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Two distinct Mal’cev conditions for point regular varieties (which we shall call
Fichtner’s first and second theorems) were given in [Fic68] and [Fic70]. The latter
refines the former in that it replaces certain terms of unspecified arity by quaternary
terms, and the former is deducible from the latter. Consequently, the style of the
latter condition is generally considered preferable. Similar characterizations of con-
gruence regular, weakly regular and (most generally) subregular varieties may be for-
mulated in either of the two styles, e.g., [Csa70], [Wil70], [Hag73], [DMS87], [Dud87].
A subregular variety which realises either style of Mal’cev condition in n equations
is congruence n-permutable. In greater generality, [DMS87, Theorem 3.5] appears to
offer a converse, viz. that for any n, an n-permutable subregular variety must realise
the appropriate variant of Fichtner’s second scheme in at most n equations, making
the n-line scheme a Mal’cev condition for ‘subregular and n-permutable’ varieties.
For each n, similar Mal’cev conditions for n-permutable varieties with each of the
other regularity properties would follow.

We point out here, however, that [DMS87, Theorem 3.5] is false. There is there-
fore no satisfactorily proved Mal’cev characterization of even ‘point regular and n-
permutable’ varieties (for fixed n) in the literature, other than unwieldy conjunctions
of independent Mal’cev conditions for these two properties. The purpose of this note
is to provide such a result as a consequence of a more general Mal’cev character-
ization of ‘subregular n-permutable’ varieties (Corollary 5). It seems unavoidable
that the result be in the style of Fichtner’s first theorem, i.e., that it involve terms
of unspecified arity, but using n-permutability, we are able to replace the original
(2 4+ 2m)-ary Fichtner terms by (2 + m)-ary ones. We see no reason to expect an
analogue of our result in the style of Fichtner’s second theorem to be true, though
an example showing this would be hard to construct.
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[DMS87, Theorem 3.5] claims that for any integer n > 2, an (n + 1)-permutable
variety I satisfies a quasi-identity f1(Z) = 1(Z) & ... & fiu(Z) = gm(F) = r(Z) =
s(Z) (in variables ¥ = z1,...,,) if and only if there exist an integer £ < n — 1,
(p + 1)-ary terms t,..., ¢ and pairs (ui,v1),...,{(ux, o) € {{fi,g:): i =1,...,m}
such that K satisfies the identities

() = t1 (L, u1 (7)),
t;(Z,v;(%)) = tjpa (& uj41(%) (G=1,...,k=1),

tr(Z, vk (Z)) = s(T).

Over a variety, any such equational scheme certainly entails the quasi-identity, but
the converse is false. The congruence permutable variety of Boolean algebras satisfies
ANy = 0&y' Az =
t(z,y,u(z,y)) and y = t(z,y,v(z,y)), and therefore also u(z,y) =~ v(z,y) = = =
y, for some ternary term t, where (u(z,y),v(z,y)) € {(z' Ay,0),{y' Az,0)}. By
symmetry of the variables, Boolean algebras should satisfy 2’ Ay =~ 0 - =z = v,
which they do not.

An (n + 1)-permutable variety satisfying the aforementioned quasi-identity must

0 — @ = y. By the above claim, it should satisfy x =

also satisfy a scheme of k+1 equations of the above form for some k, by the arguments
given in [DMS87], but the example shows that the minimum number of equations
in such a scheme need not be bounded by the variety’s degree of permutability. To
correct this result, we need the following preliminaries.

Consider a variety K of algebras and an algebra A = (A;...) € K. Let 7 be a
binary reflexive relation on A, compatible with the fundamental operations of A.
We call 7 a tolerance (resp. a quasiorder) on A if 7 is symmetric (resp. transitive).
If a € A then {b € A: (a,b) € 7} is denoted by a/7. Let RefA, TolA and ConA
be, respectively, the lattice of all reflexive compatible relations on A, the tolerance
lattice and the congruence lattice of A. (All of these are ordered by set inclusion
and are algebraic.) We use RA, T4 and ©4 to denote, respectively, the algebraic
closure operators on the power set of A? associated with the algebraic closure systems
RefA, TolA and ConA. If X = {{(aj,b1),...,{an,b,)} C A%, we write RA(X) as
RA((a1,b1),...,(an,b,)) and R*({(a,b)) as R™(a,b); similar conventions apply to
TA and ©4.

