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INVARIANT PROLONGATION OF BGG-OPERATORS
IN CONFORMAL GEOMETRY

MATTHIAS HAMMERL

ABsTRACT. BGG-operators form sequences of invariant differential operators
and the first of these is overdetermined. Interesting equations in conformal
geometry described by these operators are those for Einstein scales, conformal
Killing forms and conformal Killing tensors. We present a deformation proce-
dure of the tractor connection which yields an invariant prolongation of the
first operator. The explicit calculation is presented in the case of conformal
Killing forms.

1. INTRODUCTION: GEOMETRIC PROLONGATION OF OVERDETERMINED
OPERATORS

A conformal structure on a manifold M is an equivalence class [g] of (Pseudo-)Rie-
mannian metrics, where two metrics g and § are equivalent iff there is a function
f € C>(M) such that g = e2/g. The simplest way to explain what a conformally
invariant operator is, is to give an example: regard the operator

(1) 09: C*°(M) — S2T* M,
(2) o+ (DDo + O'P)O .

Here D is the Levi-Civita connection of a metric g in the conformal class, P = P,
is the Schouten-tensor, which is a trace-modification of the Ricci tensor, and
the subscript 0 takes the trace-free part. S37*M denotes symmetric, trace-free
bilinear forms on 7'M, which will also be written as &),: Throughout the paper
we are using Penrose’s abstract index notation [16], with £ = I'(T'M) denoting
vector fields, &, = I'(T*M) denoting 1-forms and multiple indices being tensor
products. Square and round brackets around indices will indicate alternation resp.
symmetrization.

Now ©9 describes the equation governing Einstein scales: for o € C*° (M) one
has ©9¢ = 0 iff 0~2g is Einstein. The operator ©9 is conformally covariant between
C>(M) and SZT*M: if one switches to another metric § = /g in the conformal
class, then

09 om(el) = m(ef) 0 ©9,
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where m(ef) is simply the multiplication operator with e/. This yields a conformally
invariant operator between the weighted bundles Ho = £[1] and H; = ST* M QE[1].
Here £[w] is the bundle of conformal w-densities, which is a line bundle that is
trivialized by every metric ¢ in the conformal class; with [o], the trivialization of a
section o € E[w], one has [o]; = e®/[0],. Especially, [g] gives rise to a well defined
conformal metric g = g,;, € Eap)[2]-

In general, a conformally invariant operator is obtained by a universal formula
in the Levi-Civita connection, the metric and the curvature, possibly followed by
contractions, that gives a well-defined operator between natural bundles for the
conformal structure.

The example of the operator for Einstein scales above has another interesting
property: it is overdetermined, and thus one can wish to have a prolongation of the
system: in classical terms, this means that one wants to introduce more dependent
variables and derive differential consequences of the overdetermined system, such
that one can write down a closed system of equations; i.e.: a system of first order
PDEs in which all (first order) derivatives of the dependent variables are expressed
in the dependent variables themselves.

1.1. The standard tractor bundle of conformal geometry and the prolon-
gation of the equation governing Einstein scales.

The prolongation of is well known, and is conformally invariant. We are
going to describe this and the necessary background on conformal tractor bundles.
Our notations are inspired by [12]. We note here that a reader who looks for
an introduction to tractor calculus in conformal geometry and an explanation
of related notational issues could for instance make use of the very careful and
detailed exposition in the first part of [18].

With respect to a metric g in the conformal class the standard tractor bundle S
of a conformal geometry is given by

(3) 8]y =€l @ &a[l] ® E[-1]

and one writes elements [s]; = 0 & ¢, B p € [S], as

(4) [s]lg = | ¥a

We remark here that via the conformal metric g,, € &£qp)[2] and its inverse
g € £(@)[-2] one can move indices up and down, and thus we can also write
[Sly =&l @ E%—-1] @ E[-1].
For § = exp?/ g one has the transformation
p p—=Tap® — 50T°7,
6 So=(6e) = @utola
& o

where T = df and S is defined by the equivalence class of [S], for g € [g] with
respect to this transformation ([I]). We see that we have a well defined semidirect
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composition series
(6) S=E&[]& &1 & E]-1]
ie.: Sis filtered S = S7! 5 8% o 8!, and with respect to a metric g in the

conformal class this filtration splits according to .
Additionally, [S], is endowed with the connection

P Dcp - Pcb@b
(7) VCS = vc Pa = Dc‘P“ + UPc *+ p(sc “ )
g Dca — Pc

which is invariant with respect to the transformation and thus gives a well
defined connection on S, called the standard tractor connection.

