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OSCILLATORY AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS
OF HIGHER ORDER DAMPED NONLINEAR DIFFERENCE
EQUATIONS

E. THANDAPANI and R. ARUL, Tamil Nadu

(Received August 5, 1996)

Abstract. The asymptotic and oscillatory behavior of solutions of mth order damped
nonlinear difference equation of the form

A(anAmflyn) +pnAm71yn + qnf(ya(nerfl)) =0

where m is even, is studied. Examples are included to illustrate the results.
MSC 2000: 39A12
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1. INTRODUCTION

The problem of determining oscillation criteria for difference equations has been
the subject of intensive investigations in the last few years, see for example [2-3,
6—18] and the references cited therein. We refer particularly to [2, 3, 12, 13, 16—
18] in which oscillation theorems for higher order nonlinear difference equations are
presented. Following this trend, in this paper we are concerned with the oscillatory
and asymptotic behavior of the m!" order nonlinear damped difference equation of
the form

(E) A(an A" ) + P A" Yo+ Go f (Yo(nim-1)) =0, n €N

where m is even, n € N = {0,1,2,...} and A is the forward difference operator
defined by Ay, = yn+1 — yn and Ay, = A(A*"1y,), 1 <i < m. The real sequences
{an}, {pn}, {gn}, {o(n)} and the function f satisfy the following hypotheses:
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(H1) an >0 with Aa, > 0 and {p,} and {g,} are given infinite sequences such that
pn = 0 and g, > 0 for all n > ng € N,

(Hz) {o(n)} is a given monotonic increasing sequence of integers such that o(n) — oo
as n — oo;

(Hs) f: R — R = (—o00,00) is continuous and nondecreasing such that uf(u) > 0
for u # 0.

By a solution of equation (E) we mean a real sequence {y,} satisfying equation
(E) for all n € N. A solution of equation (E) is said to be oscillatory if it is neither
eventually positive nor eventually negative. Otherwise it is called nonoscillatory.

Our purpose in this paper is to obtain sufficient conditions for all solutions of equa-
tion (E) to be oscillatory. Thandapani and Sundaram [14] have recently considered
a special case of equation (E)

(E1) A" + qnf(Yn—0,) =0, 1 =mng

where {¢,} is an eventually positive sequence. Our results include, as special cases,
known oscillation theorems not only for equation (E;), but also for several other
particular difference equations considered in [1]. Further, our results generalize those
in [10, 11]. Finally, we remark that the motivation of this paper comes from [4, 5].

2. MAIN RESULTS

In the sequel, we need the following two lemmas of which the first can be found
in [18] and the second in [1].

Lemma 1. Let {y,} be a sequence of real numbers defined in N. Let {y,} and
{A™y,} be of constant sign with A™y,, being not identically zero on any subset of
the form {ny,n1 +1,...} of N. If

Yn A" yn <0,

then
(i) there is a natural member ny > ny such that the sequence {AJy,}, j =
1,2,...m — 1 is of constant sign on {nq,no +1,...}.
(ii) there exists a number | € {0,1,2,...m — 1} with (—=1)™~!=1 =1 such that

YnDNy, >0 for j=0,1,2,...1, n > no,
(—1) Y, Ay, >0 for j=1+1,...m—1, n>ny.
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Lemma 2. Let y, > 0 and A™ 'y, > 0 be defined for n > ng € N with
A"y, < 0 for all n > ng, and not eventually identically equal to zero. Then there

exists an integer ny > ng such that
(n —mny)m=b

Yn = WAm_lyszkln

for n > ny, where | is defined in Lemma 1 and (n — ny)"™~1) is the usual factorial

notation.

Remark 1. Observe that under the hypotheses of Lemma 1, if {y,, } is increasing,
then

1 n (m—1) _
Yntm—1 2 W(F) Ay,

for n > 2™ 1n;.

Theorem 1. Suppose that

(1) an —pn >0 for n>=ngeN,
and
oo
(2) I _ o
n=no an+1

Further assume that there exists a positive real sequence {3,} such that
(3) ABL <0, A(pnfnt+1) <0 and A(a,AB,) =0

for allm > ng € N. If

(4) Z qnﬂn+1 =00

n=no
and .
o0 1 n—
qss ) =00
TL:ZTLO an/@n (S—Z’no +1

hold then every solution of equation (E) is either oscillatory or tends to zero monoton-
ically as n — oo.

Proof. Let {y,} be anonoscillatory solution of equation (E) which is eventually
of constant sign. Without loss of generality we may assume that y,, > 0 and y,(,,) > 0
for all n > ng € N, since the proof for the case y,, < 0 for n > ng is similar. Now we
consider the following cases for the behavior of {A™ 1y, }.

