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Abstract. In this article, we consider the operator L defined by the differential expression
Uy) = —y" +alz)y, —oo<az<oo

in Lo(—00,00), where ¢ is a complex valued function. Discussing the spectrum, we prove
that L has a finite number of eigenvalues and spectral singularities, if the condition

sup {exp(sx/ \a:|)|q(a:)|} <oo, €>0
—oo<r <00

holds. Later we investigate the properties of the principal functions corresponding to the
eigenvalues and the spectral singularities.

1. INTRODUCTION

Let us consider the non-selfadjoint one dimensional Schrédinger operator L¢ de-
fined by the differential expression

bo(y) =—y" +q(@)y, 0<z<o0

and the boundary condition y(0) = 0 in L2(0,00), where ¢ is a complex valued
function. The spectral analysis of Ly was started by Naimark [10] in 1960. In
his article he proved that some of the poles of the resolvent’s kernel of L are not
eigenvalues of the operator. Also he showed that those poles (which are called
spectral singularities by Schwartz [15]) are on the continuous spectrum. Moreover
he showed that the spectral singularities play an important role in the discussion of
the spectral analysis of Ly, and if the condition

(o)
/ lg(z)|exp(ex)de < 00, €>0
0
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holds then the eigenvalues and the spectral singularities are of finite number and each
of them is of finite multiplicity. The effect of spectral singularities in the spectral
expansion of the operator Ly, in terms of the principal functions, was investigated in
[7]. Some problems related to spectral analysis of differential and some other types
of operators with spectral singularities have been discussed by several authors [1],
(4], (5], [8], [11]-[13].

Now let us consider an operator L defined by the differential expression

y)=—y" +q(x)y, —oco<z<oo

in Ly(—00,00), where ¢ is a complex valued function. L is called the one dimensional
Schrodinger operator on the whole real axis. Since ¢ is a complex valued function,
the operator L is non-selfadjoint.

The above result of Naimark has been generalized to the operator L by Blashak
[3]. Blashak has proved that the operator L has a finite number of eigenvalues and
spectral singularities, if

(oo}
(1) / lg(z)] exp(elz]|) daz < 00, € >0
— 00
holds.
In the present article, we discuss the discrete spectrum of L and prove that this
operator has a finite number of eigenvalues and spectral singularities and each of
them is of finite multiplicity, under the condition

(2) sup {exp(e\/H)|q(x)|} <oo, €>0.
—oo<zx<oo

Afterwards, the properties of the principal functions corresponding to the eigenvalues

and the spectral singularities of L are obtained.

Obviously the condition (2) is weaker than the condition (1). Under the condition
(1) the finiteness of the eigenvalues and the spectral singularities of L is obtained
by finite meromorphic continuation of the resolvent’s kernel from the continuous
spectrum [3]. But under the condition (2) there is no such finite meromorphic con-
tinuation. Hence the method of [3] can’t be used in this case.

In the following, we use the notation

Ci={\: AeCImA>0}, Ty={\ AeCIm\>0}

Also, 04(L) and o, 4(L) will denote the eigenvalues and the spectral singularities
of L, respectively.
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2. PRELIMINARIES
Let us consider the following differential equation:
(3) —y" + q(z)y = Ny, x € (—00,00)

where A is a complex parameter. For the moment, we will assume that

(@ | atlebla)ar < oo

— 00

holds and we introduce the notation
@)= [l of@= [ ot
o (z) = /" ()] dt, af(w):t/ o (£) dt.

— 00 — 00

Under the condition (4), the equation (3) has solutions [9]

(5) eﬂ%M:€M+/ K+ (2, t)e™ dt
and
(6) e (x,\) = e AT 4 / K~ (z,t)e M dt

for all A € C, where K*(z,t) are differentiable with respect to = and ¢, and satisfy
the inequalities

") 5] < 3o (S ep fo @) ot (1) )

0 1 /z1+x 1 1+
(8) ‘ax'Ki(arl,xg):F Zq( ! 5 2)‘ < iaf(a:i)ai( ! 5 2)expali(xi).

Therefore the solutions e™(x, \), e~ (x, \) are analytic in C; with respect to A and
continuous on the real axis.
Now let us introduce

a(A) == W{et(x,\), e (2,A\)},
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where W{e™(x,\),e™ (x,\)} is the Wronskian of the solutions et (z,\) and e~ (x, \).
It is obvious that the function « is analytic in C; and continuous on the real axis.
So the following equalities are satisfied [3], [9]:

(9) a(A) = —2iA+0(1), AeCy, |\ — oo,
(10) oa(L) = {p: p =N, NeCy,a()) =0},
(11) 0ss(L) = {p: p =N, € (—00,00),a(N) = 0}.