We furthermore see from that one has a well-defined projection IT to the
"lowest slot’ Hy of S. This projection splits via the differential operator L : Hy — S,
which is again defined via a metric g:

—L (Ao + P,%0)
o€l — Vo
o

(S8,V,11, L) is a geometric prolongation of © : Hy — Hi: The maps IT and L
restrict to inverse isomorphisms of the space of parallel sections of S with respect to
V and the space of Einstein scales in Hg. This is well known. In the following Section
[2lwe will give an explanation of this fact in terms of the BGG-machinery and present
a method to obtain more invariant geometric prolongations for other equations. In
Section 3| we will give an explicit prolongation of conformal Killing-forms via
this method.

2. CONFORMAL TRACTOR BUNDLES

The standard tractor bundle S and its tractor connection, introduced via a
description with respect to metrics in the conformal class above, can alterna-
tively be described as the associated bundle to the standard representation of
the Cartan-group SO(p + 1,q + 1) modelling conformal structures. More ge-
neral (see [7],[6]): a tractor bundle comes about as the associated space to a
SO(p+ 1,q + 1)-representation and is canonically endowed with its tractor connec-
tion.

Apart from spin representations, all tractor bundles appearing in conformal
geometry appear as subbundles in tensorial powers of S. Given S as in the previous
section, i.e., written in terms of a Levi-Civita connection g, one has a natural inner
product of signature (p + 1,¢ + 1), which is given by

0 0 1
(8) 0 g O
1 00

Especially, one can identify A2S with s0(S), which is the adjoint tractor bundle
AM for conformal structures. Employing matrix notation, we will write its elements,
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or sections, as

—c —m 0
(9) ¢ Con,
0 =& ¢

where (¢,C) € co(p,q), £* € £ and 0, € &,.

One has a natural surjection (projection to £%) of AM onto T'M and an inclusion
(inserting of n,) of T*M into AM, while the inclusion via (9)) of TM depends on
the choice of g. Having fixed a metric g in the conformal class, the algebraic action
e of AM on a tractor bundle T restricts to actions of TM and T*M. Therefore,
regarding TM and T*M as (pointwise) abelian Lie algebras, we can thus introduce
Lie algebra differentials on the the spaces C: = E¥ @ T: we define 9: C, — Cpy1,

k
(10) 0p(Eos- - &) = > _(=1)& 00, 1€y &)
j=0
and 0*: Cxy1 — Ck,
k .
(11) DZoN-NZg @V =D (1) Zg N N2y N2y @ (ZioV).
j=0

It is straightforward to check that 9 o 9 = 9* 0 0* = 0. It is a consequence
of a general result by Kostant ([I4]), that 0 and §* are naturally adjoint with
respect to an (pointwise) inner product on the chain spaces Ci. This gives a Hodge
decomposition

(12) Cp =im 0 @ ker 0@ im 0"

with 0 =000* + 0% 0 0.

Only 0%, but not 9, is invariant with respect to a change in Levi-Civita connection
in the conformal class. Thus we use 0* to define the spaces Z; = ker 9* N Cy, B, =
im 9* NCy and Hy = Zi/By. Using the Hodge decomposition, one can identify Hy,
with ker [ C C, after choice of a metric in the conformal class.

As an s50(S)-valued form K € &, ., ® AM, the curvature of the standard tractor
connection is

0 —Aew 0
(13) Kap= |0 Cab “a A° ab
0 0 0

Here C' is the Weyl curvature and A = Acqp = 2D(, Py is the Cotton-York tensor.
We recall that both A and C' are trace-free. Furthermore the skew-symmetrization
over any 3 indices of Cyp.q vanishes, as does the skew-symmetrization of A,p.. The
Weyl curvature doesn’t satisfy the differential Bianchi identity, however one has

D10Chelde = GaaAielpe] — GefaAldlb-
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3. INVARIANT GEOMETRIC PROLONGATION VIA THE BGG-MACHINERY

The BGG-machinery will associate to the tractor covariant derivative V on T
differential operators ©;: H; — H;11. The core step in the construction of the
BGG-operators is to find, in a natural way, a splitting of II;: Z; — H,; adapted to
V: For every o € H; it can be shown that there is a unique lift s € Z; such that
dVs e Zj41. This defines the BGG-splitting operators L;: H; — Z;. By construction
they give rise to the BGG-operators

O;:H; — Hita,
Op =M 0dY oLy,

Thus one obtains the BGG-sequence
en—l

0> Ho —225 Hy — - —2=L H, — 0.