151



Case 1. Suppose {A™ 1y, } is oscillatory. Then there exists an integer ny > ng
such that
Ay, <0 or A™ly,, =0.

First we consider A™ 1y, < 0. Now equation (E) implies

A(an1Am71yn1) = 7pn1Am71yn1 —dny f(ya'(nl—i-m—l))
< 7pn1Am71yn1

since —qn, f(Yo(ni+m-1)) < 0. Hence
an1+1Am71yn1+1 - anlAmilynl < 7pn1Am71yn1
or

an1+1Am_1yn1+1 < (anl _pnl)Am_lynl <0.

Thus we get
Amilyn1+1 < 0.

By induction we obtain
Am_lyn <0 forall n > n;.

Next, consider A™ 1y, = 0. Then equation (E) implies A™ 1y, 1 < 0 and we ob-
tain as above A™ 1y, < 0 for alln > n;. Hence in both cases, we obtain A™ 1y, < 0
for all n > n; which however contradicts the assumption that {A™ 1y, } oscillates.
Thus {A™ 1y, } is eventually of fixed sign.

Case 2. A™ 1y, > 0 for all n > n; for some integer n; > ng € N. Using
(Hy)—(Hs), it follows from (E) that
A1 A" Y + Dany A"y = —p ATy, — InfWYo(nem-1)) <0 for n>n;.
Hence we have
A™y, <0 for n>n;.

Now from Lemma 1, we have (here [ is odd and 1 <1< m —1)
Ay, >0 and Ay, >0 for n>ng.

Define
ﬁn Un

— " where v, = a, A" y,.
f(ya(n-i-m—Q)) " " "

Zn =
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Note that z, > 0. Then for n > n; we have

pnﬂn+1Am71yn
( ) * f(ya(nerfl))

Vn AB, UnﬂnAf(ya'(n—i-m—Q))

f(ya(nerfl)) f(ya(n+m72))f(ya(n+mfl)) .

From the hypotheses and condition (3) we obtain
Azp, < —@nfny1 for n>=n;g.

Summing the above inequality from n; to n, we have

n

Z qsﬁs—&-l < Zny = Zntl K Zpy < 00,

S=n1

which contradicts (4).

Case 3. A" 1y, < 0 for n > n; for some integer n; > ng € N. For m > 4 we
have from Lemma 1 either

(7) Ayn, >0, APy, >0
or
(8) Ay, <0, A%, >0

for n > ny. Suppose (7) holds. Let L = lim y,(nqm—1)-

Then, since o(n +m — 1) — oo and y, and Ay, are increasing for large n, we
have L = oo. Since f is nondecreasing, there exists an integer no > n; such that
fWo(ntm—-1)) = A, n = ny for some A > 0. Now, from equation (1), we get

1A i1 < (an — pp) A" My — Agn,  m=ma,

which in view of (1) leads to

Aqn,

9) A"y < =5, n =g
An+1
Summing (9) from ns to n — 1, we obtain
n—1 q
(10) A2y AT Py, 0 — A Z p —.
S=no s+1
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By (3), the right hand side of (10) tends to —oo as n — oo. Thus, there exists an
integer ng > ng such that

AmiZy'nA,l <0 for n=>ngs,

which implies that y, — —o0 as n — oo (see, Lemma (1.7.10 [1])). This contradicts
the assumption that {y,} is eventually positive. Thus condition (8) is fulfilled. For
m = 2, we automatically have Ay, < 0 for n > n;. Hence we have for m > 2,
Ay, < 0 for all n > ny. Since y, > 0 for n > ng € N, it follows that

lim y, =0, b=>0.
n—oo
We claim that b = 0. To prove it, assume b > 0. Define
Up = BpanA™ ty, for n>ng.
We then obtain for n > ny

Auy, = _ﬂn+1pnAm71yn - ﬂn—i—lqnf(ya(nerfl)) + anAmilynAﬂn-

Hence for all n > nq; we have

n—1 n—1
(11) Up = Un; — Z ﬁs+1psAm_1ys - Z ﬁs—&-lqsf(ya(ermfl))

s=n1 s=mni1

n—1
+ 3 a.AgA™ Yy,

sS=n1
n—1 n—1
= Up; — Z ﬁs+1psAm_1ys - f(ya(nerfl)) Z qsBs+1
s=nq s§=n1
n—1 s n—1
+ Z Af(yo(s-‘rm—l)) Z qtBe+1 + Z asAﬁsAm_lys~
s=n t=n s=n1

