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1. INTRODUCTION

Transitivity is known to cause serious problems in establishing decidability. In
checking whether an equation p = ¢ follows from Rudak’s weak transitivity condition
we shall use the set qu of all terms, which are defined in each model of E whenever
both p and ¢ are defined (on a given tuple). The main part of the paper contains no-
tions and theorems describing the structure of Dz}iz‘ This set being in general infinite,
we present its finite graph representation and algorithms yielding basic information
on its structure via the corresponding graph. This representation of qu leads finally
to an algorithm deciding whether an equation p = ¢ can be deduced from E by the
weak transtivity condition.

The paper is divided into two parts. In the first part we solve the decidability
problem for weak equational theories in the case of unary signatures. In the second
part, starting with Ch. 8, we generalize the results of the first part to arbitrary
signature.

In Ch. 2 we define the basic notions, which will be used throughout the paper.

Ch. 3 contains Birkhoff’s deduction rules for equational logic, the new weak tran-
sitivity condition, the definition of the set qu induced by a set of equations E and
an equation p = q and a completeness theorem for weak equational logic, proved by
Rudak in [2]. The definition of D, is recursive and the set which gives the basis for
the construction is called the initial set.

We shall learn more of the set qu in Ch. 4. We shall first define a “horizontal”
structure called level. The levels contain those terms from the set qu, which appear
in the consecutive steps of its construction. Then we introduce a “vertical” structure
in D}’;‘;, based on braids. The number of all braids is finite and each of them starts
with a term from the initial set. The main feature of braids is the fact that they
contain all the information on equations which were used for the construction of the
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set Df;;l. We prove that the braids cover Dgl and we shall show how the step-by-step

construction of this set can be reduced to a step-by-step construction of braids. The
Duplication Theorem turns out to be a very strong tool. enabling to add in one step
infinitely many terms to a braid.

E
rq
introduce in Ch. 5 another representation of this set. which will be a finite directed

The description of D!, being still very cumbersome (braids can be infinite). we
graph. Its vertices are terms from the initial set (which is finite). while its edges
represent basic connections (bridges) between braids. Using this graph we shall be
able to decide whether a term f is in qu.

The application of the tools defined in previous chapters will be presented in Ch. 6.
The Bridge Theorem contains an algorithm for finding, bridges and this algorithm
only uses the information represented by the finite graph.

In Ch. 7 we prove that the construction of the graph representing DII,?,I can be
performed in a finite number of steps and that the set of all terms which can be
recovered from the graph is exactly the set D,,Err
which decides for a given equation t & s whether it can be deduced from a set E of

Then we present an algorithm

cquations by weak transitivity.

This algorithm solves the decidability problem for unary signatures. In Ch. 8 we
return to arbitrary signatures and we show that all that has been done for the unary
ones can be easily generalized to other cases. In particular we prove that again
the set of terms recovered from the graph is exactly the whole set qu. The main

deciding algorithm is essentially the same as for the unary case.

2. PRELIMINARY NOTIONS

Algebraic notions not defined here will be used as in Gritzer[1]. A signature is a
pair (F, ), where F is a sct and 0: F — wis an arity function. A is a partial algebra
of signature (F,8) iff A = (A, (fA)jer) and for each f € F. fA is a partial §(f)-ary
operation in A (the domain of a partial function g will be denoted by domg). We
shall often denote the family (fA);cr by FA.

Fix a signature 7 = (F.§) and let X be any countable set. Let P = (P.FF) be
the (total) algebra of 7-terms over X. A relative subalgebra D = (D.FF) of P is an
initial segment of P ifft X C D and whenever

.f(rlw cee sl'é(f)) eD

for f € F, then also
Ty -5 Ts(p) € D.
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Thus. for instance, the relative subalgebra D(r) = (D(r), FP()) where D(r) is the
set consisting of all the variables in X and of all the subterms of the term 1 € P, is
an initial segment of P and it is the least initial segment of P containing the term 7.

We say that an equation p = ¢ holds weakly in A or, equivalently, is a weak equation
in A (and we write A =, p = ¢), iff for any a\,...,a, € A, whenever (ar,...,a,) €

dom p® N dom¢®, then p™(ay.. .., an) = ¢®(ag. ..., a, ). For instance, consider an

algebra B = ({a, b}, fB) with @ # b and f binary. Assume dom fB = {(a,b).(b.a)}
and

fB(”sb) = a, fB([)‘ (l) = .

Then B o f(o,y) = f(eor) and B |, f(e,2) = f(y,2). while B |5, f(2.y) =
f(y..xr) does not hold.

3. WEAK TRANSITIVITY

G. Birkhoft has formulated a complete set of inference rules for the equational
logic of total algebras. Thus for any set E of equations, E = EqMod(E) iff
(i) vt =2 € FE forevery x € X
(i) p=qe E iffqmepeE
(iii) p'=¢ € E,if px g€ E and p', ¢ are obtained from p and ¢, respectively, by
replacing all occurrences of some variable by a term
(i) fr-ovsny) = flan, - asp)) € E if pi=q; € Efori=1,2,...,6(f) and
feF
(v) px=qge E,if thereisan r € P such that pxr € Eand r = q € E.
The example at the end of the previous Chapter shows that transitivity is not a
valid rule for weak equations in partial algebras. However. some kind of transitivity is

still needed. In [2] the following new rule has been introduced and proved adequate:

(v") Tf for some terms p,q € P there are terms ry.....r, € Dqu sucl: that p =
Fpry R o Xy, = q € E for some n. then px g € E.

Here E denotes the closure of E' with respect to rules (i) -(iv) and D,’;’,’, is the set of
all terms which induce in every model of £ a term function defined on a given tuple
of arguments whenever both term functions induced by p and ¢ are defined on that
tuple. The precise definition is the following:

Definition 3.1.  Define Dy = D(p) UD(¢) and for n € w.

D,y =D,U U {f(ry,. S Ts(ry): there ave sy, ... ss(fy € P such that
fEF
Ploee s Tsipys S(S1oo ss(/)) €D, and s; =y € B fori=1,2,...,0(f)}
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Then
E _
D = (J D..
new
The following theorem shows that (v') can indeed replace transitivity in Birkhoff-
like rules for weak equational logic:

Theorem 3.2. (The Completeness Theorem ([2]).) For any set of equations
E, E = Eq, Mod,,(E) iff E is closed with respect to rules (i)-(iv) and (v').

Here Mod,, (E) denotes the class of all partial algebras of the appropriate signature,
in which all the equations in E hold weakly; Eq,(I\') is the set of all equations (of
the appropriate signature) which hold weakly in all partial algebras from the class .

4. DUPLICATION THEOREM

From now on and until Ch. 8 we shall restrict our considerations to unary sig-
natures only. This will be very convenient, since it will significantly simplify the
notation. We shall see in Ch. 8 that this simplification does not restrict the general-
ity of the solution, since it can be easily extended to non-unary cases.

Fix a signature 7 = (F,d) such that 6(f) = 1 for each f € F. Let E be a fixed
finite set of T-equations and let a, 3 € P be fixed (unary) terms.

The definition of the set Dfﬂ is now somewhat simpler:

Definition 4.1. Define
Dy = D(a) UD(f3) and for n € w,

D41 =D, U [ J{f(r): thereis s € P such that 7, f(s) € D,, and s = r € E}
feEF

Then
new
Remark 4.2.  We can assumne without loss of generality that the set Do contains

a finite set of variables only, namely those, which occur in terms «, # and in terms
of E.

At this stage we are interested in deciding in finite time whether a term ¢ is in the
set Dfﬁ. In general this set is infinite; its definition is inductive and rather complex.
If we constructed this set using its definition, we would have to start with the initial
set Do and then we would construct consecutive sets D;. We shall adopt another

solution here by defining new structures within DZ,: these will make clearer the

a3

632



relations between terms in this set and it will bring to evidence how and when new
terms are added to its construction.
The first partition of Dgﬁ is naturally implied by its definition:

Definition 4.3. A k-level Lj is the set of new terms in Dy i.e.,
Lo = Do and Lk+1 = Dk+l \Dk.

It is casy to sec that if Ly = 0, theu Df/j =D

Example 1. Assume

a = f(t(p(x))),
B = g(h(y)) and
E = {t(p(x)) = g(h(y)). p(x) = h(y)}.

(We shall use this example until Ch. 8 to illustrate the notions introduced in the first
part of the paper).

For such terms a and S and the set E we may represent the levels of the set D,
as follows:

Lo: f(t(p(x))) tip(x))  ple) o g(h(y)  hy) oy
L;: flg(h(y))) t(h(y)) g(p(x))
L,: f(th(y)) flo(p(x)))

The level Lg coincides with the set Dg. The next level Ly contains the terms
flath), t(h(y)), g(p(x)). How did they appear in this construction? The equation
t(p(r)) = g(h(y)) € E is an equation between the main subterm of the term o and a
term from the set Dy (in this case it is the term ), so according to the definition »f
Dfu, we can substitute the term /3 for this main subterm of o. This yields the term
f(g(h(y))), which falls into D;.