We are interested in the first operator ©g, which gives an overdetermined system
of equations. In [2] a prolongation method for operators ©¢ + 7 for 7 a lower order,
possibly nonlinear, differential operator, was developed, which did not however
take into account the invariance respectively naturality of the operator ©g.

The construction of BGG-operators sketched above also works for more general
connections V =V + ¥, if U € £ @ gl(T)". Here gl(T)" denotes those endomor-
phisms of T" which are homogeneous of degree > 1 with respect to the filtration of
T inherited from S. More simply put: gl(T)! consists of upper triangular matrices
if we use vector-notation as in and .

3.1. Deformation of the tractor connection.
We would like to understand the solution space of ©¢: Hy — Hi: Let 0 € Hp.
By definition Oy = II; (V(LOU)), and thus

(14) Ogo =0 iff V(L()O') € By = ker 11,

which shows that in general (T, V, I, Lo) is not a prolongation, since the kernel of
Oy is not mapped into the space of parallel sections by Lg: while parallel sections
of (T, V) always project into the kernel of Oy, a solution o € Hy of ©go = 0 will,
by definition of ©g, only have the property that V(Lgo) € im 0*. Our strategy is
to deform V to V=V 4+ ¥ by amap ¥ € £ ® gl(T)" in suitable way, such that
we obtain a ‘better’ connection on T" which gives a geometric prolongation of Gj.
Le.: We want to find V such that ©go = 0 implies V(Loo) = 0 and conversely.

We make the following observation: consider ¥ € &, ® gl(T)! which has the
property that

(15) Useimd* =By VseT.

Then we can construct the BGG-splitting operators Lo: Hy — T, Li: H; — C;
and the first BGG-operator ©g: Hy — H; as above. But Since (@ —V) =1V has
values in By, we see that * o Vo Ly = 8* o V o Ly = 0, which shows that we have
Lo = Ly; and since IT;,(B1) = 0, we have Oy = Op. Thus: maps ¥ € &, ® al(T)!
which send T into B; may be used to deform V to another connection without
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changing the first BGG-operator. Thus the space of such ¥ gives us a freedom for
suitable deformations of V.

Assume that we have managed to find such a ¥ for which the curvature R of
V =V + ¥ has the property that, for every s € T\(T),

(16) 9*(Rs) =0.

Then we claim that Vs = L1©gIIy(s). This means that for every s € I'(T), one
already has 9*(dY (Vs)). But this expression equals 9*(Rs), and thus we have the
claimed commutativity.

But this is already enough: because now, if @go = 0, we have that V(Lgo) =
Zl(()) = 0. And on the other hand, for a parallel section s of T, one evidently has
by construction of Ly that Lo(Ily(s)) = s. Thus, Ilp: T — Ho and Lo: Hop — T
restrict to inverse isomorphisms between parallel sections of T' with respect to V
and the kernel of ©g.

Therefore the whole problem lies in finding a deformation map ¥ € £. ® gl(T)!
which maps T into im d* and which gives a V = V + ¥ whose curvature R maps
T into ker 0" C &, ¢,) ® T Existence and uniqueness of such a map can be shown
using analogs of inductive normalization procedures well known in the realm of
parabolic geometries and this prolongation method actually works in a more general
situation. See also remark

One constructs the new connection V in terms of a given metric g in the
conformal class. By uniqueness of ¥, this construction is however independent of
the choice of g, i.e., the connection V is a well defined, conformally invariant object.
In the following we are going to show how this construction of a deformation map ¥
works explicitly for a special and interesting case, that of conformal Killing forms.

4. INVARIANT PROLONGATION OF CONFORMAL KILLING FORMS

Conformal Killing forms were first prolonged by U. Semmelmann [I7], howe-
ver the discussion there did not take into account conformal invariance of the
equation. In [I2] an invariant prolongation was calculated by ad hoc methods
(see also [18]). The following is a completely conceptual derivation of an invariant
geometric prolongation by describing conformal Killing forms as the kernel of a
first BGG-operator and prolonging this operator via a deformation of the tractor
connection as in Section Bl

We are going to proceed as follows: In we describe the exterior powers of the
standard tractor bundles, give explicit formulas for the Lie algebraic differentials
on the first chain spaces and determine their CO(p, q)-decompositions. In we
describe explicitly how the operator governing conformal Killing k-forms comes
about as first BGG-operator for the k + 1-st exterior power of the standard tractor
bundle. In we obtain a geometric prolongation by constructing a deformation
U € & @ gl(T)! with the properties called for in Section [3| In we show the
conformal invariance of W.

