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POPRODUCT OF LATTICES AND SORKIN'S THEOREM

ZUZANA LADZIANSKA, DBratislava

Balbes and Horn [1] introduced and studied in the class of distributive
lattices a new operator, the so-called ‘“‘order sum”, which is a generalization
of the free product and the ordinal sum of distributive lattices. This paper
introduces such an operator for an arbitrary equational class # of lattices,
this operator will be called a #° — poproduct. In part two the word problem
for the poproduct in the class of all lattices is solved. The main result, the
generalization of well known Sorkin’s theorem, can be found in part three
of the paper. Several ideas and methods have been borrowed from paper [4].

1. Introduction. Let P be a poset and let L,, p € P be pairwise disjoint
lattices. The lattice operations in each L;, will be denoted by U, N. Let @ =
= |J Ly be partially ordered in the following way:

pepP
for a, b € Q we put @ < b if and only if one of the conditions

(1) and (2) holds:
(1) there is a p € P such that a, b € L, and the relation ¢ < b in L, holds;
(2) there are p, r € P such that a € L,, b € L, and the relation p <<r in the
poset P holds.
If f is a mapping from @ into M, then f, denotes its restriction on L,.
Definition 1. Let ¢ be an equational class of lattices. Let L, L, € " for p € P
and let P be a poset. The lattice L is said to be the X~ — poproduct of the lattices
Ly if:
1. there is an isotone injection v: Q@ — L such that for each p € P ip is a lattice
homomorphism;
2.4f M € A, then for every isotone mapping f: Q — M such that for each p € P f,
s a lattice homomorphism, there exists uniquely a lattice homomorphism ¥':
L — M such that ¥ o1 = f.
It is obvious that the definitions of the order sum from [1] and of the po-
product in the class & of distributive lattices coindice.
The ¥ — poproduct, i.e. the poproduct in the class of all lattices, will
be briefly called poproduct (of lattices).
The existence of the poproduct follows from [3]: R. A. Dean has constructed
the free lattice FL(P,U, B) generated by the poset P and preserving the
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ordering of P, those lub’s of a family ¥ of finite subsets of P which possess
lub’s in P and those glb’s of a family B of finite subsets of P which possess
glb’s in P.

It is easy to see that a #° — poproduct L of lattices is uniquely determined
up to isomorphism by the poset P and the lattices L,, p € P.

The following theorem will explain the relation between the -#° — popro-
duct, the #~ — free product and the ordinal sum, respectively. For the class &
of distributive lattices, see [1].

Theorem 1. Let 2" be a nontrivial equational class of lattices. Let L be the
A — poproduct of the lattices L, e 4", p € P and let P be a poset. Then
(1) L forms the A~ — free product of the lattices Ly(p € P) if and only if P is

an anti-chain.
(2) Lforms the ordinal sum of lattices Ly(p € P) if and only if P is a chain.

Proof. (1) If P is an anti-chain, then according to the definition of the
poproduct
1. there exists a family of lattice homomorphisms ¢, : L, - L for each p € P:
2. if M e, then for every family of lattice homomorphisms f,: L, — M

there exists uniquely a lattice homomorphism ¥ : L — M such that ¥ o i), =

= fp for each pe P
That means that L is a #* — free product of Ly(p € P).

Conversely, let L be a #° — free product of L,(p € P). Suppose that P
is not an anti-chain, hence there exist q, r € P such that q <r. Let M =
= {0, 1} be a two-element chain and let f(p € P) be a family of lattice homo-
morphism f, : L, — M. Let fo(L,) = 1, fr(Ly) = 0. Then there exists a homo-
morphism ¥ : L - M such that Yoi; =f,, ¥Yoi, = f,. Since ¢ is isotone
and ¥ is a homomorphism, ¥ o i,(Ls) £ ¥ ©ir(L,), contradicting the fact
that f,(Lg) = 1 > 0 = f(Ly).

(2) If P is a chain, then @ is a lattice which obeys the conditions 1, 2 of
definition 1, hence L = Q. @ is clearly an ordinal sum of L,, p € P.

Conversely, let L be an ordinal sum of L,, p € P. Then L = @ and there-
fore P is a chain.

2: The word problem. Throughout the paper ¢ will denote the partially
ordered set mentioned in the introduction. Let us denote by Z(Q) the set
of lattice polynomials (terms) over @. These polynomials are formed from
symbols denoting elements of @ and from the symbols U, N. For each 4 €
€ Z(Q) we define a natural number /(4) — the length of 4 — as follows:

if 4 €@, then I(4) = 1,

if Ay, 41 € g(Q), then l(Ao U Al) = l(A() n Al) = Z(Ao) + l(A1)

For each 4 € () and each 1 € P, the existence and the value of the upper
A — cover, AW, AN e L,;, and the lower A — cover, Ay, Ay € L, are defined
as follows:
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Definition 2.
()if A eL,, then Agy, AP exist and Ay = AP = A.
A, AW do not exist for p > A.
() tf A = B C, then AD exists if and only if B» and CH both exist and
in this event AW = BM U CW,
A exists if and only if at least one of By, Cw exists; Ay = By (respec-
tiwvely Cy) if only By (respectively Cy) exists, and Ay = By U Cuy
if both By, Cy exist.
(1) if A = BN C, then Ay exists if and only if By and Cy both exist and in
this event Agy = Ba N Cyy.
A® exists if and only if at least one of B®, C exists; AP = B® (res-
pectively CD) if only B® (respectively CW) exists, and AP = B&H N C*
if both B, C» exist.