Definition 2.1. ([7]) The multiplicity of a zero of a in C. is called the multiplicity
of the corresponding eigenvalue or spectral singularity of L.

We need the following uniqueness theorem obtained from [12]:

Theorem 2.2. ([12]) Let us assume that the function g is analytic in Cy, all of
its derivatives are continuous on the real axis and there exists N > 0 such that

(12) 9™\ < emy, m=0,1,2,... A€ Ty, [N < 2N,
and
N o0
In|g(x In|g(x
13 ‘ | dz ‘ ’/
(13) / 1+ 2 = 1 +x2 <

hold. If the set G with Lebesgue measure zero is the set of all zeros of the function
g with infinite multiplicity and if

h
(14) /0 In F(s)du(Gs) = —o0

holds then g(\) = 0, where F(s) = inf C’:n—“’,m, m=0,1,2,..., u(Gs) is the Lebesgue

measure of the s—neighborhood of G and h is an arbitrary positive constant.

3. EIGENVALUES AND SPECTRAL SINGULARITIES

It is clear from (10) and (11) that, in order to investigate the quantitative prop-
erties of the eigenvalues and the spectral singularities of L, we need to discuss the
quantitative properties of the zeros of a in C.

Let P, denote the zeros of the function a in C; and P» the zeros of the function
« on the real axis.

Lemma 3.1. Under the condition (4)
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a) The set Py is bounded, has at most a countable number of elements and its
limit points can lie in a bounded subinterval of the real axis.
b) The set P, is compact and its Lebesgue measure is zero.

Proof. The boundedness of P; and P, is obtained from (9). Since « is analytic
in C4, then the set P; has at most a countable number of elements. From the
uniqueness of analytic functions and (9), it is deduced that the limit points of P; can
lie only in a bounded subinterval of the real axis. The closedness and the property
of having Lebesgue measure zero of the set P, can be obtained from the uniqueness
theorem of the analytic functions due to Privalov [14]. O

From (10), (11) and Lemma 3.1 we have

Remark 3.2. The sets of eigenvalues and spectral singularities of L are bounded,
at most countable and their limit points can lie only in a bounded subinterval of the
positive real axis if the condition (4) holds.

Lemma 3.3. The function « satisfies

(15) a()) = =2\ + /OC q(t)dt + /oo A(t)e™ dt,

where
(16)  A(t) = K,(0,1) + K~ (0,0)K (0, ) + K (0, —t) — K (0, 1)

— K7 (0, =) + K(0,0) K7 (0, —t) + (K "+ K )(t) — (K[ + K7)(t)
in which (x) is the convolution operation.

Proof. By the definition of the Wronskian of the solutions e™ (x, \), e~ (z, \)
we have

(17) a(N) = et (0, N)eg (0,)) —ef(0,\)e™(0,N).

Substituting the values of e*(0,\), ef(0,)), e~ (0,)) and e, (0,\) into (17) we
obtain (15). O

Now let us assume that

(18) sup {exp(e\/H)|q(x)|} <oo, £>0

—oo<r <00

holds. From (7) and (8) we find

e [lx+t
(19) (K% (a1, [KE e D] (2, 0)] < cesp{ 2/ 20,
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where ¢ > 0 is a constant, and also we get

(20) A)] < cexp{~51/10}

by (16) and (19). This shows that the function « is analytic in C,, all of its deriva-
tives are continuous up to the real axis and

d™a(N) —
(21) ‘W‘icm, AeCy,m=12,...
hold where
cg =2+ 220/ texp{—g\/f} dt,
0
(22) Cm = 2m+lc/ t™m exp{—%\/f} dt, m=2.3,...,
0

in which ¢ > 0 is a constant.

Let us denote the sets of all limit points of P; and P> by Ps and Py, respectively,
and the set of all zeros of o with infinite multiplicity in C, by Ps. It is obvious from
the uniqueness theorem of the analytic functions that

PsC Py, PLCPy,, PsCH;.
Since all derivatives of the function « are continuous up to the real axis, we get
(23) P3; C Ps, P, C Ps.

Lemma 3.4. P5 = 0.