4.1. The tractor bundle.
In the following k will be > 1. The tractor bundle 7' = A**1S decomposes (via
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a metric g in the conformal class) into

glaranl [ — 1]
(17) glovarnl[ g — 1] | glararl[ g 4 1]
glararl[_f 4 1]

and similarly as for , we have transformations

ﬁal...ak
(18) @ao...ak |Iaa2-<-ak —
a_al...ak
Pal"'ak _ Tbgobal"'ak . kT[aluaz...ak] _ %'rb'rboal...ak
P+ (k+ 1) Tleogaranl | yoztn — 0y ghazar

ay...a
o1 k

From (@]), or directly from (8], we see that

(19) T = g[al...ak][_k + 1] G (5[a1...ak+1][_k _ 1]@
g[al...ak,l][_k + 1]) <8 g[al...ak][_k _ 1} ,

which splits into 171 & Ty & T; after choice of g in the conformal class.
The standard tractor connection gives rise to the invariantly defined tractor
connection V on T"

ay...ag

P
(20) Vc g0()4)...(lk | ILLCLQ...ak —

ai...a
o k

Dcpal...ak _ Pcp(ppal.“ak _ kPC[alluag...ak]

Dc(pao"'ak + (/f 4 1)5c[aopa1...ak] | Dcuag.‘.ak
+(k+ l)Pc[aoaal...ak} — PpgPa2---0k 4 p @3-k

DCO'al“'ak _ pcal...ak + k(sc[alan’"'ak]

4.1.1. Description of the first homology groups. * : C; — Co = T is given (see
(T1)) by Z ® s — —Zes for s € I(T), Z € &,. Thus By = im 0*: C; — T is simply
E,oT, which is all of TY. Thus Hy = T7//T°. By the Hodge decomposition we
can embed Hg as T_1 = ker O =ker 9 C T.

Also, H; will be embedded into C; as ker O = ker (90* + 0*0) for i = 1,2. The
calculation of the CO(p, ¢)-decomposition of the spaces H; is purely algorithmic
using Kostant’s version of the Bott-Borel-Weyl theorem [14]; the details of which
are not important for us here. We just state the results for H; and Hso, which are
all homologies we are going to need: We will write

51:®T1
C=|&eT |,
E'RT_1

and speak of the top, middle and bottom slots.
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E.®T_1 contains the highest weight part £{cla1--axllo[—k — 1], and this is all of
H,. Explicitly, £{clor-axllo[—f — 1] sits in glm-anl [k + 1] as those 0 = g, 1%
which have both zero trace and vanishing alternation:

0= g Paz-ak 0= CT[caz"uk]
» .

i

If k£ > 2 then the analogous statement holds also for the second chain space: in
this case H> is exactly the highest weight part of £, ., ®T_1 = S[clczgal"'ak] [—k+1].
ie., Hyp = Ellarcellararbol_f 3] C &g ., @ T_;.

Especially, for ¢ = 0,1 we have that H; lies in the lowest grading part of C; and
if k > 2 this also holds for 7 = 2:

Tl 9 gc & Tl 9 5[c1¢:2] & Tl
To — E.®Ty — 5[0102] ® Ty
HO = T_l Hl D im a‘TO Hg D im 8|5C®T0

Now we describe what 0, 8* and [0 do on the first few chain spaces Cy = T,
Ci=E®T and C2 = &¢ye,) O T

4.1.2. Ezplicit formulas for 0,9 and O on the first chain spaces.

pal...ak 0
@ o [pmenr e | = [ (k4 1), g | g 0na
o1k 7<pca1,..ak + kéc la1 ,LLa2"'ak]
ay...ag 0
Pey [ao  ai...ax] as...ay
Doy | oo | pegen | = [ 2(k+1)0,p,, | = 20c,)
O’C;“”'a’“ 2(‘0[010;{1..‘(% +2k5[c£a1ucz]a2u.ak]
e ai...ay (pppal...ak _I_k;,u[al...ak.]
o* (pcag...ak |'uca2...ak _ _(k+1)0.[a0...ak] | O.ppaQ...ak
O_c aj...ag 0
ai...ap _ pai...ap __ [a1...a]
Pcica Q@Cp 2]6/1,6
9* SDq@ag...ak |M6162a2...ak _ 2(k+1)0'c[a0“'ak] | —QUcp pas-ay
0-0102a1-~~ak 0

The image of 0* in T = Cy is simply 7° = Ty & T}, and the Kostant Laplacian
thus acts by positive real scalars on 77 and the two components of Ty. It vanishes
on T_; by . Explicitly, O is given on T' by