For 7,n C A x A, we denote the relational product 7 o1 by ) and we define
0 = id4 := {{(a,a): a € A}, and 7" = 7["l7 (4 € w). The transitive closure

U 7™ of a tolerance 7 on A is just @A (7). The least positive n € w, if it exists,
new

such that 7" is a congruence for every 7 € TolA, is called the tolerance number of
A and is denoted by tn(A). We also write tn() = n if n is the least positive integer
such that tn(B) < n for all B € K.
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Lemma 1. Let a1,...,a,,01,...,bn,c,d € A.
(i) [Dud83] (c,d) € RA({a1,b1),...,{an,bn)) if and only if there is an n-ary poly-
nomial G on A such that c = G(ay,...,a,) and d = G(by,...,bn).
(ii) [Cha81] (c,d) € T ({a1,b1),.-.,(an,bn)) if and only if there is a 2n-ary poly-
nomial G on A such that ¢ = G(ai,...,an,b1,...,b,) and d = G(by,...,bn,
A1y .- Qn).

Theorem 2.
(i) [HM73], [CR83] A variety I of algebras is congruence (n+ 1)-permutable if and
only if tn(K) < n.
(ii) [Hag73, Theorem 1, Corollary 4] If n is a reflexive compatible binary relation
on an algebra A in a congruence (n + 1)-permutable variety K then nl is a

quasiorder on A and every quasiorder on an algebra in I is a congruence, hence
i is @4 (n).

Given a set X of variables, T = T(X) = (T'(X);...) denotes the term algebra and
F = Fg(X) = (Fk(X);...) the K-free algebra over X. Thus, F is the factor algebra
of T modulo the congruence that identifies all pairs of terms t,s € T(X) for which
K satisfies t &~ s. The image tF(z1,...,%,) € Fx(X) of t = t(z1,...,7,) € T(X)
is denoted by £ (so t € ). In particular, Fg(X) is freely generated by X := {z:
z € X}. The following result corrects [DMS87, Theorem 3.5).

Theorem 3. Let K be a variety and let f;,g;,7 and s be terms in variables
T=1z,...,2p, fori=1,...,m.

(a) The following conditions are equivalent:

(i) K satisfies the quasi-identity

H(@) = g1(2) & ... & frn(Z) = gm(T) = 7(T) = s(T).

(ii) For some positive integer k, there exist (2m + p)-ary terms t; ..., ts such that
for j =1,...,k —1, K satisfies the identities

(@) = (T, f1(D), ., fm(T), 91(), .., gm (D)),
t;(Z,01(Z), - - . gm (&), f1(E), - .., fm(T))
R ti1(Z, (@), fm(E), 91(2), . ., gm (E)),
tk(Z,91(2), - -, gm (), f1(Z), .. ., fm(T)) = s().

(b) Suppose that the equivalent conditions of (a) hold and that K is congruence
(n + 1)-permutable. Then we may choose k < n in (ii). More strongly, in this

.
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case, there exist a positive integer k < n and (m + p)-ary terms ti,...,t, such
that for j = 1,...,k — 1, I{ satisfies the identities

(&) = t1(Z, f1(Z),. .., fm(T)),
t(Z,91(Z), ..., gm () = tj11(Z, 1), ..., fm(2)),
( ’gl( )a agm(f))zs(i')

Proof. (a) (i) = (ii): Let T = Tg(Z) = (T;...) and F = Fg(Z1,...,Zp) =
(F;...). Since K is a variety, (i) clearly implies that \/ ©F(f;,g;) D OF(7,5). We
i=1 .

therefore have

(T_’ ,§> € GF(<.?11§1)7 fmagm) U T[]]

JEw

where 7 = T¥((f1,31),---+{fm,dm)). Choose k € w such that (7,3) € 7(¥. Note
that if K is (n + 1)-permutable then we can choose k¥ < n, since tn(K) < n, by
Theorem 2(i).

