0, H) == $H, Aewce m £/MS case AS = [J {Ha : a e S} = {J{aH : a e S} holds. 

In the following S means a completely simple semigroup without zero. 

Theorem 5,6. Suppose that an HJH-simple subsemigroup of S contains all 
idempotents of S. Then the set Ha is for every a e S a minimal (H, 0)-ideal and 
the set aH a minimal (0, H)-ideal of S. Also Ha = HFa, Ha = H(a), and aH = 

FH,aH=(a)H. 
Proof. Let heH. Then h e Lp and Hh = Lp. If ep is an idempotent, 

ep e Lp, Lp n H = Lp, then by the supposition ep e H and therefore e e Lp. 
Also Hep = Lp. Let s e S. Denote the unit element of the group containing 
s by ea. Then we have Hs = Heas = L0s. By Theorem 2,4 we have L'as e 
e Im(H, 0) for every s e S. Analogously sH e Im(0, H) for every s e S. The 
last part of the statement follows from Theorem 4,7 and from the fact that 
s e Hs and s e sH, for every s e S. 

Corollary. Under the assumptions of the preceding Theorem for any a,b e S 
we have either Ha n Hb = 0 or Ha = Hb. Also aH n bII = 0 or aH = bH. 

Theorem 5,7. Let H be an HJ> H-simple subsemigroup of S. Let II contain 
at least one idempotent. Then the two-sided socle (5(II, H) is the maximal sub-
semigroup of S containing the same idempotents as H. 

The proof has been given in [2]. 

Corollary. If H contains all idempotents of S, then Q(H, H) = HSH = S 
and hence S = (J{HaH : a e S}. 

Theorem 5,8. Suppose that under the suppositions of the preceding Theorem H 
contains all idempotents of S. Then the set HaH is for every a e S a minimal 
(II, H)-ideal of S. Moreover HaH = HFH, HaH = H(a)H. 

Proof. I t follows from the proof of Theorem 5,6 that for every s e S we 
have Hs = L0s, L0 c H, L'ae Im(H, 0) and La contains an idempotent ea 

which is the unit element for s. By the assumption ea e H. By the analogy 
with the proof of the same Theorem concerning (0, H)-ideals of S we get 
eaH = R0o, where RGo e Im(0, H), R0o c. H, and RGo contains the idempotent ea. 
This implies HseaH = HsH = L0se0R0o = L0sR0o. By Theorem 2,4 we have 
L0sR0o e Im(Hi, II2) for every s e S and for every L0, R'0o. 

Corollary. Under the assumptions of Theorem 5,6 in the decomposition 
S [J{HaH :aeS} we have either HaH = HbH or HaH n HbH = 0. 

Theorem 5,9. Let H be an HJ'H-simple subsemigroup of S containing at least 
one idempotent. Then S = [J {Ha : a e S} = (J {aH : a e S} = (J {Hall : a e S} 
if and only if H contains all idempotents of S. 
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Proof . I t is sufficient to prove the necessity of the condition. Evidently, 

if S = J{Ha :aeS} = HS, and S = J{aH :aeS} = SH, then we have 

S = HSH = J{HaH :aeS}. The end of the proof follows from Theorem 

14 of [2]. 

R e m a r k . If H does not contain all idempotents of S, then S = J {Ha :aeS} 
and S = {aH : a e S} cannot hold. However in this case it may be either 
S = J {Ha : a e S}, or S = J{aH : a E S}. This is shown on Example 1,9 
if we choose H = {a, c}. 

Theorem 5,10. Let H± be an Hx^Hcs^mV^ subsemigroup of S, H2 a H^HC 
simple subsemigroup of S, and suppose that each of these subsemigroups contains 
at least one idempotent. Then 

<5(Hl9 H2) = EnL, E=J{Ra:Bae Im(0, S), JRa n Hi * 0}, 

L=\J{Lfi:LaeIm(S, 0), L0nH2^0}. 

Proof . I t follows from Theorem 3,1 and 5,5 that S(H i , H2) = Hi#H2 = 
= Hi$ n $H2 and H±S, SH2 have the properties mentioned in our Theorem. 

R e m a r k . If Hi and H2 contain all idempotents of S, then by Theorem 5,9 
we have Hi# = SH2 = S and Hi#H2 = S = J{HxaH2 :ae S}. Analogously 
as in Theorem 5,8 it can be proved t h a t the set H\aH2 is for every a e S 
a minimal (Hi, H2)-idealof $. Moreover H\aH2 = HlF

a

H2,enid H\aH2 = H1(
CI)H2-

Hence the sets in the decomposition of S considered above are either disjoint 
or coincide. 

I t is, of course, possible that there exists a decomposition of S into disjoint 
summands: S = J{H\aH2 : a e S} where Hi and H2 do not contain all idem­
potents of S. This can be showai on Example 1,9 if we choose Hi = {a, c}, 
H2 = {a, e}. 

I wish to express my thanks to S. Scrnvarz, Z. H e d r l i n and M. K o l i b i a r 
for useful suggestions. 
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