(22) (k+1)|81—k+1)
0

The image of 9* in C} contains all of £, ® T} (since we have (12))). Now &£. ® Ty
decomposes into three parts: the alternating maps, E¥+1[—k — 1], the purely trace
maps, £¥71[—k — 1], and finally those maps which have both trivial trace and
trivial alternating part, £{cl@1-al}[—k — 1]. We will denote the three irreducible
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components of & @ T1 by (Ec @ T1)at, (Ec @ T1)yy, and (& @ 1)t We will write
this decomposition of £ ® T7 Nim 9*

alt
(23) SR
tr

and in this picture the Kostant Laplacian [J acts by

2(n+k—1)
(24) 2(n —2)
202n —k — 1)

Now to the middle slot: We have
gc ® TO _ gc[ao.“ak][_k _ 1] @ 5C[a2...ak][_k + 1]

and both parts split into alternating, {}o- and trace components. Both {}o-components,
the left alternating and the right trace component lie in the image of 9*. The only
other component of im 8* N &, @ Ty is £1*1~* ][~k — 1], which embeds into &. ® T,
via
0
Tt s | k(K 4 1)8. P07tk | (0 — k)7, 020
0

We will write the decomposition of £, ® Ty Nim 0* C £, ® Ty

alt | *
(25) {o | {}of.
tr | tr
and the Kostant Laplacian is seen to act by the scalars
4(k+1) | *
(26) 2k | 2(n — k)
2n | 2(n—k-1)

4.2. The first BGG-operator ©: Hy — H; and conformal Killing forms.
Using , and , we compute that the first BGG-splitting operator
Lo: Hy — T is, up to first homogeneity, given by

*
(27) o — | Dleogar...ak] | — 771_}6_‘_1 D,oPaez:-ak
o
In we saw that (using g € £@)[2]),

Ho = EFk+1],
Hl — g{c[a1.~.ak]}0 [k + 1]’
Hy = Ellareallonanlbof 4 1]
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Thus we immediately see using that

@0:7’(0%7’&,
@():HlOVOL

is given by ©0.04,...a;, = D{cO4,...ar},- But this is exactly the conformal Killing
operator. Thus our prolongation procedure will yield an isomorphism between the
space conformal Killing forms

(28) Tay...ap S gk[k + 1] ) D{co—al.“ak}o =0

and the space of parallel sections of a natural connection on 7.

For k = 1 we get exactly the operator describing conformal Killing fields, i.e.,
infinitesimal automorphisms of the conformal structure; see also remark This
case has been treated in detail in [I0]. The main result of this text, an explicit
geometric prolongation, will also work for £ = 1. We only need k > 2 for obtaining
an algebraic obstruction tensor which is described in subsection [4:3.]

4.3. The deformation of the tractor connection.

We are now going to construct a ¥ € &£, ® gl(T)* with the properties called for
in Section Bl

The calculations will be made more readable by providing beforehand the map-
pings which will appear: We will make use of the vector bundle maps L; : £[01:-ax] [—k+
1] — glarannl[—k — 1], i = 1,2, and R;: Elor-arl[—k 1] — glavaral[ -k 4 1],
i = 1,2, of homogeneity 1:

(29) Ll(O') — C«cp[aoa10_|p|a2...ak] LQ(O') _ 6Laocpqaoa10_\pq\a3...ak]
Ri(0) = Cc[azpqalpqlaamak] Ry(0) = C[azagpqoc\pq\a4..-ak] )
In homogeneity 2 we will need the maps Fj, G; from Lotk —k41] to Elorasl T M[—k—

1], the maps E;: Elovavtil[—k — 1] — glar-alTM [~k — 1] and the maps T; :
g[a1...ak_1][_k + ]_] N g[m..‘ak]TM[_k _ 1]

(30) By

a1 a az...a
Cla qutpclp'” 3...ak]

_ slay azas |pglas...ak]
=010 pgp

— 5£a1Aazpqa\pqlasmak]

()
Tr(p)

:A[alcpghﬁ\az...ak] FQ(O’) :Apc[a1a|p|a2...ak]
Fy(o)

(0) = (DyCugfr22)grles-

With respect to the CO(p, ¢)-decompositions and a more natural basis
for the linear space formed by these maps into of gr(C;); and gr(Cy ). is formed by
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(31)

Ltr:—s:;Lg L=1IL,— Ly

Raw= 2B+ 2Ry R=""2(r Ry

Faw= oy B+ o B= (B - B
Ttr——nf;ilTQ T=T —T
F“_n—];ﬂF“ Fa“:kil 2_%&
F,=F - k+1F2+ 2(];__‘_11)F3— k;IFtr Fy = %(Fg—&-&)— %Fu
G; =G+ 2F, — %(Tl —k—1)F, Gy = Ga — yFM

Giii = G3 — 2F5 — nT_BFtr~

Ly, Tty and Fy, are purely trace, Ra.iy, Far and Fyy are alternating and all other
maps have both vanishing alternation and trace.