There exist &, ...,k € F such that ¥ = ¢y7¢;7...7¢ = 5. For j = 1,...,k, since
€j—1TCj, there exists, by Lemma 1(ii), a 2m-ary polynomial G; on F such that

(T) E]'—l = Gj(.?la"'y.?m’gla"wgm) a'nd E] :Gj(gla'-'»gm7:f11"'7im)'
Thus, there exist a (2m + ¢)-ary term s; and a;i,...,a;, € F such that
G; (dl,... dm,e1,. .,em)=sf(dl,...,dm,el,...,em,djl,...,djq)

for all d,& € F™. Choosing terms aj1,...,a5, € T with aj € aj; for all [, define a
(2m + p)-ary term t; by
ti(T1, . Tpy 21, ooy Zmy W, - W)

=8j(2z1,. s Zmy Wi, - o oy W,y @1 (T1, .., Tp), - oo Qjg(T1, - -2, Tp))-
We have
5@, T fE @1y Bp)s s R Bp), 0F (T Bp) o O (F15 -+ Bp))

—S?(fl?"'a.f"uglv'"7g1nydj1,---,a]‘q)
=Gj(.717"'1.?m7g11'"7g1n)

for j = 1,...,k, and the same is true if we interchange f; and g; for all 4. This,
together with (1), yields that F satisfies the identities of (ii). Consequently, all
algebras in K satisfy these identities.
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(ii) = (i) follows readily from the identities of (ii).

(b) We use the argument of (a) (i) = (ii), replacing 7 by n = R¥((f1,31),- -,
(fm,dm)) and using Lemma 1(i) rather than (ii), to obtain the equations of (b); note
that 5l is a congruence, by Theorem 2(ii), so we may choose k < n. Clearly, these
equations entail the quasi-identity of (a)(i). O

In fact the minimum length (taken over all K-quasi-identities) of the equational
scheme in Theorem 3(b) characterizes I’s degree of permutability, by the following
converse of 3(b). If for every K-quasi-identity as in 3(a)(i), there exist k¥ < n and
t1,...,tx such that K satisfies the equations of 3(b), then K is congruence (n + 1)-
permutable. For applying 3(b) to y =~ z — z = y yields K-identities z = t;(z,y,y),
ti(z,y,z) = tiv1(z,y,y) (i < k) and tx(z,y,z) ~ y. The Hagemann-style Mal’cev
condition for (k + 1)-permutability [HM73] is realised by K when we set ¢;(z,y,2) =
ti(z,z,y) (i < k).

We say that an algebra A is regular with respect to elements ai,...,an, € A
provided that for any 8,¢ € ConA, if a,/0 = a,/p for 7 = 1,...,n, then 0 = .
If g1,...,9n are unary terms, we say that A is regular with respect to gi,....,gn if
for any a € A, A is regular with respect to gf(a),...,g2(a). A variety K is called
regular with respect to gi,...,gn if all members of I have this property. An algebra
A (resp. a variety K) is called congruence regular if it is regular with respect to
the single unary term g(z) = z, i.e., any congrueuce on A (resp. on any B € K) is
determined by the congruence class of any element of A (resp. B). An algebra A
(resp. a variety K) is called weakly regular if it is regular with respect to a finite set
of unary terms g, that are essentially nullary, by which we mean that A (resp. I)
satisfies g.(z) = g.(y) for each . In this case, if we define nullary 0, = g.(z) for
each r, we say that A (resp. IX) is weakly regular with respect to Oy, ...,0,. Finally,
A (resp. K) is called point reqular with respect to 0, or just O-regular, if it is weakly
regular with respect to a single equationally defined constant term O.

