Czechoslovak Mathematical Journal

Beloslav Rie¢an; Marta Vrabelova
The Kurzweil construction of an integral in ordered spaces
Czechoslovak Mathematical Journal, Vol. 48 (1998), No. 3, 565-574

Persistent URL: http://dml.cz/dmlcz/127436

Terms of use:

© Institute of Mathematics AS CR, 1998

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127436
http://dml.cz

Czechoslovak Mathematical Journal, 48 (123) (1998), 565-574

THE KURZWEIL CONSTRUCTION OF AN INTEGRAL
IN ORDERED SPACES

BELOSLAV RIECAN, Bratislava, MARTA VRABELOVA, Nitra

(Received December 30, 1995)

Abstract. This paper generalizes the results of papers which deal with the Kurzweil-
Henstock construction of an integral in ordered spaces. The definition is given and some
limit theorems for the integral of ordered group valued functions defined on a Hausdorff
compact topological space T with respect to an ordered group valued measure are proved
in this paper.
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INTRODUCTION

Let us recall the definition of the Kurzweil integral of a real function.
A function f: (a,b) — R is integrable in the Kurzweil sense if there is ¢ € R such
that for every € > 0 there exists a function §: (a,b) — (0, 00) such that

for every partition D = {(E;,t;), i = 1,2,...,n}, where F1, Es, ..., E, are nonover-
n

lapping closed intervals with |J E; = (a,b) and t; € E;, E; C (t; — 6(t;), t; + (L))
i=1

fori=1,2,...,n.
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We say that § is a gauge on (a,b) and the partition D is 0-fine. The set of all
0-fine partitions we denote by 27 (0).

When the range X of the function f is only partially ordered, the e-technique is
replaced by the double sequence technique working in the weak o-distributive vector
lattices.

A conditionally o-complete vector lattice (lattice ordered group) X (that is, every
bounded sequence (a;); C X has the supremum \/ a;) is called weakly o-distributive,

K3
if for every bounded double sequence (a;5);; C X such that a;; | 0 (j — oo,

/\ \/aw(i) =0.

peNN i

i=1,2,...) we have

The equality |x| = 2V 0+ (—z) V 0 holds for = in a lattice ordered group X.

The definition of the Kurzweil integral of a function f: (a,b) — X was introduced
and some properties of the integral were proved by Riecan in [7]. A limit theorem for
uniformly convergent sequences of Kurzweil integrable functions is proved in [8] and
the limit theorem for monotone and with a common regulating sequence convergent
sequences is obtained in [11].

The Kurzweil integral of a function f: T' — R, where T is a Hausdorff compact
topological space was defined in [6]. Now, the gauge is a function §: T — 27, where
d(t) is a neighbourhood of ¢. A partition D = {(FE;,t;), ¢ = 1,2,...,n} is a §-fine
P-partition of T', if E; and E; have no common interior points for ¢ # j, CJ E;, =T,

i=1

E; C 6(t;), t; € B; and E; € & for i = 1,2,...,n, where & is a family of Borel
subsets of T'.

If 7 (T) is the set of all neighbourhood gauges, & is the o-algebra generated by
the family of all compact subsets of T and &7 (§/F, &) is the set of all §-fine -
partitions D of E € &, then &/ (0/E, ) # () for every § € % (T) or § € % (F)
and every E € & (see 9], Lemma 1 and Remark 2). In general we do not need all
neighbourhood gauges and all Borel subsets. (Haluska has written about it in [3].)

In the case when f: T — X and L(X,Y) is the set of all linear continuous or
regular operators from X to Y (X,Y are some vector lattices), the Kurzweil integral
of f with respect to L(X,Y)-valued measure can be found in [9] and [3].

The Kurzweil integral of f: T — X with respect to a Y-valued measure was
applied by Szaz in [10]. Szaz supposes that X,Y and Z are normed spaces which are
equipped with a bilinear map (z,y) — ay from X x Y into Z. Now, the Riesz space
will take the place of the normed spaces. We will define the Kurzweil type integral of
lattice ordered group valued functions defined on T" with respect to a lattice ordered
group valued measure.
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DEFINITION AND ELEMENTARY PROPERTIES OF THE KURZWEIL TYPE INTEGRAL

First we shall list assumptions concerning the range spaces X, Y, Z, the domain
T and a given measure yu: . — Y.