The maps of and can be expressed as

(32) Li=L+Lu Ly = —Z—:]thr Ry =R+ Ruy
Ry=—25RtRa  Fi=FE+ Eu By = 2Bt B
Ty =T+Ty T, = —%’TTH

and
Fi= Fit L Fact LR, Fy = Fyt Fau+ " LR,
F3 = %Fn‘ — Fait + %Fn Fy= H_TIMFH
G1=G; —2F, + %(n —k—-1F, Gy =Gy + @FH
G = Gisi + 2Fa + — ; 3Ftr .

-
For s = | @9 | 2% | we have

ai...ag
o 1 k
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(Kos) =

CCIC[Qalpppag...ak] _ kA[aélcg,U%mak _ ApclcQSO‘p‘almak
CCIC[anp(ppal.“ak] +A[aglczaa1...ak] | C«cw[zazpupag...ak] _ Ap61620.|p|a24..ak
Coplrygs]

We calculate
2kFy 4+ 2kFs — kE1 + k(k — 1)T)
(33) 0" (Kes) = —k(k+1)L | —(k— 1R,
0
and thus have that the lowest homogeneous component of 9*(Kes), which is of

homogeneity 1, is given by (—k(k+ 1)Ly | —(k — 1)Ry). Now we use (32), and
to apply —O~! to this expression, which yields

0
(34) \111 = )\1L1 + )\QLQ‘ p1R1 + p2R2
0
where
14k _(k=D(k+1)
A= Az = 2n
(k—1)(n—2) 2 — 3k + k2
P1= —F5 P2 = —F7 -
2(n —k)n 2(k —n)n

Now the curvature of the deformed connection V + ¥, is
R=FKe+dVW; + ¥, V],

but [¥y, ¥;] obviously vanishes. Let us calculate R: The only term which demands

P
our attention is dVWy; Take any s = | ¢ | u | € T(T).

Then for &;,& € X(M), we have, sinZe W, is a 1-form on M with values in
gl(T),
(35) (dV¥1)s(é1,&2) =
= Ve, (V1(&2)s) — U1(&2) (Ve 8) = Ve, (V1 (&1)s) + ¥1(61)(Ve, )
=Wy ([&1,62])s -
We may expand and write

(36) (dV¥y)s =
=Wy ([&1,82])0

-,y (52)351 P+ (fl)aég W_\Pl(§2)3£1 vy (51)852“
e, W1 (€2)0—0e, V1 (&1)0

(Dgl (w1(62)0) ~ W1 (&2) (De, ) ~De, (W1(61)7) +91(€1) (De, o) )
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where we don’t care about the top component since it vanishes after an application
of 9*. The lowest component is simply d(¥;0) = —90~19*(Kec). Thus 9*(Rs)
lies in the top slot (i.e., in homogeneity 1). So our first deformation had the effect
of moving the expression 0* o R one slot higher. This can be repeated: it is a
straightforward calculation using the expression in the middle component of
and, in that order, (33)), (32)),(24) and to find, with ¢ := —O0" 10 0* o R,

e1E1 +eo By + 1T + 1T

(37) U=V =V, —¢= +711G1 + 172G +73G3
MLy + Ao La| p1 Ry + p2Ro
0
where
k-1 (k — 1)k
LT 2(n —k) 2= 2(k —n)n
~(k=1)(n(n—k+1)—2k) - (k=2)(k-1)
e 2(k —n)n . 2n
¢1:in+k73 ¢2:17k
n—2 n
(k—1)(n+k) (k—1)2+k—2n)
%= = O S i —2)
k—1 k—1
=T —2)n 2T 5m —2)
(k—1)k
= 2(k —n)n "’

Now the curvature R’ of V 4+ ¥ =V + ¥y + ¢ is given by
R+dV¢+ [, 9] + [¢, U1] + 6, ¢] .