Corollary 4. (a) The following conditions on a variety I{ with unary terms
g1,---,9n are equivalent:
(i) K is regular with respect to gy,...,Ggn-
(ii) For some positive integer m, there exist ternary terms py, ..., pm and a function
r — i, from {1,...,m} to {1,...,n} such that I satisfies

pl(way7z) ~ gil(Z)&pQ(.’B,y,Z) =~ giz(z)& s &pm(x»yvz) ~ gi,,.(z) cTRYy.

(iif) For some positive integers m, k, there exist ternary terms p, . . ., Pm, (m+3)-ary
termsti,...,t and a functionr — i, from {1,...,m} to{1,...,n} such that for
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j=1,....,k—1andr =1,...,m, K satisfies the identities p-(z,z,2) = g; (z)

and

T~ tl(wv Y,2,9i, (2)7 -84, (2))7
(*n) tJ(:L‘) y,Z,p1(l‘, y,Z), cee vpm(x7yaz)) ~ t_‘H—l(T'» Y,2,9i, (Z), <o Gy, (Z)),
tk(x,y,Z,Pl(x,%z)a cee vpm(l" y,z)) Y.

(b) If the conditions of (a) hold then the smallest positive integer k for which (x),
holds is the tolerance number tn(K) of K, i.e., it is the smallest k such that I is
congruence (k + 1)-permutable.

Proof. (a) (i)« (ii) is essentially [DMS87, Theorem 2.2] and (iii)=(i) is obvi-
ous.
(if)=(iii) By [DMS87, Theorem 3.9], any variety satisfying a quasi-identity of the
form
fl(z,y,é') ~ gl(xry»z)& o &fm(JI"yaz) ~gm(z,y,%) 2z Ry,

as well as the identities f,(z,z, %) = h.(2) = g.(2, z, Z), for suitable terms f,, g, and
(unary) h, (where Z abbreviates z, 2, .. ., z) is congruence modular and congruence n-
permutable for some integer n > 1. Clearly, we have a special case of these conditions
here, so the result follows from Theorem 3(b).

(b) It suffices, by Theorem 3, to show that I is congruence (k + 1)-permutable.
Let

g;(z,y,2) = tj(z,2,2,p1(y,2,2), ... ,pm(y,2,2)) (1<j<k)

and observe that K satisfies the Hagemann identities [HM73] for congruence (k + 1)-
permutability:

z = q(z,9,9); ¢i(z,2,9) = ¢ (z,y,y)for j=1,... k- 1; q(z,z,y) = .

O

Varieties that satisfy the conditions of Corollary 4(a) for some unary terms
g1,---,9gn are characterized in several different ways in [DMS87, Theorem 2.2], e.g.,
they are just the varieties K such that for every A € ¢ and any subalgebra B of A,
every congruence 6 on A is determined by {b/6: b € B}. (See [Dud87, Theorem 1]
also.) Such varieties are called subregular.

Corollary 5. For each positive k, a variety K is subregular and (k+1)-permutable
if and only if for some positive n, m, there are unary terms g, . .., gn, ternary terms
Dly---»Pm, (M + 3)-ary terms t,,...,t; and a function r — i, from {1,...,m} to
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{1,...,n} such that for j =1,...,k—1 andr = 1,...,m, K satisfies p,(z,,2) =
gi, (z) and the identities of (x)y.

Requiring n = 1 and ¢1(2) = z in Corollary 5 amounts, for each k, to a Mal'cev
condition for (k+1)-permutable congruence regular varieties. If each g.(z) is required
to be an equationally defined constant 0, and we replace z by y and the p,.(z,y, z) by
binary d,(z,y) throughout the argument, we obtain a Mal’cev condition for weakly
regular (k+1)-permutable varieties. The further requirement n = 1 refines Fichtner’s
first theorem [Fic68, Theorem 2] as follows: for each k, a variety K with constant 0
is O-regular and (k + 1)-permutable if and only if for suitable terms, it satisfies