Assumptions 1. X, Y, Z are assumed to be Abelian lattice ordered groups,
moreover Z being conditionally o-complete and weakly o-distributive. Further, a
mapping b: X XY — Z is given satisfying the following conditions:

(i) b(x1 + z2,y) = b(z1,y) + b(z2,y) for every z1,20 € X,y €Y.

(ii) b(z,y1 +y2) = b(z,31) + b(x, y2) for every x € X, y1,y2 € Y.

(i) fzeX,yeY, x>0,y >0, then b(z,y) > 0.

(ivyfzx,e X (n=1,2,...),ye Y,y >0and z, | 0, then b(z,,y) | 0.

(

Ve, e X,y €Y, 2, 20,9, 20(n=12,...)and \/ z,, V yn exist, then

n=1 n=1

\n/b(wn,yl) = b<\n/xmyl>’\n/b(xl’yn) = b<3«"1»\n/yn)~

In the sequel we will write z - y or zy instead of b(z,y).

Examples. 1. Let X,Z be Riesz spaces, Y = L(X,Z) the space of linear
positive mappings from X to Z. Then the mapping b: X X Y — Z defined by
b(z,y) = y(z) is a biadditive map.

2. Let X be a Riesz space, Y = R, Z = X, b(z,y) = z -y (scalar multiplication).

3. Let Y be a Riesz space, X =R, Z =Y, b(z,y) = x - y (scalar multiplication).

Assumptions 2. We consider a Hausdorff compact topological space T', a
subfamily & of Borel subsets of 7' and a subfamily % (T') of neighbourhood gauges
n on T such that o7 (n/E, P) # 0 for every n € % (T) and every E € &. Finally a
measure p: . — Y is given, i.e., such a mapping that the following conditions are
satisfied:

(i) & is the o-algebra of Borel subsets of T', i.e., the o-algebra generated by the
family of all compact subsets of T.

(ii) w(E) > 0 for every E € .&.

k k
(iii) ,u( U En) = > w(Ey,) whenever En,...,Ey € ., E; and E; have no com-
n=1 n=1

mon interior points (i # j).

(iv) w is regular in the following sense: For every E € . there exists a bounded
sequence (ank)nk CY, ank | 0 (k — 00, n =1,2,...) such that for every p: N — N
there exist a compact set F' and an open set U such that F C F C U and

U\F \/ aw(z)
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Definition 3. Let f: T'— X be any mapping, x: . — Y a regular measure,
D ={(E1,t1)...,(En,t,)} a partition, F1,..., E, € &. Then we define

S(f,D) = Zf(mu(Ei).

The function f is integrable (with respect to w), if there exists z € Z and a bounded
double sequence (ank)nk C Z, ank | 0 (K — oco,n = 1,2,...) such that for every
@: N — N there exists n € % (T') such that

|S(f7D)—Z‘ < \/aiap(i)
=1

for any D € o/ (n) (= & (n, P)).

The element z from Definition 3 is determined uniquely (for the proof see [9],
Lemma 6) and z will be denoted by [ fdu. It is no problem to prove the following
elementary properties of the integral (see [9], Theorem 7, Theorem 8):

(i) If f,g: T — X are integrable, then f + g, f — ¢ are integrable and

Jraau=[raus [gan [r-9an= [ ran- [gan

(ii) If f: T — X is integrable and f(t) > 0 for every t € T, then [ fdu > 0.

Definition 4. A mapping f: T' — X is integrable on a set £ € &2, if there
exist z € Z and a bounded sequence a,; | 0 (k — oo, n = 1,2,...) and for every
@: N — N there exists n € % (T') such that

ISe(f,D) — 2| < \/aiga(i)

whenever D € &/ (n/E), where Sg(f,D) = > f(t;)u(E;). The element z will be
i=1
denoted by [, fdp.

The proofs of the following propositions are the same as the proof of Lemma 11,
Theorem 12 and Theorem 13 of [9]. From now on the space Z is assumed to be
conditionally complete (i.e., every bounded subset of Z has the supremum).