In L, we find two terms: f(t(h(y))) and f(g(p(x))). Let’s have a closer look
at the first. According to rule (iv), the equation p(x) = h(y) being in E, we can
deduce that t(p(z)) = t(h(y)) is in E. Both terms in the latter equation are in
D,, since D; = Lo UL;. The term ¢(p(x)) is the main subterm of a term in Do,
while the term t(h(y)) is itself in D;. Therefore, by the inductive definitior. of
Dfﬁ, the term f(¢(h(y))) will appear in D,. Similarly, starting with the equation
g(p(z)) = g(h(y)) € E, we get the term f(g(p(z))) € D».

In our example L3 is empty and therefore Dfp =Dy, =LyULj UL,.

We shall now define the most important structure within Dfﬁ:
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Definition 4.4. A braid starting in t € Dy (denoted by T(t)) is defined as
follows: Let To(t) = {t}

Tit1(t) = Tr(t)U U {p(r): thereis an s € P such that p(s) € Tx(t),
pEF

re Dy and s=re E}.

Then
(1) = |J Tw(t)
kEw

The term ¢ is called the root of T(t). Clearly the number of braids is constant for
given a, 3 € P and a set of equations F and it is equal to the number of terms in
Dy. Notice that each term t € Dg sets its braid and that all terms in a braid T(t)
have a common external operation symbol, which is the external operation symbol
of t.

Our intention being the use of braids for the construction of Dfﬁ, we shall mostly
use partial braids Ty(t), the structure of which is similar to the structure of the
whole braid.

Example 2. For terms «, 3 and the set E as in the previous example. we
find three braids containing more than one element: T(f(¢t(p(x)))), T(¢t(p(x))) and
T(g(h(y))). Let’s analyse the first of these:

)))
)
f(t(h(y)))  flg(p(r)))

We start with a partial braid To(f(t(p(z)))), which has one element only--the
root. The equation t(p(x)) = ¢g(h(y)) € E induces a new term f(g(h(y))), which
belongs thus to T (f(¢(p(x)))). Then, using appropriate equations from E, we get

t

the term f(t(h(y))) from f(t(p(x))) and f(g(p(x))) from f(g(h(y))). This yields a

four-element braid T(f(¢(p(x)))). The other two braids contain two elements each.

Lemma 4.5. If ¢ € Dy, then for any t € T(g) there exists a sequence of terms
Piy---Pn € T(g) for some n € w such that

GRPLPL D2y s Pae1 T Pu Py =t EE.

Proof. We proceed by induction on the structure of the braid T(g). Let
t = f(r) for some f € F and some r € P. If t € T(y). then ¢ is identically cqual
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to ¢ and the lemma holds. If t € T,41(g), then according to the definition of T(g)
there is a term » € D, and a term f(s) € T, (g) for some s € P with r = s € E. By
rule (iv) we have f(r) =~ f(s) € E and by inductive assumption for f(s) there is a

sequence

Ply---sPn € T((/)
such that
GRDILPL R P2y Pl = Py Pn = f(s) € E.

Then pr, ..., pa, f(s) € T(g) is the required sequence of terms. a

Observe that a simple modification of the proof above (substituting everywhere
T (g) for T(g)) shows that the lemma also holds true for any partial braid Ty (g)
i.c., any term in a partial braid Ty (g) can be linked with the root by a sequence of
appropriate terms belonging to T (g).

Lemma 4.6. If g € Dy, then for any terms p,t € T(g) there exists a sequence of
terms py,...,p, € T(g) for some n € w such that

DD, DI R P2y vy Pnal X Puy Pt eE.

Proof. Let sp,....: s and ri, ..., € T(g) be sequences of terms which exist
for p and t. respectively. by the previous lemma, i.e.,

GRS|, SISy, .., SRS, xpEeEE
and
GRUL, 'L =RI2, ooy, =l Ry 'y = t € E.
Then s, 82y, 000,81, gy Py Tae. . rm € T(g) is the required sequence of terms. O

Observe that here, too, the lemma holds true for any partial braid Tx(g). Note
also that in some cases there may be a sequence satisfying the previous lemma, the
length of which is smaller than [+ 14m; the sequence indicated in the proof, however,
always exists.

Definition 4.7.  Given arbitrary terms p,t € T(g) (or p,t € Ti(g) for some
k€ w), a chain Fy(p,t) is a sequence of terms py,...,p, € T(g) (or p1,...,p. €
Ty (g). correspondingly), which exists for p and t by Lemma 4.6.



Example 3. Inourexample the chain Fy(f(t(p(r))), f(g(p(x)))) in the braid
T(f(t(p(z)))) consists of the following terms:

ft(),  flgh(®),  flalp(x))).

since the equations

f@tp(2))) = f(g(h(y)), f(g(h(y))) = f(g(p(x)))
are in E.

We can now represent the braids in D», indicating the equations within the braids:

Lo: f(t(p(2))) tp(z)) pl) v g(h(y))  h) ¥

L;: f(g(h(y))) t(h(y)) g(p(x))

7\

Lo: f(t(h(y)))  flg(p(x)))

It can be seen in the example above that braids cover the whole set ng. This
important property is generalized in the following

Lemma 4.8.

aﬂ— U T(p).

peDy

Proof. The inclusion D follows from the definition of a braid. The other
inclusion will be proved inductively with respect to the index of the set D,,, to which
aterm t € Dfﬁ belongs. If + € Dy, then t is the root of & braid and therefore

te J T(p). Assume t € D, 4. According to the definition of Dfﬁ, there exist
pED(

terms r, f(s) € D, such that t = f(r) and r = s € E. By inductive assumption for
terms in D,,, f(s) € T(g) for some g € Dg. If f(s) € Tx(g) for some k € w. then by
the definition of a braid, t = f(r) € Ty41(9) CT(y) C U T O
peDy

The definition of D¥ ﬂ indicates that to construct D, ;| from the previous sets, we
use equations from the set E such that both terms in an equation belong to D,. We
know now, that these terms helong to some braids and thus what we are actually
looking for are equations between partial braids. This suggests a new notion, which
will prove to be as important for our purposes as that of a braid.
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Definition 4.9. A bridge between two partial braids Ty (t) and T,(p) for some
k,l € w is any equation g =~ s € E such that g is a main subterm of a term in Ty ()
and s is a term in T(p).

By extension, we shall call an equation g ~ s € E a bridge between T(t) and T(p)
or between T} (t) and T(p) or between T(t) and T;(p) when ¢ is a main subterm of
a term in the first (possibly partial) braid and s is in the second.

Example 4. In our example the equation t(p(x)) = ¢g(h(y)) € E is a bridge
between T(f(¢(p(z)))) and T(g(h(y))), the equation p(z) = h(y) is a bridge between
T(t(p(x))) and T(h(y)). Each equation which yields a new term in the inductive
construction of Dfﬂ is in fact a bridge between appropriate braids. This suggests
that finding a new term in the construction of a braid amounts to finding a bridge
between this braid and other braids in Diﬁ In fact, as the following theorem shows,
a bridge is a very powerful tool in the construction of braids.

Theorem 4.10. (Duplication Theorem.) For any terms t,r € Do, h,p € P
and g € F, if g(h) € T(t) for some k € w. p € T,,(r) for somem € wandh=p € E,
then g(T(r)) C T(t), where g(T(r)) = {g(s): s € T(r)}.

The theorem states that if there is a bridge between two partial braids T4 (¢) and
T,.(r), then the whole braid T(r) will be copied into T(t); more precisely, all the
terms in T(r) will occur as main subterms in T(¢). What is crucial here is that one
bridge is sufficient to copy the whole braid—this property will prove essential for
establishing decidability of weak equational theories.

Proof. Let t,r € Do, h,p € P and g € F satisfy the assumptions of the
theorem. Since h = p € E, the term ¢(p) is in Ty4+1(t). For p and any term
q € T,,(r) there exists by lemma 4.6 a chain F,(p,q), i.e., a sequence of terms
Dis. - pn € T(g) and a corresponding sequence of equations

PRPL, ooy Pl R Pn, Pa X qEE.

Now, due to these equations, we can consecutively “add” to the braid T(¢) the terms
g(P1)s- -, 9(Pn-1),9(pn) and finally also g(q). The term ¢ being an arbitrary term in

T,.(r), we see that all the terms in T,,(r) will appear in T(¢) as main subterms. It
is now sufficient to observe that p € T,,(r) C T;(r) for all ¢ > m and T;(r) C T,,(r)
for all j < m. Thus for any term ¢ € T(r) the term g(q) is in T(t). O

The theorem shows that one equation h =~ p with p € T(r) will lead to any term in
this braid, independently of whether the term has already occurred at the m -th step
of the construction of T(r) or it will appear later. To find a common-life analogy for
this situation, imagine a bridge constructed to join two highways. Once you cross it
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going from the first of these highways to the second. vou can reach any point on the
second. Moreover. if the second highway is extended in some future, you can still
reach the new points due to the same connection.

