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Matematicky &asopis 19 (1969), No. 2

ABSTRACT FORMULATION OF SOME THEOREMS
OF MEASURE THEORY II

BELOSLAV RIECAN, Bratislava

In the paper we formulate and prove the following three theorems only
with the help of some properties of the systems .47, of all measurable sets
with a measure less than 1/n: Vitali’s covering theorem, the assertion that
the system of all measurable sets of finite measure is a complete pseudometric
space (with the pseudometric o(#, F) = u(E » F)) and the theorem on appro-
ximation of a measure.

Note that some other theorems of measure theory were generalized by
a similar way in the author’s paper [1] and in the paper [2] by T. Neubrunn.

We shall assume that there are given a o-ring & of subsets of a set X and
a sequence {4} ; of subsystems of . We shall assume, if it is convenient,
that {4} o satisfies some of the following axioms:

(1) 9 e Ny for all n.

(2) To any positive integer = there is an increasing sequence {k;}=, of
positive integers such that |J E; €./, as soon as E; € A7,

i1

(3) Let {E,}7, be an arbitrary non decreasing sequence of sets of A,
and () E; = 0. Then to any positive integer n there is a positive integer m

i-1
such that E,, e /.

4 YE<F,Ee¥ FeNy,then EecAN ), (n=0,1,2,..).

(8) N n41 = Ay for any positive integer n.

If (X,4%,p) is a measure space, N 9= {Eec S :pul) << o0}, Nn=
= {E € & : u(E) < 1/n}, then we easily find out that all the conditions (1)—(5)
are satisfied. In section 1 we shall use a more special condition (the condition
(V)) connected with Vitali’s covering theorem. In section 2 we shall use
instead of (2) the following stronger condition:

@
(2') There is a sequence {k;}7", of positive integers such that |J Eie A"y,
i-N+1

whenever E; eV, 1 =N+ 1,...).
We see that (2) follows from (5) and (2'). It is evident that (2') is satisfied
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also for the above choice of {#",}. We shall often use also the following con-
sequence of (1) and (2):

(2") To any positive integer n there are positive integers p, ¢ such that
EeANp, FeNyimply EUF eN,.

Vitali’s theorem which we are just going to prove, is usually formulated
for outer measures. That is why we dinstinguish in the used axioms two
o-rings & and #. Let & be the system of all subsets of the k-dimensional
Euclidean space X, let & be the system of all Borel subsets of X. We shall
assume that A4, are subsystems of &, but (3) is satisfied only for such sequences
{E;}z,, for which E; e # N .4y. Hence, the following property is satisfied:

(3") Let {E;}?, be any non increasing sequence of sets of & N .47, and

n E; = 0. Then to any = there is an m such that En, € 4,

If E is a sphere in X, then by 5 we shall denote the sphere with the same
centre but with a 5 times larger diameter.

Theorem 1. Let {A",}5 , be a sequence of subsystems of the o-algebra &
satisfying the conditions (1 ( ), (3') and (4). Let N contain all bounded sets. Let A~
be any Vitali covering(l) of a bounded set A € & by closed spheres. Moreover
let {AN 1} satisfy the following condition:

(V) T'o any positive integer m there is a positive integer k such that |J 5E; € N 'y,
=1
whenever {E,};_y: lis a sequence of sets of A~ such that U EieVNr,EiNE;= 3,1 +j.
j=1
Then there is a sequence {E;}7, of pairwise disjoint sets of A~ such that

A — l_j E; e f-] N .

i=1 n=1
Proof. Since 4 is bounded, there is an open sphere F such that 4 < F.
We may assume that " is a system of subsets of F. Put d; = sup {diam (E):E €
€X', E < F} and choose E, € ¢ with diam (#1) > di/2. Assume now that
we have constructed sets E1, ..., Ey_1 € X such that B; " E; = 0 (¢ + j) and

-1
diam E; > } sup {diam (B): Ee X, E<F —JE}(t=1,...,n —1).
i-1
If we put
n-1
(6) dn = sup {diam (E): Ee X", E < F — | Ei},

i=1

(*) I.e. to any r > 0 and any x € A there is K € 4" such that x € E and diam (E) < r.
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n-1
we can choose £, suchthat £, e 4", E, < F — U E; and

-1
dn
(7) diam (&) > —2—
By this process we have constructed a sequence {E,}n-1 of pairwise disjoint
sets of A~ satisfying the conditions (6) and (7).