Proposition 5. (Cauchy-Bolzano condition.) A mapping f: T — X is inte-
grable on E € & if and only if the following condition is satisfied:
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There exists a bounded sequence (ank)nk C Z, ank | 0 (k — 00,n=1,2,...) and
for every ¢: N — N there is n € % (T') such that

|SE(f, D1) — Se(f, D2)| < \/aw(i)

for all D1, D5 € o/ (n/E).

Proposition 6. IfE F,G € &, E=F UG, F and G have no common interior
points and f: T — X is integrable on E, then f is integrable on both F' and G, and

/Efdu:/pfdu+/Gfdu-

Proposition 7. If f: T — X is a simple measurable function f = > xpg,:,
i=1
E, e (i=1,2,...,n), E;NE; =0 (i #j), then f is integrable and

/ fdu=3 wu(E
=1

LIMIT THEOREMS
Theorem 8. (Henstock lemma.) Let g: T — X be an integrable function. Let

(ai;)i,; be such a bounded sequence with a;; | 0 (j — o0, i =1,2,...) that for every
@: N — N there exists n € % (T') such that

’/gd:u S g> ‘ \/aup(

for every D € o/ (n). Then for every D € o/(n), D = {(E;,t;),s = 1,2,...,n} and
every a 0, « C {1,2,...,n} we have

Z/ gdu—>Y_g(t:)

[4e 1€

Ei)| < \/ Qip(i)-

Proof. It is the same as the proof of Lemma 2 of [11]. O
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Definition 9.  We say that f, — f converges with a common regulating se-
quence (w.c.r.s.), if there exists a bounded (a;j); ; with a;; | 0(j — 00,i=1,2,...)
such that for every ¢: N — N and every t € T there exists p = p(t) such that

|fn(t) = f(B)] < \/azap(z)

for any n > p.

Theorem 10. Let (f,)n be a sequence of integrable functions. Let one of the
following assumptions (A or B) be satisfied:

(A) The sequence (fy,)n has uniformly regulated integrals, i.e., there exists a triple
sequence (an;;) satisfying the following properties:

(i) (am-j)ij is bounded for every n and ani; | 0 (j — 00).

(ii) Z \/ Unig(i+nt1) 15 bounded for every ¢: N — N.

n=11i=1

(iii) For every ¢: N — N and every n there is n, € % (T) such that

’/fndﬂ_s(fnaD) < \/am’tp(iJrnJrl)

for every D € o/ (n,,).

(B) There is a € Z such that |S(fi, D) — [ frdp| < a for every k € N and every
partition D.

If f,, — f converges with a common regulating sequence, then there is a bounded
sequence (b;;); ; with b;; | 0 such that for every p: N — N there isn € % (T') such

that
’/fnd:u S fna \/bup(z

for every D = {(Ej,ti), k = 1,2,...,n} € ,527(7]), everyl € N and every n € N,
n > 1, where F,, = |J Ek.

p(te)=m

fn)dM’

Proof. By the w.c.r.s. convergence there is a bounded sequence (a;;);,; with
a;; | 0 (j — 00,4 =1,2,...) such that for every ¢: N — N and every ¢t € T there
is p(t) € N such that

[nt) = S ()] < i

for every n,m > p(t). Since f,, is integrable, there is ap;; | 0 (j — 00,7 =1,2,...)
such that for every ¢: N — N there is 1, € % (T') such that

’/fndﬂ_s(fnaD) < \/am’tp(iJrnJrl)
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for every D € </ (n,). Put

T](t) = T]l(t) n...N Mp(t) (t)

Then n € % (T). Let D € «/(n), D = {(E1,t1),...,(Es,ts)}. For an arbitrary
l € N, fix n > [. By the Henstock lemma (Theorem 8)

> neuE) - % [

p(tx)=n p(ty)=n " =k

(%)

In d,u‘ < \/ Onip(itn+1)-
i

By the same lemma

S fultouE) - Y fmdulg\_/amwmm.

p(ty)=m pti)=m "’ B
Therefore
S fultud Zu/nw
p(tr)<n p(tr)<n Ex
Do Falt)r(Br) = D fogen () Ex)
P(tk <” p(tk <7L
n—1
+Z:§:me Zj tmmFEZ/(mnmA
m=l'p(t;)=m p(te) m=t!" Fm
n—1
< D falte) = Foen) EIED) + Y\ @migimsn)
P(tk)<’n m=1 i
— fn) du‘
n—1
\/aww 1D DAVZSHPES o RIASTALY
m=1 1 =l m