Returning to our main topic. we shall say that a tcrm ¢ or a braid T(r) has been
copied into a braid T(t) when ¢ or, respectively, all the terms of T(r) appear in T(t)
as main subterms.

5. THE GRAPH OF D/,

Let a, 8 be arbitrary terms and let E be a finite sct of equations. We introduce
here a graph G representing the set Df“.

Definition 5.1. Let G = (V. LK) be a directed graph without multiple edges
such that:
(a) V = Do.
(b) For any s,t € V, there is an edge in I from s to ¢ iff there is a bridge between
T(s) and T(¢) in D ;.
Then G is called the graph of DEj.

It is clear from this definition that the graph of D! | is finite. the number of vertices
being equal to the number of terms in Dg. The edges in the graph are induced by
bridges and they connect the roots of braids linked by a bridge. An edge from a term
s to a term t (corresponding to a bridge between T(s) and T(t)) will be denoted by
I (s,t) and it will be labelled by the external operation symbol in the braid T(s)
(recall that all terms in a braid have the same external operation symbol).

The graph G will turn out to be a finite representation of the corresponding set
Dgﬁ and thus also of all its braids. We shall use the graph to read the set of all the
terms which belong to a given braid and we shall check for each term ¢ whether it
is in Dfﬂ. We shall see the exact rules for reading terms from the graph after an
example. The main idea consists in the possibility of identifying a braid with the set
of all terms which can be read from the graph starting from the root of the braid.

Observe that due to the properties of the set D(’f‘, (see [2]) it is closed with respect
to subterms; moreover, by Birkhoff’s rule (i) all equations of the form t = ¢ for an
arbitrary term ¢ are in E. Thus if f(p) € Do, then also p € Dy and p = p € E. The
term p is then on one hand the main subterm of the term f(p) and on the other. it
is itself in Dg. Hence, according to the definition of the graph G, there should be an
edge K (f(p),p).

Now, instead of constructing the set D, we shall construct the graph G. Whenever

we find a new bridge (which has not been represented in the graph yet). we add an
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edge between the corresponding vertices i.e., between the braids connected by the
bridge. The first step of the construction consists in drawing all th edges which are
induced by Borkhoff’s rule (i). independently of the set E (this will be clearly seen
in the example below). The construction of the graph will be completed. when no
new bridge is found. Then the set of terms included in the graph will be the set D,
which will be formally proved later.

Example 5. Let us sec first, how would the graph G look like after the first
step in its construction, i.e., after introducing only those edges IK(f(p),p) which
correspond to f(p) € Dg. Recall that

a = f(t(p(x))),
B =g(My)),
E = {t(p(x)) = g(h(y)),p(x) = h(y)}.

ftp@) |, 1) (y)
t Y
4 h
A SO )
\O ;;
T

Here all the edges lead from a term to its main subterm. We shall now draw the
complete graph with all the edges—except for those term—main subterm edges that
have been already introduced above (the presence of the edge from f(t(p(x))) to
t(p(x)) will be explained later).
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Here the only missing edges are:

K(t(p(z)), p(z)), K(p(x),z), K(g(h(y)). h(y)), K(h(u),y)-

We shall return to them later. Let us analyze first the appearance of the edges
indicated in the graph above.

The edge from f(t(p(x))) to g(h(y)) is induced by the bridge t(p(x)) = g(h(y)). As
explained above, this edge bears the label f. The bridge p(a) = h(y) yields an edge
from t(p(z)) to h(y) and this cdge is labelled by t. The equation h(y) =~ p(x), which
by symmetry is in E, is a bridge between T(g(h(y))) and T(p(x)), which induces an
edge from g(h(y)) to p(x); this edge is labelled by ¢g. which is the external operation
symbol in T(g(h(y))).

Note that we have found another equation in E, which lead to the inclusion of
the term f(g(p(x))) in Dfﬁ; this was g(h(y)) = g(p()). This equation is a bridge
between T(«) and T(f3), but we already have an edge hetween a and 3. There is
no need to introduce a second edge between these two vertices since, as we shall see
soon, the term f(g(p(x))) can be recovered from the graph due to the existing edges.

We expect of G to represent the set Dfﬁ completely: all information about this
set should be readable from the graph itself. In particular, we shall be often lead
to decide whether a given term is in Dfs. We shall now introduce rules for reading
terms from the graph and we shall prove later that the set of terms read from the
graph is equal to Dfﬁ.

Rules for reading terms from the graph G
1. Reading can start at any vertice of G.
2. We can stop reading at any vertice of G.
3. Reading is performed along edges only, according to their directions.
4. Reading starts with an empty sequence of symbols; passing from one vertice to
another, we add to the sequence of symbols the label of the corresponding edge.

ot

. When we stop reading at a vertice t, we add to the sequence of symbols the
whole term t.

Example 6. Let us return to the edges missing in the second graph of the
previous example:

K(t(p(z)), p()), K(p(z),z), K(g(h(y)). h(y)), K(h(y),y)-

It can be observed that these edges introduce no new terms: note that any term which
can be read from the first graph in the example is in the graph already—as one of
its vertices. Thus for sake of clarity we shall omit such edges in the representation
of graphs.
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We shall now use the second graph in the previous example to find all the terms
belonging to Dfﬂ. Clearly we shall include all the terms at the vertices (since we can
start reading at any vertice and then stop right there). These are t: rms from the set
Dy. Next. starting at the vertice f(t(p(x))) and going to g(h(y)) we first write the
symbol f, which lavels the corresponding edge. If we stop here, we add the whole
tern, at the final vertice to the sequence and we get f(g(h(y))). If we proceed to the
vertice p(a), we add the symbol ¢ to f and then the whole term p(z), since there
are no edges starting in this vertice. Thus we get the term f(g(p(z))). It can he
observed now that there is no need to indicate the bridge g(h(y)) = g(p(z)) on the
graph, since the term induced by this equation can be already obtained due to the
first bridge t(p(z)) = g(h(y)) between T(a) and T(;3). Finally, we can easily read
the terms

F(t(h(y))): g(p(x)), t(h(y)).

What new edges would we get if we include in E' a new equation:

p(z) = f(t(h(y)))?

It is a bridge between T(g(h(y))) and T(«, and between T(t(p(x))) and T(«), since
the term p(x) is a main subterm in both braids T(g(h(y))) and T(t(p(x))) and
f(t(h(y))) is in T(a). Our graph will now be as follows:

a = f(t(p(x))),
B = g(h(y)),
E = {t(p(x)) = g(h(y)), p(x) = h(y),p(x) = f(t(h(y)))}.

20
<o

Now we can easily find all the terms in Dfﬂ. Let us begin with the braid T'(g(h(y)))
and start at its root. Passing consecutively through edges labelled by g, f, ¢, f, t,
f, g, f, t (note that different edges may have the same label) we get the term
9(f(g(f@(f(g(f(t(Rh(y)...). Taking another path: g, f, g, f, g, f, 9, f, 9, f we get
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g(f(g(f(g(f(g(fg(f(t(p(x)...), while the path g. ;. 1. f.t. fo b fot. fot. f vields
U ES gly) ).

Clearly the braid T(g(h(y))) is infinite. This example shows that if there is a cvele
in the graph which can be reached starting from « terwm ¢, then the braid T(#) is
infinite. Thus we have three infinite braids in the set D% T(a), T(3). T(p(x)).

The simplicity of the example leaves no doubt as to the fact that all terms read
from the graph are indeed in D("ﬁ We shall now provide a formal proof.

Let L(t) be the set of all ters read from a graph G according to the rules. it we
start from the vertice t.

Theorem 5.2. For any term t in Dy,

Proof. We shall prove the inclusion of L(t) in T(/) by induction on the length
k of the path required to read a term s from the graph G (starting in t). If & = 1.
then the term s is the root of the braid and thus s =t € T(t). Let k =1+ 1 and
assume that any term which can be read in not more than [ steps is in T(t). Let
fi, fay -5 fi, fixr be the labels of the path which yiclds the term s and let ¢ be the
term corresponding to the path fo,..., fi, fix1 (L.e.. we start at the second vertice
of the previous path; let this vertex be »). By inductive assumption. ¢ € T(r).
Moreover, there is an edge f, leading from ¢ to r: this edge represents a bridge.
hence there is a bridge between T(t) and T(r). By the Duplication Theorem 4.10 we
have that fi(T(r)) C T(t) and, in particular, s = f,(¢) € T(¢).

The other inclusion will be proved by induction of the index of the partial braid.
to which a term s € T(t) belongs. If s € To(t). theu s = . ie., s is the root of
the braid and thus it is clearly in L(t). Assume Ty(/) C L(t) for some Ak and let
s = p(h) € Trt1(t) for some I € Dfﬁ. Then, according to the definition of a braid.
there is a term r € P such that

p(r) € Ti(t), heDy, rx=hekE.