z = t(z,y,0,...,0),

(* ) tj(x:yvdl(xay)’- .- ,dm(x,y)) ~ t]’+l(17y,0‘ .- 70)
G=1,....k—1),
tk(xvyvdl(zvy)v‘ .. »dm(xvy)) =y

and d;(z,z) = 0 (¢ = 1,...,m). Sharpening Fichtner’s second theorem similarly in
the presence of n-permutability (for some n) yields a scheme whose line j — 1 is the
more elegant t;(z,y,d;(z,y)) = tj+1(z,y,0) but there seems no reason to hope that
such a scheme can always be found involving no more equations than the variety’s
degree of permutability. Point regular (k + 1)-permutable varieties which are not
k-permutable exist for each £ > 1 [BR].

Enriched groups and quasigroups are standard examples of congruence permutable
congruence regular varieties. Here are some examples of point regular varieties which
illustrate () less trivially.

A BCK-algebra [IT78] is an algebra A = (A;=,0) of type (2,0) satisfying the
axioms

(1) (z=y)=(z=2))=(2+y) = 0,
(2) -0 =,

3) 0~z =0,

(4) (z-y=0)& (y=z=0) » az=~y.

The quasivariety of all BCK-algebras is not a variety [Wro83]. It satisfies z~z = 0
and (z+y)=~z = (z=z)+y; we shall omit brackets from expressions (a~b)=-c. Any
variety I{ of BCK-algebras is O-regular, 3-permutable [Idz83], not congruence per-
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mutable (unless trivial) and satisfies

r~z-0-...=0,
(5) z=up(z,y)= ... ~up(z,y) = y=vi(z,y)= ... ~vs(z,y),
y=0=-...=0=y

for some terms u;, v; such that all BCK-algebras satisfy ui(z,z) = 0 = v;(z,z)
[Idz83], [BR95]. We interpret (5) as a case of (¥) by setting k = 2, m = p + g,
di =u; (I <p),dptj=v; (1<) <q),ti(z,y,2) =a+2z1~... =2, and t2(2,y,2) =
y=[vi(z,y)=zps1] = ... ~[vg(@,Y) ~2p4q) (Where Z = z1,...,2p14). A more complex
realization of (x) with m = 2, d,(z,y) = =y and d»(x,y) = y=z is also possible. In
the variety of commutative BCK-algebras, the central equation of (5) takes the form
z=(z+y) = y=(y=2).

An algebra A = (A;~,V (resp. A),0) of type (2,2,0) is called an upper (resp.
lower) BCK-semilattice if (A; ~,0) is a BCK-algebra whose underlying partially
ordered set, defined by a < b iff a=b = 0, is an upper (resp. lower) semilattice with
join (resp. meet) operation V (resp. A). The class BCK" (resp. BCK") of all such
algebras is a O-regular variety [Idz84a], [[dz84b]. The most useful identities of BCICY
and BCK” arise from the fact that z=(z=y) is a lower bound for both z and y in
any BCK-algebra. The variety BCK" is congruence permutable. A realization of (*)
is given by z-z = 0 and

z = (2=0) vV (y=(y=2)),
(#=(z=y) Vv (y=0) = y.

Here, k =1, m = 2, di(z,y) = ©~y, ds(z,y) = y=z and t;1(2,y,21,22) = (x=21) V

(y=(y=z+22)).
The variety BCK” is 4- permutable and not 3-permutable [Raf94] so its realizations
of (%) necessarily involve at least four lines. One such realization is:

T =20,
z=(z=y) = [z=(z=y)] A (y=0),
@) A y=(y=z)] = y=(y=2),
y=-0=y.
Here, k = 3, m = 2, di(z,y} = z=y, do(z,y) = y=z, t1(z,y,21,22) = T2,
ta(z,y, 21,22) = [z {z=y=21)] A {y=22) and t3(z,y, 21, 22) = y=(y=x=22).
We do not know whether corresponding realizations of Fichtner’s second theorem

for BCK™ and for arbitrary varieties of BCK-algebras are achievable in the same
numbers of lines.
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