Since {yn } is positive decreasing and f is nondecreasing, we have Af (Yo (n4+m—1)) <0
for all n > n;. Then we have from (11)

n—1 n—1 n—1
Un S Uny — Z ﬁs+1p3Am_1ys - f(ya(ner—l)) Z qsBs+1 + Z asAﬁsAm_lys.
S=n1 s=n1 s=n1

Now using condition (3), summation by parts and the fact that A™=2y, < 0 we
obtain

n—1

Up < Up, +pnlﬂn1+1Am_2yn1 - f(b) Z QSﬁs—&-l - anlAm_Zynl-

S=n1
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So, for every n > ni, we have
n—1
up < M — f(b) Z qsBs+1
sS=n1

where M = Upn, + Doy By 118" %Y, — any AByy A™ 2y, . By assumption (4), there
exists an integer ns > ny such that

b n—1
Un < —@ > qBa for n=mn,.
S=ns2
Thus
n—1 f(b) n—1 1 s—1
Z ATy, < 5 Z ap Z qtBis1-
sS=ng sS=ng sHs t=no

This, in view of condition (5), leads to
A" 2y, — —0co as n — 00,

which in turn implies y, — —0o as n — oo (see Lemma 1.7.10 [1]). This contradicts
the assumption that ¥y, > 0 for all n > ng € N. This completes the proof of the
theorem. O

Remark 2. When m = 2 and o(n) = n, Theorem 1 reduces to Theorem 1 given
in [10].

Example 1. The difference equation

6(n + 3)*
(E2) A(n(n+1)(n+2)(n+3)A%,) +n(n+1)A3y, + %ygw =0, n>1
satisfies all conditions of Theorem 1 when 3,, = m and hence every solution

of equation (Ez) is either oscillatory or tends to zero monotonically as n — co. In
fact, equation (E3) admits a solution {y,} = {1/n} — 0 monotonically as n — oo.

Theorem 2. Let conditions (1), (3)—(5) hold. Then every bounded (all) solu-
tion(s) of equation (E) is (are) oscillatory when m > 4 (m > 2).

Proof. The proof is similar to that of Theorem 1 except Case 3. In this case if
we take into account the boundedness of solutions of equation (E) for m > 4, then
condition (8) holds for m > 2. The rest of the proof is similar to that of Case 3 and
hence the details are omitted.

Next, we study the oscillatory behavior of equation (E) using the following lemma,
which is a discrete analogue of Lemma 3 of Grace and Lalli [4]. g
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Lemma 3. Suppose that condition (1) holds. If

0o n—1

(12) ZL{H<IZ—)]OO

a
n=no S=nNgo

and if {y,} is a nonoscillatory solution of equation (E), then there is an integer
n1 = ng € N such that

Yo A"ty >0 forall n>n;.

Proof. Let {y,} be a nonoscillatory solution of equation (E) which must then
eventually be of constant sign. Without loss of generality, we can assume that y,, > 0,
and y,(n) > 0 for all n > ng € N, since the proof for the case y, < 0, n > ng is
similar. As in the proof of Theorem 1 (Case 3), {A™ 1y, } cannot oscillate. Therefore
{A™= 1y} is eventually of fixed sign. Let A™~ 1y, < 0 for all n > ny > ng; then if
wy, = —an A™ Yy, n > ny, we get from equation (E)

Aw,, + &wn > 0.

n

From the above equation, we obtain

or

Summing the above inequality from n; to n — 1 and using the condition (12) yields
A™ 2y, — —0c0 as n — 00,

which implies that y, — —o0 as n — oo, a contradiction. This complete the proof.
O

Theorem 3. Let conditions (1), (3), (4) and (12) be satisfied. Then every solution
of equation (E) is oscillatory.

Proof. The proof is similar to that of Theorem 1 and Lemma 3 and hence the
details are omitted. O
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Example 2. The difference equation

1 27(3n2 + n — 2)220+5
(Es) A(nAPyn) + — Ay, + ( " ) Yis =0, n>2

satisfies all conditions of Theorem 3 if we choose (3, = 1. Hence all solutions of (E3)
are oscillatory. In fact, one such solution of (E3) is {y,} = {(—-1)"/2"}.

Remark 3. In Theorems 1-3 we do not require that the function f be superlinear
or sublinear. Furthermore, the statement of Theorems 1-3 holds when the argument
o(n) is of ordinary, retarded, advanced or mixed type.

In the following theorem we study the oscillatory behavior of equation (E) subject
to the condition
(13) M>M>O for w#0.
U
Theorem 4. Let o(n) < n. Suppose that conditions (1), (12) and (13) hold.
Assume that there exists a positive nondecreasing real sequence {(,} such that
condition (4) and

. anABn
(14) Y G oD <%

n=nogo

hold. Then every solution of equation (E) is oscillatory.