By a standard way ([3]) we prove that

(8) A — UEnCUoE

n=p
for any positive integer p. First let L be the Lebesgue measure in X. Since

> L(En) £ L(F) < o, we get lim L(E,) = 0 and hence also
n=1 n->00

(9) lim diam (E,) = 0.

n—>0

Tet xe 4 — U E,cF — U E;. Since F — U E; is open and A is a Vitali

i=1

covering of A there exists E’ € A such that zel < F — U E;. According
-1

to (9) and (7) there is a ¢ such that £ N UE@ + . Let r be the least positive
integer for which £ N E, + 0. Ev1dently r>p and diam (E) < 2 diam (&)
according to (7). Therefore E < 5E,, hence er5En, which proves the

n=p
inclusion (8).
Let m be any positive integer; choose & according to (V). Put 44 = | En.

n=q

]]v1dently Age B; AgeN0, since A contains all bounded sets. Besides
n Ay =10 and 4 > 4g11 (¢=1,2,...). Therefore by (3') there is a p such

n=p ®

that |J B, = 4, e./V;c The property (V) implies U 5E, € /" m, hence by (8)
n=p n=p
and (4) we have A — U E, e /", for any m, which proves our assertion.

n=1
Corollary. Let pu be an outer measure in X, that is a measure on &, finite

on bounded sets. Let A be a bounded set, A~ be a system of closed spheres covering A
in the Vitali sense. Let A~ satisfy the following condition :

(V') There is o > 0 such that u(5E) = au(E) for all E € .

Then there is a sequence {E,} of pairwise disjoint sets of A" such that

wa — B =o.

Note. Vitali’s covering theorem (a variant of which has been just presented)
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has an interesting character. While its assumptions are topological, its assertion
is metric. A. Denjoy in some papers (e.g.[4], [5]) formulated and proved
Vitali’s theorem only in metric terms. Conversely our Theorem 1 is formulated
only in topological terms.

2

In this section we shall assume that X is an arbitrary space and & is'a o-ring
of subsets of X.

Theorem 2. Let {A "n}; , satisfy the conditions (1), (2), (4) and (3). Then
the system U of all sets of the form {(E,F): E n Fe Ay} (n=1,2,...)is a base
of a uniformity of N o. Since the uniform space has a countable base, N g is
pseudometrizable.(2) '

Moreover if {AN n}r satisfies (2') and (3) and N ¢ is closed under the sums,
then N "o is complete.

Proof. First we prove that any element of % contains the diagonal:

(10) {(E,E): EeNo} < U for each U € %.

This follows from the condition (1), since £ o E = @ € 4", for all n. From the
definition of % we get '

(1) Ue¥ » Uleq,

where U-l = {(E, F): (F,E)e U}. In our case Ul=U. Let Ue%, U =
= {(E,F): E » F € #/,}. Choose p, g according to (2”) and put m = max (p, q),
V={EF)EAFeANy}. Then M,NeN "y => M U N eN, according to
(2”) and (5). If as usually we denote by V o V the set {(£, F'): there is G € 4",
(E,G)eV, (G, F)e V}, we get

VoV ={E,F):thereisGeNg, ErGQeN pn,GrFeNpn} <
< {(E,F): thereis e AN, (E o G) U (G o F)eNn}.

Since EaF < (Ea G)VU (GaF)e ANy, we have by (4) E o F e Ny, hence
VoV < U. We have proved the following:

(12) To any U € % there is V € % such that Vo V < U.

From (5) we get also the following property:
1) UNVe%forany U, VeZ%.

From the properties (10)—(13) it follows that % is a base of a uniformity
([6], chap. VI, th. 2, p. 177).

(%) [6], chap. VI, th. 13, p. 186.
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In order to prove the completness of A"y it suffices to prove that any Cauchy
sequence is convergent ([6], chap. VI, th. 24, p. 193). Let {E,};_, be a Cauchy
sequence, i. e. to any k there is an N such that B, a Ky € A for m,n > N.