Proof. It is trivial from Lemma 3.1 and (2.1) that « satisfies the conditions
(12), (13) of Theorem 2.2. Since a(A) # 0, (14) yields

h
(24) /0 In F(s)dpu(Ps,s) > —00

m

where F(s) = inf €25~ (P5 ;) is the Lebesgue measure of the s-neighborhood of

m!
Ps and ¢, are constants defined by (21) and (22). Now we will obtain the following
estimates for c,,:

(25) cm = 2m+1c/ sm exp(—g\/z) dt < 232 m+D) (9 4 9)2mtlyy,)
0

1\m
= 2SR mAL) yym (1 + —) (m+ 1)m! < Bb™m™m!
m
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where B = c2%ec~2and b = 2%ec 2. Substituting (25) into the definition of F(s), we
arrive at
F(s) < Binf{b™s™m™} < Bexp{—b"'s te !}
m

or by (24)

h
(26) /0 édﬂ(PB,s) < 00.

The inequality (26) holds for an arbitrary s if and only if u(Pss) =0or Ps =0. O

Lemma 3.5. « has a finite number of zeros with finite multiplicity in C,.

Proof. From (23) we get that
(27) Py =P, = 0.
We obtain the finiteness of the sets P; and P» by Lemma 3.1 and by (27). Since
Ps = 0, all of the zeros of the function o have finite multiplicities. O
Summarizing the above arguments we have

Theorem 3.6. The operator L has a finite number of eigenvalues and spectral
singularities and each of them is of finite multiplicity if the condition (18) holds.

4. PRINCIPAL FUNCTIONS

In this section we assume that (18) holds. Let A1, ..., Ay denote the zeros of ain Cy
(ie. A2,..., )\% are the eigenvalues of L) with multiplicities mq, ..., my, respectively.
Similarly let Ag41,..., Ak be the zeros of « on the real axis (i.e. A%_H, ceey )\% are the
spectral singularities of L) with multiplicities m¢y1, ..., my, respectively. It is trivial
that

(28) [ We* (@, 2),e (2, )] N dd:na(/\)})\z)\j —0
holds for n =0,1,...,m; —1,j=1,2,...,0. If n =0 we get

(29) et (z,7\) = ao(\j)e  (x, ), j=1,....,0L

So ap(A;) # 0.
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Theorem 4.1. The formula

o “~ (n o
0 ) =5 (e e o)
(30) e @0 =2 () dgme @),
holds for n = 0,1,...,m; — 1, j = 1,2,...,¢, where the constants ag,ai,...,ay

depend on \;.

Proof. We will proceed by mathematical induction. For n = 0, the proof is
trivial from (29). Let us assume that for 0 < ng < m; — 2, (30) holds; i.e.

I

(31) {85;:0 e (a, A)}A:X _ i (nzo) ano,i{%e*(x, )\)}/\:/\_.

J i=0 J

Now we will prove that (30) holds for ng + 1, too. If y(x, A) is a solution of equation
(3) then Zoy(x, \) satisfies

o2}
d2 ) n n—1 n—2
(82) {~— +a(@) = X} 5 y(@,\) = 2y, X) + 0l — 1) sy, ).

Writing (32) for e (z, \;) and e (z, ;) and using (31) we find

{~4= +4@) = X} fuga(@2) = 0

where

onotl N no+1 no + 1 o B
Frana(:0) = {Gme @V}, = ("7 om0}

From (28) we have

W[fno-‘rl(x’)‘j)?ei(x’)‘j)] = {%W[eJr(xv)‘)’ei(xv)‘)]} =0.

Hence there exists a constant a,,+1(A;) such that
Frot1(,A5) = angr1(Aj)e” (z, ;).

This shows that (32) holds for n = ng + 1. O
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Let us introduce the functions
" /n ot _
g (i)ani()\j){a)\ie (x,)\)})\:)\j, —oo <z <0,

Un(w’/‘j) = i:%n
— et <
{6)\”6 (x,)\)}A:)\j, 0<z <o

forn=20,1,...,m; — 1, j = 1,2,...,¢ where u; = /\?; using (5), (6) and (19) we

arrive at

o .
{We+(~,/\)}/\:/\j € Ly(0,00), n=0,1,....m; — 1, j=1,2,....0,

9 . )
{a/\ie (.,A)}A:X € Lo(—00,0), i=0,1,...,mj—1, j =1,2,...,¢

J

or by (30),

(33) Un(-s ) € La(—00,00), n=0,1,...,m; —1, 1 =1,2,... ¢

UO(‘xa :U'j)a Ul(‘xa :U'j)’ LR Umjfl(x’ /‘j)
are called the principal functions corresponding to the eigenvalues p; = )\?, j =
1,2,...,0 of L. In the above Ug(z, ;) is an eigenfunction; Ui(w, u;),...,Upn,—1
(x, ;) are the associated functions of Uy(z, i ), [6].