Proof. Let {y,} be a nonoscillatory solution of equation (E) which must then
eventually be of constant sign. In view of Lemma 3, there is no loss in generality in
assuming that there is an integer ny > ng € N such that

Yn >0, Yom) >0 and A™ 1y, >0 forall n>mn,.

Using the function z, defined in the proof of Theorem 1 (Case 2), we obtain (6).
This, in view of the hypothesis of the theorem, implies

v, ABy,

Azp < —qnPrtr + 77—
f(ya(nerfl))

n=ny

or

anAﬁnAm_lyn

15 Azy < —qnfBny1 + )
(15) " nn f(ya(n-i-m—l))
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By Lemma 2, there exists an integer ny > ny such that
1 _ _ _
Votmamr) > oy (o (ntm = 1)/27 ATy,
n > 2" 1ny = ng (say).
Using the above inequality in (15), one gets

(m - 1)'anAﬂn Yo (n+m—1)

O e — 1)/27 0D Fymmpm)

Now using condition (13) in the last inequality, we obtain

(m—1)! anALy
M (o(n+m—1)/2m-1)(m-1)"

Az, < *QnﬁnJrl + n = ng,

n _ (m - 1)' asAﬂs
D fer < m i H T ) (o(n+m —1)/2m=1)im-1)"

S=ng S=ng
By using condition (14) and in view of z, > 0, n > ng3, we have
oo
Z qnﬂn+1 < 00,
n=ns
which contradicts condition (4). This completes the proof of the theorem.

Example 3. The difference equation

3n?+n—2 2275
n 1 + 22n+6

1
(Es) A(nAy,) + EASyn +27 (Yn+3 +Yois) =0, n>1

satisfies all conditions of Theorem 4 if we choose 3, = 1. Hence all solutions of (E4)
are oscillatory. In fact, one such solution of (E4) is {y,} = {(—1)"/2"}.

Finally, we study the oscillatory behavior of equation (E) subject to the condition
(15) —f(=uww) = f(uv) = Kf(u)f(v)
on R — {0}, where K is a positive constant. O

Theorem 5. Let o(n) < n. Suppose that conditions (1), (13), (15) hold. Assume

0
(16) f(;lu) > —oo and / <oo for all « >0,
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and
(17) Z AnQn = o0,

where ) 1 ot m— 1)y onD
A=) )

Then every solution of equation (E) is oscillatory.

Proof. Let {y,} be a nonoscillatory solution of equation (E). As in Theorem
4, there exists an integer ny > ng € N such that

Yn > 0,Y5(n) >0 A" Ly, >0 forall n>ny,
which in turn by Lemma 1 that
Ay, >0 and Aya(n) >0 for n>=n;.
Since p,, = 0, equation (E) yields
(18) A(anA™ ') + o f Wo(nim-1)) <O, 1= ny.

By Lemma 2, there exists an integer ny > ny such that

(19)

1 on+m—1)\(m-1 1 1
Yo(n+m—1) = (m _ 1)' ( om—1 ) a[anAm yn]a

n > 2" ny = ng.

Using condition (15) and the nondecreasing nature of f, we have from (19)

1 _
(20) f(ya(nwmel)) > Kzf(m)Anf(anAm 1yn)> n = ns.
Then, using (2) in (18) we have
m—1
(21) £l 8™ vn) + 1 Angn <0, n>mng,

f(anAm_lyn)

where p = k:%"(ﬁ)
Observe that, for a, A™ Yy, > u > ap1A™ Yy,41, we have

1
7@ = FlanAm—1y,)
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and consequently

~ /A du _ A(a,A™ly,)
Anp1AM™ =Ly, g f(u) h f(anAm_lyn)

Using the last inequality in (21) and summing the resulting inequality from ng to n,

zn: Angn < :

/an3Am_1yn3 du
- R
s=nsz /"’ an+1Am_1y"+1 f(u)

which is by (16) an immediate contradiction to (17). Hence the proof of the theorem

we obtain

is complete.
Remark 4. Theorem 5 generalizes Theorem 4 given in [11].

Example 4. The difference equation

1
(Es) AnAy,) + Ay + a5 =0, n>n
/ _
where ¢, = 27(4? 4)(2’22”” 1), satisfies all conditions of Theorem 5. Hence every

solution of equation (Es) is oscillatory. One such solution is {y,} = {(-1)"2"}. O

Acknowledgement. The authors thank the referee for his suggestions and cor-
rections that improved the paper.
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