One sees that for every s € I'(T), ([¥1, 8] + [¢, U1] + [¢, ¢])s has only values in
the top component and we may therefore forget about this term when calculating
O*(R's). As in the calculation (36), we see that (dV¢)s has only values in the
middle and top slots and the middle slot is given by 20|, ¢.,s. Therefore, by
construction of ¢, we see that 9*(Rs) vanishes, and thus, via the considerations of
Section [3] we have solved the prolongation problem for conformal Killing forms.
We have already remarked there that this solution must already be conformally
invariant by virtue of uniqueness, which is not difficult to see, but to see what is
going on we are going to check independence of the choice of metric by hand in [£.4]

Remark 4.1. For k = 1, we have T' = A%S = s50(S) = AM. Thus V + ¥ prolongs
the first BGG-operator for the adjoint tractor connection in this case. But in [4] it
was shown that for a parabolic geometry which is either 1-graded or torsion free
and which has the property that the first homology of the adjoint tractor bundle
‘H; is concentrated in lowest homogeneity, the corresponding first BGG-operator
describes infinitesimal automorphisms of the structure - in our case conformal
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Killing fields - and is prolonged by the connection Vs = Vs + i, K which maps T
into im 0* and satisfies . Thus uniqueness implies that Us = i, K, which can
also be read off directly.

Remark 4.2. The invariant connection prolonging the conformal Killing equation
which was constructed in [12] differs from our result ¥ as defined in
since it can be checked to have nontrivial intersection with im 0; Recall that our
solution obeys the normalization conditions and , but the first of these
conditions implies that it has trivial intersection with im O since one has the Hodge
decomposition ((12)).

If one wants to translate the solution into the notation used in [I2] one has
to use the automorphism

pal...ak (k + 1)pa1...ak
SDao...ak |ua2...ak —s SDao...ak | —k(k’+ 1)ua2...ak
o.al...ak. (k+ 1)0.a1...ak

which transforms an element of
5[@1...ak][_k, +1]¢ (5[a1...ak+1][_k —1]
® g[al...ak_l][_k + 1]) (a8 5[a1...ak][_k- _ 1]

in our notation to the equivalent element in the notation of [I2]. Then ¥ as defined
in has the following form with respect to the notations of Gover-Silhan:

(k+1)(e1B1 + e2Ea)p — 2 (1iTy + 72 To)

pal...ak +(¢1F1 +¢2F2 +¢3F3 +¢4F4
T, (Pao‘..ak | uaz-sak — +’}/1G1 + ’YQGQ + 73G3)0-
1Ak 1MLy 4+ AaLo)o | —k(p1Ry + paRa)o
0

4.3.1. The curvature of the deformed connection. Since ¥ € &. @ gl(T)! we know
that the curvature R € &, ., (gl(T')) of V = V + U agrees with Ke in homogeneity
0. But if 04, ..., € EF[k+1] is a conformal Killing k-form, then Loo is given by (27);
and thus 0 = dVVs = Rs agrees with KeLgo in & ¢,) ® T—1. But by this is
simply (minus) Cclcgp[a10-|17|a2~-ak]' For k > 2 we have Ha = E{[c, co]as...an]}o [k + 1]
and projecting the previous expression to this space gives the conformally invariant
algebraic map
Q:0— C{clcgp [a10|p|a2"'ak]}o

which vanishes on conformal Killing k-forms. This obstruction has also been
constructed in [13], [I7] and [I2]. Our derivation is completely conceptual: the
map is simply the composition of the first two BGG-operators for the deformed
connection V: & = C:)l 0 Og. This evidently explains both conformal invariance of
® and why it vanishes on conformal Killing forms. That ® is algebraic has the

cohomological reason that Hs is concentrated in lowest homogeneity.

Remark 4.3. Apart from the (trivial) cases of Einstein scales and twistor spinors
where one doesn’t need any deformation and automatically has , the case of
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conformal Killing forms is the simplest situation in which to explicitly compute the
prolongation. The next interesting case to treat will be conformal Killing tensors,
for which, as far as we know, there has not yet been given any prolongation, and
which can be treated similarly as the form case. There the situation becomes more
complicated however, since the modelling representations S*g are 2k + 1-graded.
This case could have interesting relations to symmetries of the Laplacian ([9]).
Remark 4.4. The holonomy Hol(@) of the thus obtained prolongation connection
V describes the solution space of the operator ©g. In the case of the standard
tractor bundle and the spinor tractor bundle one has V = V (see Section [3) and
thus the solution space is governed by the conformal holonomy of the structure,
i.e., existence of Einstein scales and twistor spinors correspond to reductions of
the conformal holonomy. In general, the existence of non-trivial solutions of ©¢
doesn’t imply a holonomy reduction: for instance, full conformal holonomy doesn’t
obstruct the existence of conformal Killing fields or conformal Killing forms.