Now, by Lemma 4.8 we deduce that if i € Dy, then there is a term g € Dy such
that h € Ty (g) and hence, by the inductive assumption. i € L(g). Morcover. the
equation r = h € FE is a bridge between T(t) and T(g). which implies the existence
of an edge from ¢ to ¢ in the graph and this edge is labelled by p. Consider the path
in G obtained by adding to the path which starts in ¢ and yields the term I a new
first edge, namely, the edge p leading from t to g. Clearly this new path starts in ¢
and yields the term s = p(h). Thus s € L(t). 0
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We have seen the general construction rules for the graph G and its connections
with the set DE;. We shall now see how to use the graph G to construct the set
D7,

[n the construction of G we start with a discrete graph i.e., with a graph with no
cdges. After having found a bridge, we mark the corresponding edge on the graph
until no new edges are obtained. Thus our procedure reduces to finding bridges. If
m is the number of terms in Dy, then there are at most m? bridges to be found.
since a graph on m vertices can have no more than mn? edges.

What we get in the construction is in fact a sequence of graphs (each consecutive
eraph has one edge more than the previous). We shall define this sequence more
precisely now.

Let Gg be the initial graph i.c.; the graph with no edges and the set of vertices
of which is Dg. If we have a graph Gy and we find a new bridge, we get the graph
G4 by adding to Gy the edge corresponding to this bridge. As we have noted
above. this sequence is finite and it has at most m? + 1 clements.

Let Li(t) be the set of all terms, which can be read from the graph Gy starting
from the vertice t.

Definition 5.3. Let
L(Gy) = U L, ().

teDy

Thus L(Gy) is the set of all terms which can be read from the graph Gy.
Theorem 5.4. For any k € {0,1,...,m?}, if the graph G, exists, then

L(G,) C DE,.

Prootf. We shall use Theorem 5.2 here. The set L(Gy) is a union of the sets
L, (1) over all t € Dy, while D’ | is a union of braids T(t) over all ¢ € Dy. too. Thus

it is sufficient to prove that tor any t € Dg. Ly (t) C T(t). This has been proved in
the proot of Theorem 5.2. O
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6. FINDING BRIDGES

As we have stated before, we shall construct the set D, using a sequence of graphs
G. obtained by a consecutive insertion of new edges corresponding to bridges. In
the sequel we shall usually omit the subscript & when speaking of these graphs, since
all the results presented in this section hold true for any A.

So, the construction of G consists in finding bridges. Any two vertices in the graph
may be linked by an edge and, in particular, the graph may contain loops, e.g. when
there is an equation in E relating a term with its main subterm.

f(tp@) £ )

The terms which can be read from this particular part of the graph are of the form
FC(fEp@))) -

We shall first prove that given the graph G, we can decide for any term ¢t whether
it is in Dfﬁ or not and we can do it in finite tine. Moreover, we shall estimate
the computational complexity of the procedures uscd and of the final algorithni.
By computational complexity we mean here the order of the number of operations
performed by the procedure or the algorithm in the worst case, depending on the
number of initial data, which are the following:

terms o and [3: these terms induce the initial set Dg: let n be the number of
terms in Dg. By the definition of Dfd' this is just the number of occurrences of
operation symbols in terms o and f.

the set E: let m be the number of equations in £ and let [ he the maximal number
of occurrences of operation symbols in a term appearing in an equation in F.
Algorithms scan the whole set, since any equation in it can induce an edge in the
graph.

Observe that n is also the number of vertices of the graph. while n? is an upper

bound on the total number of edges.

Definition 6.1. Let p be a vertice in the graph G. A vertice ¢t in G is a
neighbour of p iff there is a (directed) edge from p to t. The set of all nieghbours of
a vertice p will be denoted by MS(p).
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Lemma 6.2. Given the graph G of Dfﬁ, it is effectively decidable for any t € P
whether t € Dfﬁ.

Proof. A term t being in Dfﬁ is equivalent to t being readable from the graph
G. Let |t| = k denote that a term ¢ contains exactly & occurrences of operation
symbols.

To read a term t from the graph of DI:ﬂ we must find a path in the graph such
that the labels of the consecutive edges in the path are equal to the corresponding
occurrences of operation symbols of ¢, starting from the left (since reading a term
from the graph we add consecutive labels on the right). Thus we are led to look for
a path induced by the consecutive operation symbols of ¢.

Clearly, if the path is to start at a term p, then the first (external) operation symbol
of p must be the same as the first operation symbol of t. Then some neighbour of p
must have an external operation symbol equal to the second operation symbol in t,
and so on. There are at most n edges starting in p and the total length of the path
has to be k.

The simplest yet effective algorithm deciding whether there is such a path may
have the following form (we assume that the occurrences of operation symbols in
t are numbered by consecutive natural numbers, the most external symbol having
index 1):

First we scan the whole graph, marking those vertices. which have the same exter-
nal operation symbol as t. Each vertice can be either marked or unmarked—at each
step of the algorithm. We start the algorithm with a set of marked vertices and at
consecutive steps we determine new sets of such vertices.

Set 7 := 2 (i represents a variable, indicating consecutive operation symbols in ¢,
starting from the left; its initial value is 2)

1. Search for all those vertices in the graph the external operation symbol of which
is the same as the i -th operation symbol of t.

2. Scarch for all those vertices among those found in step 1 which are neighbours
of marked vertices. If such vertices exist, they form the new set of marked
vertices.

3. Seti:=1i1+1.

4. Repeat steps 1,2 and 3 while i < k. Finally, check whether there is an edge
from a marked vertice to the variable occurring in t. If there is at least one such
edge, then the term ¢ can be read from the graph and therefore it is in ng

If no vertices are found in step 1 or 2 or if no edges are found in step 4, then
the term ¢t cannot be read from the graph G and the algorithm stops. After k — 1
iterations of the procedure, the value of the variable ¢ will be & and the effect of step
1 will then be to check whether there are vertices the external operation symbol of
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which is the same as the last (innermost) operation svimbol in ¢. The performance of
all the previous iterations yields a path consisting of exactly those operation symbols
as the consecutive operation symbols in ¢; the last step vields the variable of + and

thus the algorithm is completed. ]

Lemma 6.3. The complexity of reading a term t from the graph G is ©(kn*).
where |t| = k.

Proof. We shall compute the complexity of reading a term t from the graph G
by estimating the cost of each step of the algorithin of lenima 6.2.

Before the first step we scan all the vertices of the graph. thus we must perforin
©(n) operations. In step 1 we must scan 1 vertices of the graph. thus the cost of
this step is of the order n i.c.. ©(n). The cost of the second step is O(n?). since we
must check at most n? edges. Thus the total cost of steps 1.2 and 3 in one iteration
is of the order of n? + n. We repeat the procedure b - 1 times. hence the cost of the
whole algorithm is

O((h = 1)(n* +n)) = Othn).

Thus the complexity of the algorithm is © (An?). where b is the number of occurrences

of operation symbols and variables in ¢. a

Lemma 6.4. For any braids T(p), T(t) C ng it is eftectively decidable on the
graph G whether they have a common term, i.e., whether T(p) NT(t) # 0.

Proof. The lemma clearly holds true if the terms p and t are equal. If p # ¢
then both braids have a common term only if they have the same external operation
symbols. Assume then that p = f(r) and t = f(s) for some operation symbol f € F
and some terms 1, s € P. The following cases can occur:

1. The vertices f(r) and f(s) have a common neighbour in the graph G.

2. The vertices f(r) and f(s) have neighbours with a common external symbol.
say, ¢ and then for » = ¢(p;) and s = g(p2) (for some terms pp.p2) we have
again three possible cases to consider.

3. Nomne of the above occurs and then the braids have no common term.

The consideration of these cases leads to a natwral algorithm. It is based ou a
recursive scheme, which has no infinite loop. If the first or third case occurs. the
algorithm stops. The problem is to estimate how many times can the second case
occur. Looking for a common term for two braids T(p) aud T(¢) we can apply
a modification of an algorithm for depth search in a graph. Thus we shall first
introduce the original algorithm for depth search.

We shall use letters v, u to denote graph vertices, 17 will denote the set of all vertices
of a graph, visit(v) represents an instruction, which the algorithm can perform at
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cach vertice of the graph, like ¢.g. comparing a value assigned to a vertice with some
given value, NEW[v] represents an array with entries from the set {true,false},
where an entry indicates whether a vertice has been visited by the algorithm or not.
At the beginning of the algorithm the whole array is initialized with all entries true,
indicating that no vertice has heen visited.