Let {k;} be a sequence according to (2'). Since {E,} is a Cauchy sequence
there is an increasing sequence of positive integers {n;} such that E, » E
€Ny (1=1,2,...). Put Fy = E,, (hence F; o Fiy1 €47;) and put

E=UNF:.
n=1 i=n
The set K is a member of A", since |J (Fi o Fiy1) € /%, (according to (2))
1=1

and £ < F, U U (Fi & Fiy1). Evidently

”(*l

(14) E o Fy © EAnF)u(nFMF,,)

=0

Let m be any positive integer. Choose p, ¢ according to (2”). Put V, = E — () Fs.
i=n

Evidently [} Va =0, Va D Vasr, Vi€eAN. Therefore by (3) there is Ny
n=1
such that

(15) E — nFi G./Vp

i=n
for all » > N;. Now notice that F, — nFi c U (Fi — Fi11). Hence by (2')

we have

—NFeANy,,.

=N

Choose N; such that ky,-1 > q. Then A", , < A7, for n > N3, hence

(16 nFte-/‘/‘q

i=n

From the relations (14)—(16) we get £ a F'y € N for alln > N3 = max (N1, Na).
Hence we proved that to any m there is an N3 such that

EnrE, eNn

for all » > N3. Let » be an arbitrary positive integer, r, s be such that G U H e
€ N u whenever G € N, H e N 5. By the foregoing there is an N3 such that

ErE, e,

for all + > N3. Since {E,} is a Cauchy sequence, there is an N4 such that
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E,r ExeNs for all 7,k > Ng4. Put N = max (N3, N4). Then n; > Ny for
2 > N, hence E; » K, € /5. It follows that

ErE c(EnE,) Y (E, sE)eN,.

It means that E; - E in the uniform topology of the space A7y, hence A4
is complete.

Corollary. The pseudometric space of all sets of finite measure with the pseudo-
metric o(E, F) = w(E a F) is complete.

3

Now we generalize the theorem on the approximation of a measure ([7]).

Theorem 3. Let {47}y, satisfy the conditions (1), (2), (3) and (4). Let
E UF ey whenever E,F € Ny. Let # be a ring, & be the o-ring generated

by R. Lettoany E€ R exist Bie N\ N (1 = 1,2,...) such that E < | E;.
i-1

Then to any n and any E € Vg there is F € X such that E o F e /",

Proof. First consider #Z = ZN Ag. & is a ring and the o-ring S (%)
generated by & is &. Take a fixed G € & and consider the system M of all
He & with the following property: To any = there is F € & such that
HNG) s FeNy. Clearly M > 2. Namely if He %, then put F=HN G
and use (1). Prove that M is a o-ring hence that M > &.

Let Hie M (s = 1, 2, ...), n be an arbitrary positive integer. First construct
P, q such that 4 U Be A", whenever A € A", BeANy. To the number p
construct a sequence {k;} according to (2). Since H; € M, there are Fie %
such that

(Hi mG) AF@E'/V‘]“.

Hence we get

(17 U HiﬁG AFiE./V
t=1

0

Further consider the sequence By = U (@GN F;) — U (G N Fy). Evidently
=1 i=1

Bye ANy, By © Bgt1, ﬂ By = 0. Thérefore by (3) there is an N such that
k-1

© N
(18) BNZU (G N Fy) U (GNF;)eNy.
. 1=1

i=1

We easily check the inclusion
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N

© N © 0
(19) (Y H)NnEGa (U Fy) < [U (HmG)AFi]u[U (GNF) — U (@ENF)].

i=1

The relations ( 7)—(19) imply [( U H)NnG]a U Fy) ey, hence U HieM
i=1
according to U F;e #. The fact that M is closed with respect to dlﬁ'erences
=1
can be proved similarly by the help of the inclusion

(Br—E)N Qo[ —F)]NG < [(Ern @) aFi]U[(E:N G) s Fsl.

The inclusion M > & implies the following: To any Ge # and Ee€ &
thereis F € Z suchthat ( ENG)a Fe A y,.

Let E € #7y. Let 2" be now the system of all sets G € & with the following
property: To any n there is F € # such that (ENG)AF eN,. By the fore-
going we have " > Z. We show that £ is a ¢-ring similarly as we showed

it to M. Hence " > &, and to any n there is F € # such that E A F =

= (ENE)sFeAN,. The Theorem is proved. .

Corollary. Let (X, &, u) be a measure space, # < & be a ring, & be generated
by Z, u be o-finite on Z. Then to any set E € & of finite measure and any ¢ > 0

‘there is F € R such that uw(E » F) < e.
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