Definition 3. For any A, B € 2(Q) we define by induction on l(A) + I(B)
the relation A < B to hold if and only if at least one of the conditions (1) to (6)
below holds:

1)d = B;
(2) there are i, p € P such that AP, B, exist and A® < By, (in the ordering
of Q);

(3) A = Ao U A1, where 4o < B and A; < B;
(4) A = 4o N A1, where Ao < Bor 4, < B;
(5)B= Bo U By, where A < Byor A c Bj;

(6) B= Bon B1, where A < Byand A < By;
Set A ~Bif A < Band B ¢ A.

The relation ~ is reflexive and symmetric, we shall show =~ to be transi-
tive.

Lemma 1. If Ay, AW both exist, then A = u.

Proof. Cf. [4], Lemma 1.

Lemma 2. If A® exists, then A < AW, If A, exists, then Ayy < A.
Proof. It follows from (2): AW = [AWD]y, [d@w]? = Aw.

Theorem 2. 4 < B and B < C implies A < C.

Proof. Let 4 < B and B < C. If both of these relatiors are due to (2),
we apply Lemma 1 and so 4 < C follows by (2). Otherwise we proceed by
induction on [(4) + B) + (C).

Thus ~ is an equivalence relation. Given 4 € 2(Q), denote (4> the equi-
valence class of 4 under ~ and let L = Z(Q)/ = . Define the binary relation <
on L by (A> £ (B) if and only if 4 = B. Then < is a partial order on L
with respect to which L is a lattice. Moreover, by (3) and (5), (4> U <{B) =
= (4 UB) and dually <4)> N {(B) =<4 n B).



Theorem 3. L is the poproduct of L,, A€ A.

Proof. Q < L, thus 7: @ — L is an isotone injection. Let M be a lattice,
let f: @ — M be an isotone mapping such that f; is a homomorphism. Let ¢:
L — M be defined inductively as follows:

if 4eQ, g(d) = f(4);
9(d U B) = g(4) U g(B);
94 N B) = g(4) N g(B).
Then the following statements hold :

If A® exists, then g(4) < g(4A®). If A exists, then g(d ) £ g(4). The
proof is omitted, because, similarly as in [4], the formal computations are
a special case of computaticns in the proof of Theorem 4. Now we have to
show that g factors through ~. It is-enough to prove that 4 < B implies
9(4) < g(B).

Let 4 ¢ B.

If4 ¢ B is due to (2), 4@ < B, then since f is isotone on @, there holds

9(d) = g(A®) = f(AW) = f(Bw) = 9(Bw) = 9(B).

If A ¢ B is due to (3)—(6), the proof is by induction on I(4) + I(B). Thus
g is well — defined. ¢ is isotone on @, because f and g are equal on Q. g is an
isomorphism by definition. Therefore ¢ ° ¢ = f. Finally, ¢ is unique, because
it is a homomorphism and L is generated by .

Theorem 3 is proved.

3. Sorkin‘s theorem.

Theorem 4. Let L be the poproduct of L;, 4 € P, let K be a lattice and let 1 :
@ — L be an isotone injection such that for each p € P, iy is a lattice homomorphism.
Let f: Q — K be an isotone mapping. Then there is an isotone mapping g: L -~ K
such that goi =f.

Proof. We define : 2(Q)— K by induction on the length of the poly-
nomials in Z(Q): ‘

(i) if 4 €@, then h(4) = f(4);

(ii) if A = B U C and 4y is defined for no 4 € P, then k(d) = k(B) U k(C),
otherwise h(4) = h(B) U h(C) U U (f(Aw)/A € P and A exists);

(iii) if A = B U C and A@W is defined for no 4 € P, then h(d) = A(B) N h(C),
otherwise h(4) = R(B) N A(C) N N (f(AP)/A € P and AW exists).

By definition 2, A@® or A exists for only finitely many 4 € P and thus the

definition makes sense. We define g: L - K by requiring that g(<4)) = h(d).

Now the following statement holds:

If A® is defined, then h(4) = f(4W) (and dually).

The proof is by induction on [(4), cf. [4]. Similarly as in [4], it can be shown
by induction on I(4) + U(B) that if 4, Be 2(Q), 4 < B, then h(4) = h(B).
Therefore g is well defined and isotone. From the definitions of & and g it
follows that go¢ =f.
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Remark. If f is a U-morphism, then g is U-morphism (and dually).
Proof. Cf. [4]. .
From Theorems 1 and 4 there immediately follows the

Corollary (Sorkin’s theorem, [4]). Let L be the free product of L, i€ A,
let K be a lattice and let for each 2 € A, f; : L), — K be an isotone mapping. Then
there is an isotone mapping g: L — K extending all the f;.

4. Sublattices and irreducible elements.

Theorem 5. For each p € P let L be a sublattice of Ly and let L* be the sub-
lattice of the poproduct of the L, gemerated by L. Then L* is the poproduct of
the L.

Proof. Cf. [4], Theorem 2.

Similar arguments as in the proof of Theorem 3 of [4] prove.

Theorem 6. Let P consist of more than one element and let P < P. Let L
be the poproduct of Ly, p € P. Then L — J Ly s a sublattice of L if and only

peb’
if for each p € P’ there holds:
Ly is a chain or p is comparable with each q € P.
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