The algorithm:

l. heein

2. forv €V do NEW[v] := true; (initialization)
3 forveV do

1. if NEW([v] then WG(v):

5. end:;

where the procedure WG(v) has the following body:
procedure WG(v)

1. begin

2. visit(v); NEW[v] := false;

3. for u € {set of nieghbours of v} do
1. if NEW([u] then WG(u)
5. end; (the vertice v has been scanned)

This algorithm visits each vertice of the graph and each of them is visited exactly
once. Looking for a vertice conumon to two braids T(p) and T(t) we shall follow the
same algorithm, but we shall slightly modify some of its features:

1. Instead of vertices, we scan pairs of vertices with the same external operation
symbol. This can be viewed as initializing the original algorithm simultaneously
at two vertices, for which we are to find a common term. If the search for a
common term has not been completed for a given pair of vertices, then we can
go to a new pair of vertices which have the same external operation symbol.
Observe that in the worst case we have to check n? neighbouring pairs

2. We do not scan all possible pairs with the same external operation svinbol as
in line 3 of our program above, but we start scarching from one fixed pair of
vertices: the one for which we want to find a common term.

3. the operation yisit consists in checking whether we can stop the search at the
pair currently scanned. For this purpose we have to check whether there exist
odges going out of these vertices to a common vertice. i.c. whether the two
vertices have a common neighbour. If this is so. then there is a term which can
be read both from the vertice p and the vertice t.

4. As in the original algorithm, whenever we scan a pair of vertices for the first
time, we record the fact in order to avoid visiting the same pair more than once
(this could imply an infinite loop). Observe that we consider pairs of vertices
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and not single vertices: it could well happen that one of the vertices or evern
both have been previously visited, but in different pairs.

The algorithm stops when during the search procedure we find a common neigh-
bour for a pair of vertices and then the two braids have a common term. They do
not have such a term, if we find a common neighbour for no pair of vertices before
the algorithm stops.

After these informal considerations we can present a more formal form of the
algorithm. Let us first introduce some handy notation:

V—the set of all vertices of the graph G,

V—the set of all pairs of vertices which have the same external operation symbol
and are not of the form (v.v). i.e.

V={(v1,v2): (v1,v2) € V x V01 # vg,v1 = f(p1).12 = f(p2) for some operation
symbol f € F and some terms p;,p; € P}.

To abbreviate our notation we shall denote a pair (u).u) by u.

Z(a) = {(vy,v2): vy is a neighbour of w; in the graph G. v, is a neighbour of u. in
G and (vy,v2) € V}

The algorithm starts at a pair o:

1. begin

2. forw €V do NEW[i] := true; (initialization)
3. WG(v);

4. end;

where the procedure WG(@) has the following body:
procedure WG(@)

1. begin

2. yisit(@); NEW[d] := false;

3. forwe Z(a) do

4. if NEW[w] then WG(w);

5. end; (the pair w has been scanned)

The construction of the algorithm and its analogy to the original one imply that
each pair will be visited exactly once—this is sufficient to guarantee that all pairs of
edges going out from these vertices will be checked (if only the vertices have the same
external operation symbols—and only such pairs of vertices are of our concern) and
that a common term will be found, if it exists. Thus, if the braids T(p), T(t) € D%,
have a common term, then the algorithm will find it and the answer will be positive;
otherwise the algorithm stops after performing the search and the answer is negative.

O
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Lemma 6.5. The complexity of the search for a term common to two braids in
G is O(n*).

Proof. To estimate the complexity of the problem we shall estimate the com-
plexity of the algorithm introduced in Lemma 6.4. Observe first that the complexity
of the original algorithm for depth search in a graph is ©(n + m), where n is the
number of vertices of the graph and m is the number of its edges.

Let us now estimate the complexity of our algorithm. The performance of the
visit operation applied to a pair of vertices requires ©(n?) checks, since if there are
n edges going out from each of the vertices, then there are n? pairs of edges which
have to be checked. Such a check has to be performed at each visited pair of vertices,
so the cost of checking the conditions of the algorithm is

n?0(n?) = 0(n?).

The complexity of our algorithm is not greater than the complexity of the original
depth-search algorithm, i.e. the order of the sum of the number of vertices and the
number of edges. In our algorithm the vertices are replaced by pairs of vertices

with the same external operation symbols and there are at most n?

such objects.
The edges are now replaced by pairs of edges going out from vertices with the same
external operation symbol ana there are at most n? such pairs. Therefore the cost

of the whole algorithm is
o' +n%) +0(n*) = O(n*).

O

Observe that the proof (with natural modifications) remains valid if we consider
partial braids, i.e. Ty (p) instead of T(p) an:d/or T,(t) instead of T(t).

We shall now design algorithms for finding bridges between two arbitrary braids.
For a fixed pair of braids we shall consider one by one each of Birkhoff rules to check
whether one of them could lead to a bridge. We shall apply this procedure to all
possible equations in E.

Let us enumerate all possible cases, which may lead to px~t € E.

1. p=1t.

2. px~teE.

3. tx=pekE.

4. p' = t' € E and the terms p and ¢ are obtained from p’ and t’ by replacing all
occurrences of some variable by a fixed term.

5. s~r €Eandp= f(s),t = f(r) for some f € F.
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Symmetry being easy to verily, we can write E instead of E in 3. Also in 4. we can
replace E by E, since substitution and extensionality permute and we can always
apply rule 5. after all the others.

Observe that the equation p = t could have been generated by substitution (rule 4.)
only if there is an equation in E'. the terms of which have the same external operation
symbols as the terms p and t. correspondingly, or if [ contains an equation of the
form h = z—a projection—such that the term /1 has the same external operation
symbol as either p or t.

Theorem 6.6. (Bridge Theorem.) Forany Ty(p). T(t) C Dfﬂ it is effectively
decidable whether there exists a bridge between T (p) and T(t) in E for any fixed
ke w.

Proof. Tofind abridge hetween Ty (p) and T(#) we shall search E for equations
between braids with roots in MS(p), i.e., braids of main subterms, and terms from
the braid T(t). Thus our algorithm has to check all pairs of braids in which the root
of the first braid lies in MS(p). Choose any term ¢ in this set. Now we have to
answer the following question: is there an equation in E such that one of its terms
belongs to the braid T(g) and the second is in the braid T(t). We shall consider
cases enumerated above. The algorithm will be introduced in the proof and. as we
shall see, it will not depend on the fact whether the hraid with root t is partial or
not. The algorithm will be the same in both cases, but for convenience we shall use
the notation T(g).

1. The question whether there exists a bridge hetween Ty (p) and T(t) in case 1.
is answered in finite time by Lemma 6.3.

2. Case 2. consists in checking whether there exist terms in the braids T(g) and
T(t) which occur in an equation in E.

3. Symmetry has been considered in the previous case already. Note that this case
has to be checked together with cases 2., 4. and 5., i.e. whenever we check
whether an equation has been generated by s ~ r € E. we must also check
whether it is generated by r = s.

Thus we are left with two last cases. For convenience we shall distinguish two
situations, depending on whetlier the terms g and ¢ have the same external operation
symbol or not.

I. The terms g and ¢ have different external operation symbols.

In this case only 4. can occur. Assume first that there is no equation of the form
h =~ x in E, i.e. there is no projection. If s = r € £ and s and r have the same
external operation symbols as ¢ and t, respectively. then s = is a good candidate
to induce a bridge. If a bridge has been induced by this equation, then in G there
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niust be a sequence of edges starting in g such that the labels of these edges are the
same as the operation symbols occuring in the term s. Let

fhf‘.!a--wfn

he the sequence of operation symbols occurring in s and—at the same time—the
sequence of labels of a path in G starting in ¢g. Thus in particular an edge labelled
by fi goes out from the vertice g. Let

PL-pP2«---vPm

he the sequence of symbols occurring in r taken, as above, in the proper order,
starting with the external operation symbol. It is also the sequence of labels of
edges forming a path starting at the vertice t. If the bridge has been induced by the
cquation s = 1 € E. then both sequences must have been introduced into the graph
by now. We shall now follow the paths corresponding to these two sequences of labels,
one of them starting at g, the other starting at ¢, in order to check whether we can
read from the graph two terms, the sequences of operation symbols of which—from
the most external symbol up to some place in the sequence-—are the same as the
sequences of operation symbols in s and r, respectively. If so, then we check whether
we can read a common term starting from the vertices reached after completing the
paths labelled by fi, fo, ... f, and py,p2,...,pm. A positive answer means that a
bridge occurred due to a substitution of a term for some variable in the equation
~sx~rekE.

We shall use Lemma 6.2 to check whether we can read from G terms which have
the same sequence of symbols as terms s and r. Thus we shall follow the paths
labelled by fi, fo, ..., fno and py,po, ..o, ppy, starting in g and ¢, correspondingly. We
stop after exhausting both sequences. If we did complete both paths, then—if s and
r have different variables—there exists a bridge between Ty (p) and T(t), since for
different variables it is not important what terms can be read from this point. If,
however, s and 7 have the same variable, then we must check whetherda common:
term can be read from the vertices reached at this point. The existence of such a
term means that it has been substituted for a variable in the equation, so a bridge
exists. To find such a common term we can apply the algorithm of Lemma 6.4. We
start the search for a common term at the vertices which have been reached after
completing the paths labelled by fi, fa, ..., fu and py,pa,. .. pm.