Put blz’j = aiju(T), bm]‘ = Qn—14j (n = 2,37 .. ) By (*) and (**) we obtain

’fm /fndM’ SV b

m=l 1

— fn) dM’-

Moreover, by the assumptions (A) or (B) there is ¢ € Z such that

o e
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for every n € N and every D € o7/ (n). Now by the Fremlin lemma ([11], Lemma 1),
there is a bounded sequence (b;;);; with b;; | 0 (j — o0, i =1,2,...) such that

cA Z \/bmiga(i-‘rm-‘rl) < \/bw(iy

m=1 1

O

Theorem 11. Let (f,)n be a sequence of integrable functions. Let (f,), have
uniformly approximable integrals, i.e. there is a bounded (b;;) with b;; | 0 (j —
00, © = 1,2,...) such that for every ¢: N — N there is n € % (T) such that
| [ fndp = S(fn, D)| <\ biyg) for every D € o/(n) andn € N. Let f, — f with a

common regulating sequence. Then f is integrable and [ f, dp — [ fdu.

Proof. The proof is similar to the proof of Lemma 3 of [11]. It is proved
there that [ f, du — [ fdp with respect to a double sequence, but this convergence
implies the o-convergence in weakly o-distributive groups (see [2], Proposition 1).

O

Theorem 12. (Levi.) Let (fn)n be a sequence of integrable functions, let
([ frndp)n be bounded, f, < fot1 (n=1,2,...), fn — f with a common regulating
sequence. Let (f,), have uniformly regulated integrals (condition A in Theorem 10).

(oo}
/fdu= \//fndu-
n=1
Proof. By Theorem 10

’/fndu S(faD ‘ Ve ‘/ (fm —fn)dM’

forn >1,1 € N. Since f; < fm < fn, we obtain

Then f is integrable and

n—1

n—1
mZ/F (fmfn>du]< ;/Fm(fnfz)du</(fnfz)du
where F, = |J FEk.

—1/Fm
- ’/fndu—/fzdu,
p(tp)=m

Since (J fndp)s is bounded and increasing and Z is o-complete (evenly complete),

\/ [ fndp exists. Therefore [ f,du— [ fidu — 0 as n,l — oco. It follows that
=1

Theorem 11 is applicable. O
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Theorem 13. (Levi). Let (f,). be a sequence of integrable functions, f,, < fn+1
(n=1,2,...), fn — f with a common regulating sequence. Let f and f; be bounded.
Then f is integrable and

/fd;z:zl/fndu-

Proof. The same as in Theorem 12, only the assumption B in Theorem 11
must be used instead of the assumption A. O

Theorem 14. (Lebesgue.) Let (f,)n be a sequence of integrable functions, h a
bounded integrable function such that |f,| < h for all n. Let f,, — f with a common
regulating sequence. Then f is integrable and [ f,du — [ fdpu.

Proof. Again we use Theorem 11. Put (for j < k)gje = V  |fa — fml.

jsm<n<k

Then g, 1 g; (k — 00). By Theorem 13, g; is integrable and [ g; du =\ [ g;x du.
E
Since g; | 0, using again Theorem 13 we obtain [ g;du | 0. Therefore

n—1 n—1
Z/ (fm = fo)dp < Z/ gzdulé/gzdw
m=l" Fm m=1"Fm

Again Theorems 10 and 11 are applicable. O

Theorem 15. (Uniform convergence.) Let (f,)n be a sequence of integrable
functions converging uniformly to f, i.e., there exists a sequence (an)n C Z, an | 0
such that |fn(t) — f(t)] < ayn for alln € N and allt € T. Let f be bounded. Then

f is integrable and
/ Jndp — / fdp.

Proof. Let cbe an upper bound of |f|. Then |f,(¢)| < |fn(t) — F(E)] + |f ()] <
a1 + c. Moreover,

[S(fas DI < D 1f () (Ex) < en(T).

k

Therefore Theorems 10 and 11 are applicable. O
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