If poy1 = /\%+1, ..., = A2 are spectral singularities of L (i.e. Agy1,..., A, are
real zeros of «), then we can find

(34) {88; e+(x,)\)})\:)\p - _ C’) bv_i(/\p){

forv=0,1,...,m,—1,p=¢+1,04+2,...,k, in a way similar to Theorem 4.1.

%

5))\1'6_(967 )\)})\:)\

P

Let us introduce the following functions:

XU: (7:) bv—i(/\p){aa;ie*(%)\)})\_)\ , —oo<zx<0,

Uv(xvﬂp) = i:(z?v -
* <
{8/\U6 (f,)\)})\:)\p, 0<z <o

forv=0,1,...,m,—1,p=0+1,£+2,... k. It is trivial from (5) and (6) that

o,
{(We (.,)\)}/\:/\p ¢ L5(0,00), v=0,1,....my—1, p=C+1, £+2,... kK

o .
{W_e (.,)\)})\:/\ ¢ Ly(—00,0), i=0,1,....mp—1, p=L+1, (+2,... k

D
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or by (34),
Uy(, pp) & La(—00,00), v=0,1,....mp,—1, p=~L+1, £+2,... k.

Now let us consider the Hilbert spaces
0
H-oo0m) = {5 [ @+l s < oo,
— 00

H(—00,0;—m) = (1+x)_2mf(x)2dx<oo},

H(0, 00;m) (1—|—|x|)2mf(x)2dx<oo},

(1+ 2™ |f (@) dz < oo},

H(—00,00; —m)

{r/
[
HO0ci-m) = { £ [ (141a) 2P de < oo,
ayl
vl

(1+ |z)72™|f(z) > dz < oo}.

It is evident that
H(—00,0;0) = La(—00,0), H(0,00;0) = La(0,00), H(—00,00;0) = La(—00,00),
H(—00,0;m) ; Ly(—00,0) ; H(—00,0;—m), m=1,2,...,
H(0,00;m) ; L2(0,00) ; H(0,00;—m), m=12,...,
H(—00,00;m) G La(—00,00) G H(—00,00;—m), m=1,2,....
Let H'(—00,0;m), H'(0,00;m) and H'(—00,00;m) denote the duals of

H(—00,0;m), H(0,00;m) and H(—o0,c0;m),

respectively. Obviously H'(—o0,0;m), H'(0,00;m) and H'(—o0, 00;m) are isomor-
phic to H(—o0,0; —m), H(0,00; —m) and H(—o0, 00; —m), respectively [2].
Using (5) and (6) we arrive at

o
{8/\Ue (.,)\)})\:)\p € HO,00— (v+1)), v=0,1,....mp—1, p=C(+1,0+2,... .k

& ‘ .
{(We (.,)\)})\_/\ € H(—00,0,—(i+1)), i=0,1,...,mp—1, p=L+1,0+2,... k

or by (34)

(35) Uy(-yptp) € H(—00,00; —(v+ 1)), v=0,1,...,m,—1, p=~£+1,0+2,... k.
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Let us choose so that

mo = max{myey1, Meyo,..., Mg}

We will use the notation

H, = H(—o0,00;mg + 1), H_ = H(—00,00; —(mg + 1)).
It is trivial that the dual of H is isomorphic to H_ (H', ~ H_) and

Hy G La(—00,00) G H_.

Thus, from (35) we have

Theorem 4.2. U,(-,up) € H_ forv=0,1,...,m, —1,p=0+1,£L+2,.. k.

UO(x’/‘p)’ Ul(x’/‘p)’ ) Ump71($’ﬂp)

are called the principal functions corresponding to the spectral singularities fi, = )\12),

p=L+1,0+2,...,k of L. In the above Uy(z, ) is the generalized eigenfunction,

Uiz, pip), ..., Um,—1(x, j1p) are the generalized associated functions of Uy (x, ), [4].

The spectral expansion in terms of the principal functions of the operator L will

be the subject of another article.
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