It there is no projection in E. then we are done with case I. Otherwise, a bridge
can be induced by the equation s = 1 where r or s is a variable only if the external
operation symbol of the term in the projection is the same as the external operation
symbol in ¢ or t. If this is so, then the pocedure for checking whether a bridge has
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been induced by the projection is analogous to the one described above with the
only difference that the variable (one of the terms in the projection) has an empty
sequence of operation symbols. i.e. it induces an empty path; hence we follow only
the path induced by the second term and after completing it, we search again for a
common term (which could have been substituted for the variable).

II. ¢ and ¢ have the same external operation symbol.

In this case a bridge can arise due to 4) or 5) and therefore we should first check
whether case 4) has occurred. applying the previous algorithm (in I) without anyv
changes: it could have happened that the equation is the result of substituting terms
for some variables in an equation with the same external operation symbols on both
sides. If no bridge was found while checking case 4). it remains to check whether a
bridge could have been generated because of case 3. Assume first. that the vertices
¢ and t have no single loops. i.e., there is no bridge between T(g) and T(g) nor
between T(#) and T(t). With this assumption we liave to look for equations between
braids of main subterms of the braids T(g) and Ti(#). i.c.. between braids with roots
in MS(y) and MS(t). Thus we omit all occurrences of the external operation symbol
in a possible equation and we check whether there is in E an equation without these
symbals. It so, then also after adding the same .« peration symbol to both sides we
get an cquation in E. This is in fact a backwards verification of Birkhoff's rule (iv).
This check yields a recursive procedure, since looking tor bridges between braids of
wain subterms requires counsidering all cases 1)-5) cnunerated above. All possible
pairs of braids of main subterms have to be checked. e g fixing a term p € MS(y)
we have to check whether there is a bridge between T(p) and any vertice in the set
MS(t); this should be repeated for each term in MS(y).

During this search it can happen that two vertices have the same external opera-
tion symbol, i.e. a situation analoguous to that of Lemma 6.4, Therefore the same
algorithm can be applied—the modified depth-search algorithm in a graph—with a
new visiting operation.

As in the algorithm of Lemma 6.4, we scan all paws of vertices with the same
external operation symbols, starting with the vertices g and t. As we have seen
before, each of the cases 1)--4) can occur for a given pair of vertices. Moreover. there
exists a bridge between the braid of g and the brauwd of ¢ iff one of the cases 1)-4)
occurs for a pair of main subterms in the braids T(g) and T(t). Only when none
of 1)-4) occurs neither for the braids T(g) and T(f) nor for any pair of braids of
main subterms of these braids can we turn to another pair of vertices with the same
external operation symbol. Thus the whole algorithm in case II will be identical
to the algorithm of Lemma 6.4; however, the operation visit must check the cases
1)-4) not only for the pair of vertices visited, but also for all pairs of braids of main
subterms of this pair.
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In the worst case we shall have to scan n? pairs of vertices with the same external
operation symbol, which induce n* pairs of braids of main subterms. Observe how-
ever, that there is no need to repeat the operation visit for all n pairs. Indeed, if
a pair of vertices py, po is a pair of main subterms for two different pairs of braids
(with equal external operation symbols), say g1, ¢g> and t;, t», then if we state that
none of the cases 1)-4) occurs for p;, p» while visiting the pair g;, g2, then we need
not. check the pair py, p, again while visiting t; and ¢,. Thus the operation visit must
he performed just once for each pair of vertices in G. This shortcut can be solved in
the algorithm by an additional table with n? entries, where each visit to a pair of
vertices would be marked. One special case, when two braids with the same external
operation symbol have single loops is considered below. Such a situation reduces to
checking whether case 4) occurs, taking into account a larger number of equations
in E. Thus we have a recursive algorithm again.

At each iteration we omit the external operation symbol of terms in vertices, i.e.,
in the possible equation we are looking for. Let us now consider what happens if
there is a single loop in one of the braids, i.e., if there is a bridge from, say, T(g)
to T(g). In this case the same vertice is simultaneously a braid of its main subterms
and the whole algorithm remains unchanged. There is no danger of looping, since in
the second vertice scanned we omit one symbol at each step and we always advance.
The situation will be slightly different when hoth braids have a single loop. In this
case we have to check by the algorithm of case I those equations in £ in which one
term only has the same external opeation symbol as the terms in our braids. This
checking should be performed for the braid T(g) and all the braids of main subterms
of the term ¢ and viceversa, i.c., for all braids of main subterms of the term ¢ and
the braid T(t), scanning all the possible equations in E. Due to this checking we will
find e.g. the equation

L)) = f(f(h(y)))

it the following equation was in F

fp(x)) = h(y).

The external operation symbol here is f. If we omit all the occurrences of f here, i.e.,
if we went to check the braids of main subterms, then we would be checking whether
the equation p(z) = h(y) is in E. This equation, however, is not implied by the
equation f(p(x)) = h(y) and we may not be able to find a bridge between the braids
considered. Only after this verification we can proceed with subsequent recursive
calls of our algorithm for the braids of main subterms (in the example above this
means omitting all the occurrences of f in both vertices). This is the only special
case, which should be considered separately when two braids have the same external
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operation symbol. It remains to prove that the algorithm yields an answer in finite
time: that we shall never be induced to call the aleorithm endlessly. The danger of
such a looping can only occur in case IL. Is it possible that after each calling of the
procedure we find new barids of subterms with the saie external operation symbols?
The answer is: no. The argument is the same as in the proof of Lemma 6.4. O

Theorem 6.7. The complexity of finding a bridge in the graph G is ©(21"% +
Thin® + 4min?).

Proof. We shall compute the complexity of the problem by estimating the
consecutive steps of the algorithim introduced in Theorem 6.6.

1. The complexity of this step is ©(nt), the same as in Lemma 6.5.

2. By Lemma 6.4 the complexity of checking this case is ©(4/mn?). The reading of
one term has complexity ©(/n?), since the longest term occurring in equations
in £ has length [ and cach equation requires | attempts to read a term from
the graph: the equation itself has two terms and at cach verification we also
check the symmetric equation. The number of cquations in E is m. so the
cost ©(4ln?) of checking one equation has to multiplied by m. Thus the total
complexity of this step is O(4min?).

3. It is clear that checking svinmetry doubles the cost of computations. In cases
1. and 2. symmetry has heen taken care of, while in the remaining cases we
have to multiply the global cost by 2, thus taking into account symuietry.

4. The cost of the algorithm presented in I consists of the cost of reading two
terms from the graph multiplied by the number of equations in the set £. which
potentially may induce a bridge and of the cost of finding a common term
for a given pair of braids. The cost will he the same for equations which are
projections and for those which are not. The global cost of checking case ) is
therefore

OR2kmn*) +O(n')y = ')
where k is the length of the longer term being read and m is the number of
equations in the set B, O(2kn?) is the cost of reading two terms of length &
from the graph G and ©(n') is the cost of checking whether two braids have a
common term. These values are taken from the proofs of lemmas 6.3 and 6.5.
5. The cost of one visit operation is the sum of the costs 1-4 and thus is equal to

O(4kin®) +OY) + (') = 20" + 4hin?).

In the worst case we shall have to visit all pairs of vertices. so all the visits will
cost
2Ot + 4kin®) = 020" + thin').
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The cost of the algorithm itself (without the costs of the visit operation) is
O(n"), as in Lemma 6.4. Thus the total cost of checking case 5) is

02n° + 4kin®) + O(n') = 0(2n° + 5kin*).

The described above cases when one or two braids have single loops are im-
poprtant for the algorithm, but they do not influence its cost. In each case the

order of computational complexity is the same, i.e..
O(2n°" + 5kin*).

We can now estimate the total cost of deciding whether there exists an equation
inducing a new edge in the graph. It is

O2n° + 5kin") + O(2n") + O(4min?) = 0(2n° + Thin® + 4min?),

which proves the theorem. O

7. MAIN THEOREMS

Theorem 7.1. For any «, 3 € P and for any finite set of equations E the sequence
G of graphs is finite and all its clements can be effectively constructed.

Proof. Recall that the graph Ggy is obtained from Gy by adding a new
edge due to a newly found bridge. By Theorem 6.6 we can find a bridge in finite
time. There are at most n? edges in a graph corresponding to a unary signature.
The construction of the graph consists in choosing one pair of vertices and checking
whether it can be linked by an edge. We must, however, perform more than n?
verifications, since after finding a new bridge e.g. between T(p) and T(f). the set of
terms belonging to T(p) becomes larger. Also the sets of terms in all other braids
from which we can reach the vertice p, become larger. Thus, in order not (o loose any
cdge we have to check—after finding a new bridge—the possibility of adding edges
to and from all the vertices mentioned above. There is. however, a finite number of
them and we shall be able to find all these edges in finite time. O

Theorem 7.2. The complexity of constructing all the graphs Gy, of the sequence

is O(cn'Y), for some constant ¢.

Proof. The complexity of finding a bridge in the graph G has been estimated
in Theorem 6.6. Thus we need at most n'! verifications to find all cdges in the graph.
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This estimation is very coarse, nut it shows, that cven in such an “uneconomic”
case the total cost of constructing the graph G is polvnomial with respect to the
dimension of input data. At least n? verifications have to be performed, for this is
the possible number of all edges, and no more than n* such verifications are needed.
as can be easily seen.