Because of 7 parallel sections of a tractor bundle give special solutions to
Op. In the case of conformal Killing Forms, those coming from parallel sections
were called normal conformal Killing forms in [I5]. This notion of normal solutions
of first BGG-operators makes sense for every tractor bundle and they correspond
to reductions in conformal holonomy.

Remark 4.5. Using the tractor approach above for describing Einstein scales as
parallel sections, R. Gover and P. Nurowski [I1] used the curvature R of the standard
tractor connection and its derivatives to obtain (under a genericity condition on
the Weyl curvature) a conformally invariant system of tensors which provides a
sharp obstruction against the existence of Einstein scales. For a general tractor
bundle and R the curvature of the prolongation connection, one can similarly build
natural systems of obstruction tensors, but it is not known whether these will be
sharp.

4.4. Conformal invariance of V.

For this calculation we need some transformation formulas. We will denote by
D the Levi-Civita connection of the metric rescaled by e2/. More generally, we will
denote by a hatted symbol the corresponding quantity calculated with respect to
the metric §. With T = df we have

Ducabcd = Ducabcd - 2ﬁrucvabcd - 2T[ac\u|b}cd - 2T[cc|u\d]ab
+ 2(” - 3)gu[aAb]cd + 2(77‘ - 3)gu[cAd]ab
Aabc = Aabc + TdC’dabc .

In the calculation the following transformation-maps

Hi: 5[(“@"][—/{: + 1] N (c/‘[(hak][_k/, _ 1]
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will appear:

H1(0’) = TCC[mazpngQ\as.“ak] H6(U) _ 56[(11Tucazagpqa_|upq|a4...ak]
H2(0_) — ch[a1a2pq0|pq\u3...ak} H7(O') — Tdcdp[alago_c\p\ag...ak]
Hi(o) = 1,C., l[a1a2 ;Ipqlas...ax] Hg(o) = Tdc’d[alcpa-|l’|a2»--ak]

Hy(o) = 5c[a1T‘d|Cd a2pqg\l’q|a3~~ak] Hy(o) = 'rdcdpc[alalplaz.i.ak]

H5(0) = T[alcazaquo_c |pglas...ak] .

The maps of homogeneity 1 are invariant with respect to the choice of
g € [g] since the Weyl curvature is conformally invariant. It is straightforward to
calculate that the individual maps transform like

E\=FE\ +2Hy— (k—1)Hy,  Ey=Ey+ H, —2H; — (k — 2)H;
Gy =Gy —2H, — 2Hy — 2Hs + 2H, + 2H;

Go = Gq — Hy — Hy — Hy + Hy + 2Hg

G3 =Gy — Hy — Hy — Hs + Hy + 2H,y,

and
Fy = Fy + Hy Fy = Fy + Hy Fy = F3 + Hy
F4:F4+H4 T1:T1—H3 TQZTQ_HG.

Thus, if we switch to another metric § respectively the corresponding linear
connection D and then calculate ¥ using , the result differs from ¥ only in
the top slot of C7 and it does so by
(38) (e2 =271 — 2 —v3)H1 — m2He — ((k — 1)e1 — 271 — 72 — 73) H2

+ (=282 + ¢3 + 271 + v2) Hr — (11 — 271 — 72 — 73) Hz + (1 + 272) Hs
+ (9254 + 271 + ")/3)H4 + (251 + ¢ + 2’)/3)H9 — (k — 2)62H5 .
On the other hand, if we calculate ¥ with respect to g and then transform the

expression via p = p — Yt — Ylor 20l the difference to ¥ also lies in
homogeneity two and is

1 k-1
- H, — p,H. H
(39) >\2k‘—|—1 1— P 2+k+1/\1 3+
2 k—1 2
MoHy — kpoHs + —— N Hg — —— )\ Hg .
k:+124 p25+k+126 k+118

Now it is straightforward to check that the expressions and coincide.
Thus ¥ is seen not to depend on the choice of the metric in the conformal class
used to construct it. As we already remarked this is in fact a consequence of the
uniqueness property of ¥ stated at the end of Section
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Remark 4.6. The prolongation method of above works more generally: the
construction of the BGG-sequence works for arbitrary tractor bundles over regular
k-graded parabolic geometries ([8],[3]), and again the first operator in this sequence
is overdetermined, and we ask for a natural prolongation. The analog of a choice
of metric in the conformal case is the choice of a Weyl structure of the parabolic
geometry ([7]). The homogeneity conditions become a bit more subtle, but the
basic principle of finding a natural deformation of the tractor connection yielding
a prolongation is the same as presented in Section [3] This is the subject of a
forthcoming joint paper with J. Silhan, P. Somberg and V. Soucek.
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