Hence the complexity of constructing the graph G is
ntO(2n° + Thkin* + 4min?) = 0(2n'° + Thin® + 4minb).

This cost can be estimated as O(cn!®) for some constant. ¢. O

Let the last element in the sequence Gy, of graphs he G.

Theorem 7.3. For any «, /3 € P and for any finite set of equations E,

L(G) = DE;

Proof. The inclusion C holds due to Theorem 5.4. since the graph G is G, for
some k < m? + 1.

On the other hand, the inverse inclusion follows from Theorem 5.2, since the set
Dfﬁ is the union of all braids with roots in Dy, while L(G) is the union of the sets
L(t), again for all t € Dy. O

An equation r = s will be called an equation betwcen braids T(p) and T(q) for
some p,q € P iff r is an arbitrary term in the braid T(p) and s is an arbitrary term
in T(q).

Remark 7.4. The verification of the rule (v') will be based on the following
property of braids: for any two terms p and ¢ in a braid there exists for some n a
sequence of terms pi, pa, ..., p, such that

PRPL, PLRP2, oy Pnal R Pn, Pu=qEE

This property has been proved in Lemma 4.6. Due to this property we can operate
in a more general setting: instead of looking for an equation between terms, we shall
be looking for an equation between braids. This is an essetnial simplification, since
there can be infinitely many terms in Dfﬂ, but there is always a finite number of
braids only (and it is the cardinality of the set Dy).
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We shall now describe the basic ideas underlying an algorithm for deciding whether
a given equation has been generated by the rule of weak transitivity.

Let t; € T(t) and g1 € T(g) and assume t; = g; € E; hence there is in E an
equation between the braids T(t) and T(g). If « € T(¢t) and 8 € T(g), then the
following hold true:

1. for t;,a € T(t) there exists for some n a sequence of terms ry,...,7, € Dfﬁ

such that

AT, T RTy, ooy Tne1 Ty, Th =t €E.

2. for g1, € T(g) there exists for some m a sequence of terms sy,...,8, € Dfu
such that

g1 = S1, S1 | S2, .-y Sm—1 T Sm, Sm.zﬂeE-

Hence for the sequence

Ty ««vy Tny tl» g1, S1y ---s Sm
we have
QARTyy oony Tn.ztl, tl X g1, 91 = S15 .-+, Sm.zﬂeE’
which imply
a=x € E.

This means that for a € T(t) ard 3 € T(g), the existence of an equation between
the braids T(t) and T(g) is sufficient to establish that o =~ 8 € E. Moreover, this can
also be deduced if there are somie intermediate braids between T(t) and T(g), i.c.,
if for some py,...,pn € Dg there are equations between T(t) and T(p;), between
T(py) and T(p2) and so on, and hetween T(p,) and T(g).

We can now describe the algorithm, which sums up our previous efforts and yields
vhe main result of the paper.

Theorem 7.5. For any «.3 € P and for any finite set of equations E it is
effectively decidable whether E |=,, a = 3 holds.

Proof. We must consider the rules (i)-(iv) and (v'); this last rule can be
checked after all others have been. The verification whether the equation o ~
has been generated by one of the rules (i)—(iv) is algorithmically easy. Procedures
checking these cases have been written in Pascal and they are used in a program
constructing the set Dfﬁ from its definition (see the Appendix). The complexity of
these algorithms is linear—of the order ©(n). The verification whether the equation
a = 3 has been generated by rule (v') will use the following algorithm:

1. Construct the graph G.



2. If 3 € T(a), then a = 3 € E and the algorithm stops.

3. We find all braids T(p;) C D(I;ﬁ such that there s in E an equation between
the braids T(a) and T(p;). i.e.; such that tor some terms t € T(a), g € T(p,).
the equation t ~ ¢ is in E.

4. Among the braids T(p;) we select those braids T(q;). for which we have not
checked whether 3 € T(q;).

(e}

for each 7 we check whether 3 € T(g;). The existence of such a braid implies
that a = ;3 € E and the algorithm stops.
6. If there is no braid containing 3. we repeat the algorithm from 3. onwards.

treating each consccutive T(q;) as T(«).

The algorithm stops when we find the term /4 in one of the braids and then we
have o = g or when we find no unchecked braid and then a = 3 € E. We need not
check twice one and the same braid: this would imply turning around in loops.

In step 2. the algorithi stops after establishing that 3 € T(a). since according,
to Remark 7.4 this information is sufficient to dednee that a = /3. If the algorithin
did not stop at step 2., then in step 3. we find all the hraids T(p;) such that there
is an equation between T(a) and T(p;) in E. To end this we shall apply n times the
algorithm of Theorem 6.6, since each vertice can be the root of an adequate braid.
In step 5. we check whether the term /3 is in one of these braids. If the answer is
positive, then repeating the argument of Remark 7.1 we establish that a = 3 € E.
If, however, we discover the term /3 in one of the braids T(p;) after several iterations
of the algorithm, then there exists a sequence of “intermediate™ braids (see Remark
7.4), which still yields the conclusion that a = ;4 € E.

We shall make explicit now why each step of the algorithm is finite:

step 1: Theorem 7.1 states that the graph G can he constructed in finite time.

step 2: Here we need to read a term from a braid and the algorithm in lemma 6.2
shows that this can be done in finite time.

step 3: We can apply the algorithm of Theorem 6.6 to find the braids T(p;). since
we are in fact concerned with finding an equation hetween some terms in two
braids. Thus Theorem 6.6 guarantees that this can be done in finite time.

step 4: Here we must verify the status: “checked™ or “not checked™ for a finite
number of braids.

step 5: This step reduces to an iterated finite repetition of step 2.0 so again it can
be done in finite time.
As can be seen, cach step of the algorithm can be performed in finite time. The

graph G has a finite number of vertices. so we have a finite number of braids to

check. It can be easily verified that the algorithm (without step 1) will be performed

not more than n times. O
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Theorem 7.6. The complexity of the deciding algorithm for weak equational

theories is O(dn'?), for some constant d.

Proof. Let us again estimate the complexity of each step of the algorithm:
step 1: By Theorem 7.2, the cost of this step is ©(cn!?).
step 2: By lemma 6.3, the cost of this step is ©(An?).
step 3: By Theorem 7.6. the cost of this step is ©(2n8 + Thin® + 4min?).
step 4: The cost is O(n).
step 5: The cost is O(jhn?)  -the cost of step 2. applied to j braids for some finite j.

Thus the cost of all steps except step 1. is
O2n° + Thkin® + 4min®) + O(kn*) + 0(n) < O(bn®)

for some constant b. As we have seen. the algorithm (without step 1.) will run at
most 1 times. since cach vertice of the graph G is checked at most once. Thus the
total cost of the algorithm is

nOn®) +0(en'% = O(dn'?)

for some constant d. O

8. ARBITRARY SIGNATURES

We shall now return to the general case, considering arbitrary signatures. To avoid
repetitions we omit proofs, since modifications of the previous proofs to include non-
unary signatures are natural and can be easily done by the reader.

Ht=f(pr.....pspy) 1s a term, then the term p; will be called its i-th coordinate.

The idea of the solution is essentially the same as for the unary case, we shall
use the same structures and the same tools—-adequately trauslated into a general
language. Intuitively speaking. the main difference consists in the fact that whenever
we do something with the main subterm of i unary term. we should repeat the action
for cach main subterm of a non-unary term. i.c.. for cach coordinate of the term.
We shall again construct the set Dfﬂ using bridges and the graph G and again the
terms in the set Do will be used as vertices in the graph.

The notions of level. chain. braid remain unchanged. A bridge between two braids
will be an equation linking one of the main subterms of a term in the first braid and
any term in the secoud. To make things more visible, we shall colour bridges. A
bridge involving the first coordinate of a term will be coloured with colour ;. the
second coordinate—with colour 0, ete.



In the unary case we only needed one bridge between two braids. Now we need
only one bridge of each colour. Whenever we find a b;-bridge between braids T(p)
and T(t), we know, that the braid T(p) will duplicate all the terms in T(t) on
the corresponding coordinate; a second bridge of the same colour brings no new
information. Thus in the general case the number of bridges between T(p) and T(t)
shall be equal to the arity of the external operation symbol in the term p. Whenever
we find a new bridge, we add to the graph a new edge of the corresponding colour
between roots of the braids involved.

Again, the graph G contains all the information about the set Dfﬁ. Terms will he
read from the graph and we shall use the graph to check whether a term is in D .
The rules for reading terms from the graph remain the same, but now they should
be interpreted as concerning each coordinate separately and that all the coordinates
should be checked. It can be easily seen that this procedure will be recursively
applied to each main subterm in each visited vertice of the graph. Thus reading a
term yields a tree and not just a path, as was the case for a unary signature.

The number of all bridges in the graph G is still constant and is equal to n - m.
where n is the number of all terms in Dg and m is the total number of all occurrences
of main subterms in terms belonging to Dy.

The braids are somewhat more complex, hence we shall classify the terms in braids:

Definition 8.1. We define the rank of a term as follows:

rank 0: A term p has rank 0 iff p € Dy.

rank k+1: A term p has rank &+ 1 iff it arises from a term ¢ of rank k by extending
by one step a tree used to get the term ¢.

Example 7. Observe the following fragment of a graph Gy for some k. some
terms «, 3 and some set of equations E:

fs(r).r(y)) p(z.y)

o f .0
f P
t(x) oe—L—eoxo—0 g(z,2) )
g
(e, z)

— represents colour b,
— represents colour b,

Let us enumerate some terms of different ranks:
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0 Terms of rank 0 are explicited in the graph.
1 Terms of rank 1:

fp(x,y),r(y); f(s(x),g(x,2)); f(p(z,v),9(z,2)

2 Terms of rank 2, e.g.:
fp(x, h(z)),r(y)); f(s(x),g9(alz,y,2),2)); f(s(x), g(z,p(y)))

As before, we shall use G to denote the graph obtained after finding all the bridges
and drawing all the corresponding edges. The set of all terms which can be read from
the graph G will be denoted by GT.

We shall now prove a theorem which shows that we can indeed use the graph G
to get all the terms in an arbitrary signature.

Theorem 8.2.
GT =DE,.

Proof. To prove D we shall use induction on the structure of the set Dfﬁ.
Let t € Dg. Then clearly t € GT, since t is a vertice in the graph. Assume now
t=f(r1,.-..7r5(5)) € Dig1. Then by the definition of the set Dfﬁ there exist terms
S1,..-,85(s) € P such that

f(SI$ e ssﬁ(f))a"lv e ’7‘6(f) S Dk

and s; = r; € Efor i =1,2,...,6(f). By the inductive assumption we have

f(Sl,...,85(”),1'],...,7‘5(” € GT

Now, the equations s; = r; € E represent bridges in the graph. Let us have a closer
look at them. The terms ry,...,75(;) are main subterms of the term ¢, while the
terms sy, ..., S5(s) are some terms in the set Dy and therefore they are in some braids:
let s; € T(s}) for i = 1,2,...,5(f). Hence the equations s; =~ r; represent bridges
between the braid T(t) and the braids T(s’). These bridges are represented by edges
in the graph; going from the vertice ¢ to each of the vertices s, and following the rules
for reading terms from the graph, we first read the symbol f, since each edge leaving
the vertice ¢ is labelled by this symbol. Next, from the vertices si,... ,sg(f) we read
the terms s;,...,85(s), which are in the braids T(s}), ... ,T(sg(f)) correspondingly.
Thus we get the term ¢, which proves that t € GT.
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The second inclusion will he proved by induction oun the rank of a term t € GT.
If the rank of ¢ is 0, then t € Dg. Let now t = f(r,.. rspy) € GT be of rank

k + 1. Consider the paths which led to the term ¢ in the graph. They start at some
sry)
correspondingly. Reading the term ¢ we get a tree of such paths. If in this tree we

vertice p € Dy, while the texms ..., 75y belong to some braids T(ry),.... T(r

omit all the edges leaving the vertice p, we get subtrees vielding the main subterms of
the term ¢ i.e., the terms ry.. ... rs(f)- These terms have rank & and thus by inductive
assumption belong to DL[:‘;,,. The omitted edges represent briges between the hraid
T(p) and each of the braids T(r). ... ,T(’l':s(f)), so by the Duplication Theorem. the
braid T(p) duplicates all these braids on the corresponding coordinates. Clearly the
external operation symbol in p has to be f.sot = flr..... rs(f)) € D(Ijl,. which
completes the proof of the Theorem. g

Now. is it possible to find a hridge between two hiaids in this general case, using
the graph G? The answer is positive: the algorithm for finding bridges in theorem
6.6 —and Theorem 7.6- -carry over without changes. Only the rules for reading terms
from the graph are different. hut they are natural generalizations of those for the
unary case. Thus we can aflirm that the problem of tinding bridges and hence also
the construction of the graph G is solvable in finite time.

We can therefore formulate the following general theorem:

Theorem 8.3. For any a.3 € P and for any tinite sct of equations E it is
effectively decidable whether E =, a = 3 holds.

The whole proof together with tue deciding algorithm is the same as for the unary

case (see Theorem 7.5).

9. COMPLEXITY FOR ARBITRARY SIGNATURES

Observe first, that the computational complexity is most heavily influenced by
the computational complexity of the algorithm for reading a term from the graph G
(Lemma 6.3) and of the algorithin for checking whethier two hraids have a common
term (Lemma 6.5). In the main theorem (the bridge theorem) we use in 1.2 and I
algorithms previously defined and estimated. while the algorithm used in I is in i<
essence the same as the algorithm of Lemma 6.4 i.c.. the algorithm seavching for a
term common to two braids. Thus. in order to estimate the complexity of all the
algorithms presented above we can just estimate the complexity of these two basic
algorithms.

Let j be the maximal arity of terms in Do, let & beo as before, the length of the
term read. Recall that n is the number of all terms in Dy.
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Lemma 9.1. For any signature. the cost of reading a term t from the graph G is
O(kn?) (i.c. the same as for a unary signature).

Proof. The algorithm, as we have stated above. is basically the same as for a
unary signature, suitably extended to all main subterms of the term ¢. The algorithm
for the unary case was recursive with recursion depth equal to the number of opera-
tion svmbols in ¢ (1.e.. k). Now we still have & operation symibols to be checked. but
the checking for the main subterms is performed in the same step of the procedure.
Thus the whole algorithm will have to perform A checkings again. Recursion is less
deep here, though in turn each step of the procedure is more complex. We are still
scarching for A operation svmbols with the corresponding edges, however. O

Lemma 9.2, For any signature, the cost of finding a common term for two braids
is O@j"n").

Proof. The algorithin solving this question is a natural extension of the al-
eorithm for the unary case. Recall that for the latter we used an algorithm for
scarching the graph in depth. applied to all pairs of vertices with the same external
operation symbol. The operation visit consisted in scarching a common neighbour
for a given pair. The problem is quite similar now. For cach visited pair of terms we
must check whether they have a common neighbour for each edge colour admissible
for this operation symbol. Both terms of the visited pair have the same external op-
eration symbol, so they also have the same arity and, consequently, the same colours
of outgoing edges. To each pair of main subterms without common neighbour the
recursion step is appliecd—unamely, a search for a common neighbour is performed for
cach pair of terms (with the same external operation symbol) which are at one-edge
distance from the given pair of terms. Finding a term common to two braids means
that one and the same term can be read from the graph starting from two different
vertices. In the worst case, this requires an application of the graph deptii-scarch
procedure to cach visited pair of terms.

Let’s estimate the cost of this algorithn. There are n? pairs of vertices .nd there
are jn? edges (j and noare as above). Thus there are j2n' pairs of cdges.  An
application of our graph depth-search procedure to one edge colour and to one pair
of vertices represents a cost of O(n? 4+ n'), just as for a unary signaturc. For cach
scanned pair we need to perforin j such processes— one for each colour. The number
of pairs of vertices being n?, the cost of the whole algorithm is

JntOm?* +n'y = 0@n").

The cost of the visit operation is O(jn?) for cach pair of vertices i.e., j times the

cost in the unary case. This operation is performed at most 1= times (for the same
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reason as in the unary case), so the cost of all visit operations is ©(j?n®). Therefore,
the total cost of the algorithm is

0>j*n®) + 0(jn®) = 0(j%n").

C

Knowing the cost of the algorithms, we can easily estimate the cost of constructing
the whole graph G as well as the cost of the final deciding algorithm for the theory
of weak equations. The cost of the algorithm of lemma 6.5 should now be replaced
by the value obtained in the last lemma i.e., ©(52n"). It can be seen, then, that the
cost of any of the other algorithms will increase by two orders of magnitude. Hence
the total cost of the algorithin deciding whether E =, p = ¢ is of the order ©(cn'?)
for some constant c.

All the algorithms above are only roughly described and feature one of the many
possible ways of getting answers to questions we formulate. Also all the estimations
of these algorithms are rather rough and in many cases excessive. It is important,
however, that such algorithms exist and that their complexity is rather low and al-
ways polynomial. The reader will certainly be able to find other algorithms, perhaps
more efficient, more subtle and much less expensive.

APPENDIX

For a better understanding of the problem I have written a program in Pascal,
which yields the set Dfﬂ for arbitrary terms and an arbitrary finite set of equations
introduced by the user. The signature is arbitrary. The construction of the set D,
follows its definition i.e., it is built level by level. The program is based on procedures
for deciding for any pair p,t € P of terms whether the equation p = t is in E, where,
as before, E is the closure of the initial set of equations E with respect to Birkhoff
rules (i)-(iv).

A copy of the program is available to anyone interested in the problem.
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